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Abstract.

In this paper we introduce and study generalized Gaussian Jacobsthal polynomials and
generalized Gaussian Jacobsthal Lucas polynomials, where m > 2. For m = 2 these polynomials are

Gaussian Jacobsthal polynomials and Gaussian Jacobsthal Lucas polynomials, respectively. We find

the generating functions, explicit representations and some interesting properties for these generalized
polynomials.

1. Introduction

Generalized Jacobsthal polynomials J,, »,(z) and generalized Jacobsthal Lucas polynomials j, ()
(m > 2) are given by the following recurrence relations, respectively (G. B. Djordjevic [3], G. B. Djordjevic
[4], G. B. Djordjevic, H. M. Srivastava [5]):

Jn,m(x) - Jnfl,m(x) + 21’Jn7m,m(x)a n 2 m,

(1)
with Jom(z) =0, Jym(z)=1, n=1,...,m—1.

Similarly,

]n,m(aj) = jn—l,m(x) + 2xjn—m,m(x)7 n Z m,

(2)
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with jom(z) =2, jum(z)=1, n=1,....m—1.

For z = 1 we get the gencralized Jacobsthal numbers J,, ,,(1) and the generalized Jacobsthal Lucas
numbers jy ., (1), respectively.

In paper Asci M., Gurel E. [1] the authors introduce and study Gaussian Jacobsthal polynomials
GJ,(z) and Gaussian Jacobsthal Lucas polynomials Gj,(z). Also, in Asci M., Gurel E. [2], the authors
consider Gaussian Jacobsthal numbers GJ,,(1) and Gaussian Jacobsthal Lucas numbers Gj,(1). ore infor-
mation about Jacobsthal polynomials and Jacobsthal Lucas polynomials can be found in Horadam A., P.
Filipponi [7], Horadam A. [8, 9]. Further, Jordan J. H. [10] studied Gaussian Fibonacci and Lucas numbers.

In this paper we introduce and study generalized Gaussian Jacobsthal polynomials GJ,, ., (x) and gen-
eralized Gaussian Jacobsthal Lucas polynomials
Gjn,m(x), where m > 2. For m = 2 these polynomials are known polynomials GJ,,(z) and Gj,(z).

Now we define generalized polynomials GJ,, ,, (x) and G, m ().

Definition 1.1. Generalized Gaussian Jacobsthal polynomials GJ,, () are defined by
GJpm(x) = GJyp1m(x) + 220G p—mm (), n>m, (3)

with
1

GJom(z) = 2 Glpm(z)=1, n=1,...,m—1, (4)

Definition 1.2. Generalized Gaussian Jacobsthal Lucas polynomials Gj, m(x) are defined by

Gjnm(z) = Gin—1.m(x) + 22Gjn—m.m(x), n>m. (5)
with

Gjom(z) =2 — g, Ginm@)=1n=1,....m—2, Gjm_1m(z) =1+ 2z, (6)
where i? = —1.

2. Properties of the generalized Gaussian polynomials

Using the relations (1), (3) and (4), in Table 1 we give some initial members of the generalized Jacob-
sthal polynomials J, ,,,(x) and the generalized Gaussian Jacobsthal polynomials GJ,, (), respectively.

Next, using the recurrence relations (2), (5) and (6), we find some initial members of the generalized
Jacobsthal-Lucas polynomials jy, ., () and the generalized Gaussian Jacobsthal Lucas polynomials Gjy, (),
which are given in Table 2.

Remark 1. It is not difficult to see from Table 1 and Table 2 that the following relations hold

GJnm(x) = Jpnm(2) + 2idpnt1—mm(x), n>m—1, (7)

Gjn,m(x) = ]n,m($) + xijn—&-l—m,m(x)a n>m-—1 (8)

