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1 Introduction

Many applications of the split feasibility problem (SFP), which was first introduced by Censor and
Elfving [1], have appeared in various fields of science and technology, such as in signal processing, medical
image reconstruction and intensity-modulated radiation therapy (for more information, see [2,3] and the
references therein). In fact, Censor and Elfving [1] studied SFP in a finite-dimensional space, by considering
the problem of finding a point

x* € C such that Ax" € Q (1.1)

where C and Q are nonempty closed convex subsets of R”, and A is an n X n matrix. They introduced an
iterative method for solving (SFP) (1.1).

On the other hand, variational inclusion problems are being used as mathematical programming models
to study a large number of optimization problems arising in finance, economics, network, transportation
and engineering science. The formal form of a variational inclusion problem is to find x* € H such that

0 € Bx' (1.2)

where B : H — 2H is a set-valued operator. If B is a maximal monotone operator, the elements in the solution
set of the problem (1.2) are called the zero of maximal monotone operator. This problem was introduced
by Martinet [4], and later it has been studied by many authors.

It is well known that the popular iteration method that was used for solving the problem (1.2) is the
following proximal point algorithm: for a given x € H,

_ 1B
Xn+l = ])\nxn/ ¥n e N/
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where {A,,} C (0,00) and | fﬂ = (I + A,B)7! is the resolvent of the considered maximal monotone operator B
corresponding to A, (see, also [5 — 9]) for more details).

A related topic to the above variational inclusion problem is fixed point theory which has been a very
powerful and important tool in the study of mathematical models. Of course, many authors were interested
in and studied the approximating of a fixed point of nonlinear mappings by using iterative methods, and
applied the obtained results to many important problems, such as the null point problem,variational
inequality problem, optimization problems.

For solving the (SFP) and the fixed point problem, Takahashi et al. [10] considered the problem of
finding a point x* € H such that
0 € Bx*, and Lx* € Fix(T) (1.3)

where B : H; — 2/ is a maximal monotone operator, L : Hy — H> is a bounded linear operator and
T : Hy — H; is a nonexpansive mapping. They considered the following iterative algorithm: for any
X1 € Hy,

Xnyl = ]ﬁ (I- )/nL*(I - T)an)/n =1, (14)

where {A,} and {y,} satisfy some suitable conditions, and ]B is the resolvent of a maximal monotone
operator B associated to {A,}. They proved that the sequence {2} generated by (1.4) converges weakly to a
point x* € B~1(0) N L~ Fix(T).

Motivated and inspired by [10], the purpose of this paper is to continue to study the problem (1.3)
in Banach space. By using shrinking projective method and the modified proximal point algorithm, we
propose an iterative algorithm. Under suitable conditions, some strong convergence theorems are proved.
Our results extend the corresponding results in Takahashi et al. [10] from Hilbert spaces to Banach spaces.
Moreover, the method of proof adopted in this paper is different from that one in [10].

2 Preliminaries

Throughout this article, we assume that the Banach space are real. We denote by IN and R the sets of
positive integers and real numbers, respectively. Let E be a Banach space and E* be the topological dual of
E. Forall x € E and x* € E*, we denote by (x, x*) the value of x* at x. The mapping J : E — 2&" defined by

J(@) =" € E": (x,x") = |l = [IW'IP), x € E 2.1)
is called the normalized duality mapping.

A Banach space E is said to be strictly convex if m <lforallx,y € S(E) ={z€ E ||zl = 1} withx # y.
The modulus of convexity of E is defined by

. 1
op(€) = inf{l —lIZ(x + Yl - Il < Lliyll < L llx = yll > e}, 22)

forall e € [0,2]. E is said to be uniformly convex if 5g(0) = 0, and 6g(e) > 0 for all 0 < € < 2. A Hilbert space
is 2-uniformly convex.

The modulus of smoothness of E: pr : [0, 00) — [0, o) is defined by

pe(t) = sup{%(llx +yll+llx =yl =1:x e Ullyll < ¢). (2.3)
A Banach space E is said to be uniformly smooth if pET(t) — 0ast — 0. A typical example of uniformly
smooth Banach space is L?, where p > 1. More precisely, L is min{p, 2}-uniformly smooth for every p > 1.
Let g be a fixed real number with 4 > 1, then a Banach space E is said to be g-uniformly smooth if there
exists a constant ¢ > 0 such that pe(t) < ctf for all t > 0. It is well known that every g-uniformly smooth
Banach space is uniformly smooth.