Jnm(T) = Jng1.m(2) + 20 Jng1—mm(z), n>m —1. (9)
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Table 1:
n In,m () GJpm(x)
0 0 /2
1 1 1
2 1 1
m—1 1 1
m 1 1+ a0
m+1 1+ 22 142z + xi
m+ 2 14 4x 144z + i
m+ 3 1+ 6x 1+ 6z + xi
m+4 1+ 8z 1+8x+ xi
2m 1+ 2ma 1+ 2max + zi(1 + 22)
2m+1 1+ (m+1)2x 1L+ (m+1)2x + 422 + zi(1 + 4x)
2m + 2 1+ (m+2)2x + 422 1+ (m+2)2x + 1222 + zi(1 + 67)
2m+3 1+ (m+3)2x+ 1222 || 1+ (m + 3)2z + 242? + xi(1 + 8z)
2m + 4 1+ (m+4)2x + 2422 [[| 1+ (m + 4)22 + 4022 + zi(1 + 10z)

The next theorem is directly verifiable.

17

Theorem 2.1. The explicit formulae for the generalized Gaussian Jacobsthal polynomials and for the gen-
eralized Gaussian Jacobsthal Lucas polynomials, respectively, are

GJn,m(ZE) =

[(nzl):/m] (n

k=0

+i 0y

[
Gjn,m,(x) ==

+1

k=0

n/m]

k=0
[((n+1-m)/m]

k=0

—1—(m-1)k
) o

[n—m)/m]
<n —m—(m—

k

n+1l—m-—(m-—2)k

n+l—m—(m-1k

1)k) 2k$k+l’ n 2 m,

n—(m—=2)k(n—(m-1k\
Z n—(m—l)kz( k >(2‘L)k

(11 DR

k

Remark 2. When m = 2 these relations become, respectively, the explicit formulas for Gaussian
Jacobsthal and Gaussian Jacobsthal Lucas polynomials (see Asci M., Gurel E. [1]):
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Table 2:
n Jnm(2) Gin,m ()
0 2 2—1i/2
1 1 1
2 1 1
m—1 1 1+ 2z
m 14 4x 144z + 2t
m+1 1+ 6z 1462 4 ¢
m+ 2 148z 148z + xt
m+3 14 10z 1+ 10z + 2t
m+4 1412z 1412z 4 i
2m 1+ (2+m)2x + 422 1+ (2+m)2x + 422 + xi(1 + 6x)
2m+1 1+ (m+3)2x + 1222 || 1+ (m + 3)2z + 1622 + xi(1 + 8x)
2m + 2 1+ (m+4)2x + 2422 [[| 1+ (m + 4)22 + 3227 + zi(1 + 10x)

((n—1)/2]
Gln(z)= > (

k=0

and

[n/2]

Gjula) = Y ——

k=0
[(n=1)/2]

n—1—k

e

n—2- k>2kxk+1

n—k

C)er

n—1 n—1-k
- 2k k}—‘rl.
i) nlk( k ) v

k=0

Theorem 2.2. The polynomials GJp m () and Gjp m () satisfy the following relation

Gjnm(t) = Gloy1m () + 22GIpt1—mm(x), n>m—1.

18
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PROOF. Starting from the relation (3), we find

GJnt1.m(x) + 202G Jp i1 —mm ()
= Jnt1,m(2) + 2idp o m m ()
+ Qx(Jn-&-l—mm%(x) + xi‘]n+2—2m,m(x)) (by 7)
= n+1,m(x) + 2$Jn+17m,m(x)
+ 2i(Jnt2—m,m(T) + 22 Jn2-2mm (7))
= jn,m(x) + xijn-&-l—m,m(x) (by (9))
= Gjnm(z) (by (8)).
So, we have proved the relation (10). O
Theorem (2.1) can be further generalized in the following sense. If we choose the initial values to be

GJoym(CC) = Aa GJn,m(l') = ]-, n= 1, e, m = 1,

then for n > m we get

[(n—=1)/m]
G (®) =G, A) = 3 (”_1_ ]im_l)’“>(2x)k

k=0
+2Ax ' i/ | (” —m=(m- ”k) (22)F.
k=0
Additionally, if we choose the initial values to be
Gjom(z)=2—A, Gjpm=1, n=1,....m—2, Gjp_1,m =1+ 4Az,
then combined with (10), for n > m we have