Min Liu, Shi-sen Chang, Ping Zuo, Xiaorong Li/ Appl. Math. Comp. Sci. 4 (1) (2019), 7-15 9

It is also well known that if E is a uniformly smooth Banach space, then | is uniformly continuous from
norm to norm on each bounded subset of E.

Let C be a nonempty, closed, and convex subset of a strictly convex and reflexive Banach E, then the
metric projection
Pcx = argmin|lx - yll,x € E, (2.4)
yeC

is the unique minimizer of the norm distance.
Let E be a smooth, reflexive, and strictly convex Banach space. Consider the functional defined by
[11,12]

o, y) = Ix? = 2, Jy) + Iyl Vx, y € E, (2.5)
where | is the normalized duality mapping. It is clear that in a Hilbert space H, (2.5) reduces to ¢(x, y) =
llx — ylI*,Vx, y € H.

It is obvious from the definition of ¢ that

(lell = llylD* < ¢(x, y) < (lell + NIyl Vx, y € E, (2.6)

and
o, T Ay + (1= N)Jz2) < Ad(x, y) + (1 = A)o(x,z), ¥x, y € E. 2.7)
Following Alber [11], the generalized projection I'lc : E — C is defined by

Icx = arg mig ¢(y,x),Vx € E, (2.8)
ye

That is, IIc(x) = X, where X is the unique solution to the minimization problem ¢(x, x) = inf,ec P(y, x).
The existence and uniqueness of the operator I'lc follows from the properties of the functional ¢(x, y) and
strict monotonicity of the mapping J(see, e.g., [11 — 14]). In Hilbert space H, I'l¢c = Pc.

Let T : E — E be a mapping. we say that T is nonexpansive, if

ITx — Tyll < Ilx = yll, Vx, y € E. (29)

A set-valued mapping A : E — 2F' is said to be monotone if for any x,y € E and any x* € Ax, y* € Ay,
we have
-y, x-y) 20 (2.10)

A monotone operator A is said to be maximal if its Gr(A) = {(x, x*) : x* € Ax} is not properly contained
in graph of any other monotone operator.

If E is a strictly convex, reflexive, and smooth Banach space, and B : E — 2F" is a maximal monotone
operator then, for any positive real number A, we can define a single-valued mapping J} : E — E by

JB(x) = (J+ AB)'J(x), x € E. (2.11)

This mapping is called the resolvent of B for A > 0.

It is know that B1(0) = F(]f) for every A > 0 and B71(0) is a closed and convex subset of E. For more
details, see [15-17].

Lemma 2.1 '8 Let E be a strictly convex and reflexive smooth Banach space. Let B : E — 2F be a
maximal monotone operator and J¥ be the resolvent of B for A > 0, then

o, J3%) < (u, x)

for any u € B~}(0) and x € E.

Lemma 2.2% Let E be a uniformly convex and smooth Banach space and let {x,} and {y,} be two
sequences of E. If ¢(x,, y,) — 0 and either {x,} or {y,} is bounded, then ||x, — y.|| — 0.
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Lemma 2.3!"?! Let E be a smooth, strictly convex, and reflective Banach space and C be nonempty closed
convex subset of E. Then, the following conclusions hold:

(1) ¢, Icy) + ey, y) < plx,y), Vx e Cy € E.
(2) Ifxe Eand z € C, then z =Tl¢cx iff (z—y,Jx - Jz) >0,Vy € C.
(3) Forx, y € E, ¢(x,y) =0 if and only if x = y.

Lemma 2.41"7! Let E be a smooth, strictly convex, and reflective Banach space. Let C be a nonempty,
closed, and convex subset of E and let x; € E and z € C. Then, the following conclusions hold:

(1) zZ = chl.

(2) z=y,J(x1-2))=20,Vy e C.

Lemma 2.5["%) For a given number r > 0, a real Banach space E is uniformly convex if and only if there
exists a continuous strictly increasing function g : [0, c0) — [0, c0) with g(0) = 0 such that

It + (1 = )yl < HlxlP + (1 = DliylE ~ £1 = Hgllx — yll,

forall x,y € Ewith x| < rand ||y|]| < r,and t € [0, 1]
Lemma 2.6[%! Let E be a 2-uniformly smooth Banach space with the best smoothness constants x > 0.

Then, the following inequality holds:

Il + yIP < 1%l + 2y, Jx) + 2llkyl?, Vx, y € E.

3 The Main Results

Theorem 3.1 Let E; be a real 2-uniformly convex and 2-uniformly smooth Banach space with the
best smoothness constant k > 0. Let E; be a smooth strictly convex and reflective Banach space. Let
B : E; — 2Fi be a maximal monotone operator, L : E; — E; be a bounded linear operator with adjoint L,
and T : E;, — E; be a nonexpansive mappings. Let x; € E;, C; = E; and {x,} be a sequence generated by

zy = J7 (J1xn + YL Jo(Peery — DLxy,n > 1,
Yn = ]1_1[(1 —an)1zn + 0(,1]1]/1%2,1],

Cn+1 = {V € Cn : (;[)(V, ]/n) < (P(V/ xn); (P(V/ Zn) < (P(V/ xn)}r
Xn+1 = g, X1,

(3.1)

where J§ = (J1 + AB)'J1. If Q = {p € B71(0) : Lp € F(T)} # 0 and the following conditions are satisfied:
(1) ai’l € [6/ 1)/6 > O/
(2)0<y< m,

then lim,, o X, = x* = I1gx; which is a solution of problem (1.3).
Proof We shall divide the proof into five steps.

Step1 First we show that C, is a closed and convex subset for each n > 1.

Since C; = Eq, C; is closed and convex. Assume that C, is closed and convex for some n > 2. Next, by
induction, we prove that C,; is also closed and convex. In fact, it follows from (3.1) that for any v € C,,, we
have

OO, Yn) < O, x,) & 20V, Jxy — Jyn) < 1xall? = llyal?, (3.2)

P, z5) < PV, x4) & 2V, Jxty — Jz) < [Ixall® = Izl (3.3)
These imply that C,4; is a closed and convex subset of E;.

Step2 Now we prove that Q € C,, foralln > 1.
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Let p € Q. By the assumption that E; is a 2-uniformly convex and 2-uniformly smooth real Banach
space, so, E] is 2-uniformly smooth real Banach space and J; = ( ];)‘1. It follows from (3.1) and Lemma 2.6

that
&P, z0) =P, J7 (1xn + YL J2(Prry — I)Lxy)
= |Ipll> = 2{p, Jixn + YL* J2(Prry — DLxy)
+[J1xy + YL Jo(Prry — D)Ly |I?
<|Ipli* = 2¢p, Jixn) — 2{p, yL* J2(Prry — DLxy) + llxall? (34)
+29(Lxy, J2(Peery — D)Lxyy + 2K2||LIPY2I(Prery — DLy
< ¢(p, xn) — 2y{Lp — Lxy, J2(Pr) — I)Lxy)
+2K2||LIPY2(Prery — I)Laxyl .

Furthermore from Lemma 2.4 we have that

(Lp — Lxu, J2(Ppry — DLxy)
=(Lp — Prr)Lxy + Prer)Lxy, — Lxy, Jo(Prery — I)Lxy)
= (Lp — Pr)Lxy, J2(Ppery — I)Lxy,)
+((Prry = D)Lxn, J2(Pr(ry = D)Lxn)
= (Lp = PrryLxy, J2(Prery — )Lxn) + [|(Prery — I)Laxy |1
> |[(Pcry — I)Laxy|>.

(3.5)

Substituting (3.5) into (3.4), and by using the condition (2) to simplify, we have

(P, zn) < G(p, x4) — 2y(1 — RILIPYIPrr) — DLxal* < d(p, x). (3.6)

Furthermore, from Lemma 2.1, Lemma 2.5, (3.1) and (3.6), we obtain

¢(P1 yn) = (P(P, ]1_1 [(1 - an)]lzn + an]ljgzn])
= ”PHZ - 2<P/ (1 - an)]lzn + a‘n]l]fzn>
HI(X = an)1zn + an]l]ﬁznllz
< Ipl* = 2(1 = an)p, J1zn) = 20(p, J1]520)
+(1 - a‘n)”Zn“z + DfnlUonHz —ay(1 - Oén)!](Hth - ]1]/?211“)
= (1 = an)p(p, zx) + anp(p, ]ﬁzn)
—a,(1 - an)g(”]lzn - hlfzn“)
< (1= an)P(p,zn) + ndp, zn) — an(l — an)g(llJ1z0 — ]1]§Zn||)
< (1= an)p(p, xu) + an(p, xu) — an(1 — an)g(ll]1z0 — ]1]5\;211”)
< O(p, xn)-

It follows from (3.6) and (3.7) that p € C,,11. This implies that Q € C,, foralln > 1.