[n/m]
. . n—(m-—2k(n—-—(m-1)k
Ginm(z) = Gjnm(z, A) = > _()( ( ) >(2x)k
k=0 n
((n+1=m)/m]
+ 2Ax

n+l—-m—-—(m-Dk/n+1—m—(m-1k (22)"
x)".
n+1l—m—(m-1)k k

k=0
Theorem 2.3. The generating function g.,(x,t) for the generalized Gaussian Jacobsthal GJp, m(x) polyno-
mials s

A+i(l—t)

gm(l',t) = T;)Gjn7m(x)t = m, 1 = 71, (11)
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and the generating function hy,(x,t) for the generalized Gaussian Jacobsthal Lucas polynomials Gy, m () is

A2t 4 i(datm + - 1)
N 2(1 — t — 2xt™)

hn(2,8) = ) Gl ()" , 2= —1. (12)
n=0

PROOF. Since

gm(x,t) = GJom(x) + GJ1m(2)t + G'Jg’m(az:)t2 + o+ Gy (@)t - —

—tgm (2, ) = —GJo m(x)t — Gy (2)t? — GJom () — -+ — Gy ()" — o —
—2xt™ g (z,t) = —22GJo m ()t — QxGJl,m(x)th — ZxGng(J;)th
— o = 20G Ty ()T —

it follows that

gm(z,t) - (1 =t = 22t™) = GJom(x) + (GJ1 m(z) — GJo.m(2)) + t2(GJ2,m(x)
—GIi () + . "G T (%) — GIi—a.m (7))

+ Z (GJpm(2) — Gpe1 m () — 280G Jp—py m ()t

So, from the recurrence relations (3) and (4), we conclude that (11) is correct.
In the same way, using the relations (5) and (6), we conclude that (12) holds. O

Remark 3. For m = 2 the generating function go(x,t) yields g(z,t) - the generating function for the
Gaussian Jacobsthal polynomials GJ,, (), and the generating function hs(x,t) yields h(z,t) - the generating
function for the Gaussian Jacobsthal Lucas polynomials Gj,(z) (see Asci M., Gurel E. [1]).

Theorem 2.4. Forn > m —1 (m > 2), the polynomials GJy m(z) and Gjnm () satisfy the following
relation

Gjnm(x) = GIpg1,m(2) + 220G T s1—mm(z), n>m — 1. (13)

PrROOF. We use induction on n. Namely, it is easily to check the statement (13) for n = m — 1, using the
Table 1 and Table 2. Suppose that (13) is correct for n (n > m — 1), then, for n + 1 we get

Gjn+1,m(z) = Gjn,m(z) + QIGjn-&-l—m,m(x) (by (5))
= GJpt1,m () + 220G T 11— m,m ()
+ 22 (GJpt2—mm(z) + 226G T y2_2m.m(T))
= GJpi1.m () + 22GIpt2-m,m(T)
+ 22 (GInt1—m,m(x) + 22G Ty t2-2m.m(x))
= GJpto,m () + 208G T2 m(T).
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Theorem 2.5. The polynomials GJp m(x) and Gjn m(x) satisfy the following relations, respectively

2 Clim(r) = % (G ntmm(@) 1] (14)
k=0

and
> Girmlx) = % [Ginstmm(x) — (1 + 227)] . (15)
k=0

PROOF. We are going to prove the relation (14). Starting from the recurrence relation

GJpm(x) = GJy—1m(x) + 220G T p—m m ()

or
GJptmm(x) = GInym—1,m(x) + 22G Ty m(x)
we get
Gnn(#) = 5= (Gnmn (@) = Gl 1. ()]
Next we obtain
o) = 5= [Cmn(@) — G40 ()]
GJim(x) = 1 (GImi1,m () — G ()]

2x
1
GJ, m(x) = % [GJm-i-?,M(x) - GJm+17m(x)]

)