Therefore, I'lc ., x1 is well defined.

n+l

(3.7)

Step3 Now we prove that {x,} is a Cauchy sequence.
Let p € Q, by the definition of C,, We have x,, = I'lc,x; for all n > 1. Hence It follows from Lemma 2.3
that

¢(xn/ xl) = (P(HCnxllxl) < (P(p/xl) - (P(p/ chxl) < qb(Pr xl)/ Vn > 1. (38)
This implies that {¢(x,, x1)} is bounded. In addition, since x,, = Ilc,x; and
Xne1 = e, x1 € Cui1 € Cy,

we have
P(xn, x1) < P(Xp41,%1), ¥V > 1. (3.9)

Therefore, {¢(x,, x1)} is nondecreasing and bounded. So the limit lim,_. ¢(x,, x1) exists. Hence from
Lemma 2.3, we have

Q(xn+1, Xn) = (xXpe1, I, x1) < P(xn41, x1) — P(Ilc, X1, X1) = P(Xn41, X1) — P(xn, X1), (3.10)
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which implies that

lim ¢(xp11,x,) = 0. (3.11)
This together with Lemma 2.2 shows that

r}g{}o I41 — xall = 0. (3.12)

For some positive integers m ,n with m < n, it follows from x,, = []¢, x1 € C;; and Lemma 2.2 that

qb(xm/ Xn) = qj)(xm/ HCV, x1)
< ¢m, x1) = ¢, x1,%1) (3.13)
= ¢(xmr x1) — (P(xl’lr x1).

Since limy, o (X4, X1) exists, it follows from (3.13) and Lemma 2.2 that lim,,_,« [|x, — x|l = 0. Therefore, {x,}
is a cauchy sequence.

Step4 Now we prove that limy,_,« ||z, — ]ﬁ;znll = 0 and limy—e [|(Ppery — I)Lx,l| = 0.
Since x11 = Ic,,,x1 € Cpi1 € Cy, by the definition of C,41 and (3.11), we have

n+1

O(Xn+1,2n) < P(Xn41,Xn) — 0(as 1 — o0),

3.14
(i1, 1) < Gltnet, Xn) — 0, as 1 = o). G19
By Lemma 2.2, we have
lim [|x41 = z4ll = 0 and lm ||x,41 — yall = 0, (3.15)
and so
lim ||y, — z4ll = 0 and lim ||x, — z,|| = 0. (3.16)
Furthermore, it follows from (3.6) that
2y(1= KILIPYIPE) — DLl < d(p, x1) = P, 1)
= Ipl® = 2¢p, J1xn) + llxal® = IpI* + 2{p, J1z0) = ||zl (3.17)

=2p, J1zy = Jixu) + lall® = llzal?
< 2pll - 1zn = Jixull + llxn = zall - (lxall + [124ll).-

Since E; is a 2-uniformly convex and 2-uniformly smooth real Banach space, J; is uniformly continuous
from norm-to-norm. By (3.16), we have ||J1z, — Jix4|| = 0. Also, from (3.17) and the condition (2), we have

lim [|(Pecry = DL ()| = 0. (3.18)
Again from (3.1) we have
aulll1]3zn = Tizall = 1Yn = J1zall. (3.19)
Hence from (3.16) and condition (1) we have
lim 520 = Jizall = 0, (3.20)
which implies that
lim [|]5z, — z,ll = 0. (3.21)

Step5 Now we prove that lim,_,. x, = x* = TIgx;.
In fact, since {x,} is a cauchy sequence, there exists x* € E; such that lim,_,. x, = x*. It follows from

(3.16) and (3.21) that
lim z, = x*, lim 5z, = x". (3.22)
n—oo

n—oo
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_ B
Since ]ﬁ = (J; + AB)7'J;, we have that M € B]fzn, for all n € IN. From the monotonicity of B, we have
that

_ Jizn — ]1]/\2;1)
A 7

for all (u,v*) € Gr(B). Taking n — oo, we have from (3.21) and (3.22) that 0 < (u — x*,v* — 0) for all
(u,v*) € Gr(B). Since B is maximal monotone, we have x* € B~!(0). In addition, from Lemma 2.4 , we obtain

0 <(u—Jazu, v’

(I = Prery)Lx*|> = (Jo(Lx* — Ppery(Lx")), Lx* — Prry(Lx*))
= (Jo(Lx* = Pry(Lx")), Lx* — Lx,, + Lx,
—Prry(Lxy) + Prery(Lx,) — Prery(LX"))
= (Jo(Lx* = Pgry(Lx")), Lx* — Lx,,)
+(Ja(Lx" = Prr)(Lx")), Lxy — Prery(Lxy))
+{J2(Lx* — Prery(Lx")), Ppery(Lxy) — Prery(LX"))
< (Jo(Lx* = Pp(r)(Lx")), Lx" = Lx;,)
+(J2(Lx* = Pry(Lx")), Lx;, — Prery(Lxy)).

(3.23)

Since L is a bounded linear operator, we have that lim,_,. [ILx, — Lx*[| = 0. Hence by (3.18) we get
I(I = Prery)(Lx*)|l = 0. This implies that Lx* € F(T). Therefore we have x* € Q.

Letz = Tlgxy,z € Q. From x,, = Ilc,x; and z € Q € C,,, we have
P(xn, x1) < P(z2, x1). (3.24)

This implies that
¢(x*, x1) < lim P(xp,, x1) < P(z, x1). (3.25)

By the definition of z = Ilpx;, we have x* = z. Therefore, lim__ x, = x* = Ilgx;.

n—oo

The proof of Theorem 3.1 is completed.
The following result can be obtained from Theorem 3.1 immediately.

Corollary 3.2 Let H; and H; be two real Hilbert space. Let B : H; — 2H1 be a maximal monotone
operator, L : H; — H; be a bounded linear operator with adjoint L*, T : H, — H, be a nonexpansive
mapping.

Let x; € H and C; = H; , and {x,} be a sequence generated by

Zy = X + L' (Ppry — DLxp,n > 1,

Yn=1—ay)z, + ocn]ljzn (3.26)
Co1 = v e Gyt |llyn = VIl <l = VI Iz = VI < Ml = I},

Xns1 = Pc,. %1,

n+1

where Pr) is the metric projection of H, onto F(T) and Pc,,, is the metric projection of H; onto C,.1,
J§ =T+ AB)™, for A > 0.1If Q = {p € B71(0) : Lp € F(T)} # @ and the following conditions are satisfied:
(1) an €16,1),6 > 0;
1
(2) 0< Yy < e
then lim,, o X, = x* = Pgx1.

Remark 3.3 Theorem 3.1 generalizes the main results in [10] from Hilbert space to Banach space and
the weak convergence of the iterative extends to strong convergence. Moreover, the method of proof is
different from that one in [10].

4 Application to split null point problem (SNPP)
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Let H;, H, be two real Hilbert spaces. Let By : H] — 2H1 and B, : H, — 22 be two set-valued maximal
monotone mappings and L : H; — H; be a bounded linear operators. The “so-called” (SNPP) is to find a
point x* € Hy, such that

0 € By(x*) and 0 € By(Lx"). (4.1)

For solving problem (4.1), Byrne et al. [20] proposed the following iterative algorithm, for A > 0 and an
arbitrary x; € Hy,

Xpe1 = ]2 (00 = yL*(IL = JP)Lxy), ¥ € N

where L is the adjoint of L, y € (0, ﬁ), ]fl and ]ﬁz are the resolvents of maximal monotone operators B;
and B,, respectively. Under suitable control conditions, they proved that {x,} converges weakly to a point
x* which is a solution of problem (4.1).

Since B, : H, — 2 is a maximal monotone operator, it is well know that its resolvent operator

" = (I+ AB,)™! is nonexpansive and B;'(0) = F(J*?). Then problem (4.1) is equivalent to find a point x* € H
such that

0 € B(x*) and Lx" € By (0) = F(J}2). (4.2)

Then the following result can be obtained from Corollary 3.2 immediately.

Theorem 4.1 Let By : H; — 21 and B, : H, — 2H2 be maximal monotone operators,and L : H; — H,
be a bounded linear operator with adjoint L*. Let x; € H; and C; = Hj, and {x,} be a sequence generated by

Zy =X, + YL (PF(]f\;z) —DLx,,n>1,
yn = (1 - an)zn + aﬂ]ﬁlznl (43)
Cur1 ={v € Cy i lyn — VI < lxu = v Iz — VIl < llxn — VI,
Xp+1 = Pc,,, X1,
where PF(]BZ) is the metric projection of H, onto PF(]BZ) and Pc,,, is the metric projection of H; onto Cp41,
A A
D= (I+ABy)™, % = I+ ABy) ' for A > 0. If Q = {p € B;(0) : Lp € B;(0)} # 0 and the following conditions

are satisfied:
1) a, €[6,1),6>0;
2)0< A< ﬁ
Then the sequence {x,} converges strongly to a point x* = Pgx;, which is a solution of problem (4.2).
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