1
= = [GJnsmm () — GInym—1,m(2)] -

GJpm(x) o

Summing the last equalities we get

- 1
> Glim(x) = o (G s () = G ()]
k=0

1

o [GJn-&-m,m(x) - 1] (by 4)-

The relation (15) can be proved in a similar manner, starting from recurrence relations (5) and (6). O
Recall that the convolutions of the generalized Jacobsthal polynomials are considered in G. B. Djord-
jevic [6].
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Theorem 2.6. Let D° = T (s > 1). Then the following relation
x

n+l—ms

DG pm(@)} = 2 Y T e (@) G (), (16)
k=0

holds, where Jf;,,% (x) is the s — 1 - convolution of the generalized Jacobsthal polynomials.
PRrROOF. Differentiating the generating function g, (z,t) (11) with respect to x, s-times, one by one, we find

oxs o (2(1 —t = thm))s-i,-l (17)

Next, the relation (17) can be written in the following form

88{gm(x,t)} . 2t+i(1 —t) glgsgms
Ox® C2(1 —t —2wtm)  25(1 —t — 2xtm)s
= 20514 N @Y G ()"
n=0 n=0
o0
= 291D T3 e ()G (@)
n=0

So, we get the relation (16). O

3. Generalized Gaussian numbers

For x = 1 we get GJ,,m(1) - generalized Gaussian Jacobsthal numbers and Gji, (1) - generalized
Gaussian Jacobsthal Lucas numbers. From the relations (3) and (4), we obtain

GJn,m = GJnfl,m + 2GJnfm,m; n = m,

with GJow = /2, GJpsw = 1, n = 1,...,m — 1, where we have denoted
GJnm(1) = Gy
From the relation (7), for = 1, we find that

GJn,m = Jn,m + iJnJrlfm,m

where J,, ,, are the generalized Jacobsthal numbers (see G. B. Djordjevic, H. M. Srivastava [5]).
Remark 4. For m = 2 we get ( Asci M., Gurel E. [1, 2])

GJ,=GJp_1+2Gdy—2, GJo=1i/2, GJy =1,
and

GJp = Jp +iJp_1.
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The generalized Gaussian Jacobsthal Lucas numbers Gy, (1) = Gjy.,m are defined by
Gjn,m = Gjn—l,m + 2Gjn—m,ma n > m,

with Gjo.m =2—1/2, Gjpm =1, n=1,....,m—2, Gjpm—1,m = 1+ 2i. These numbers satisfy the following
relation (by (8))

Ginm = Jnm + inti—mm, n=>m—1.
Remark 5. For m = 2 we have (Asci M., Gurel E. [1, 2])
Gjn = Gjn-1+2Gjp—2, n >2

and

Gjn = Jn +idn-1, n > 1

4. Binet formulas

Let a1, as,...,a,, be the roots to the characteristic equation
t"m—t—2=0

of the recurrence relation (3), for = 1. Then it holds
GJpm = Cra] + Coay + -+ + Cra,,

where C1,Cs, ..., C), are the solution to the following system of linear equations

Ci+Co+--+Cp =

(3
2
Ciar + Coag + -+ Cra, =1
Cia? +Cha2 + -+ Cpa? =1

Cra ' 4+ Coad ™ - 4 O™t = 1.

Example 1. If m = 2 we get the Binet formula for the Gaussian Jacobsthal numbers GJ,, in Asci
M., Gurel E. [2]

2+

GJ,
3

ol - (-
+ ()
Also, the Binet formula for the generalized Gaussian Jacobsthal Lucas sequence of numbers Gy, p, is

Ginm = D1al + Daoy + -+ -+ Doy, m > 2, (18)
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where D1, Ds,...,D,, are the solution to the following system of linear equations

i
Dy Dyt 4Dy =2 3

Diay + Dyag + -+ Dy, =1

Dya" ™ 4+ Dyal ™ 4+ Do 2 =1
Dio" '+ Dot + -+ Dot =1+ 2.

m

Example 2. For m = 2 we get the Binet formula of the Gaussian Jacobsthal Lucas numbers Gj,
Gjn=2+1i)- 2"+ (1 —1d)- (-1)"
Example 3. For m = 3 we get the following characteristic equation
3 —t—-2=0 (19)
of the recurrence relation
GJnz =Gy 13+2GT,_33.
The solution to the equation (19) is

a1 = Ug + Vo,
Qg = €1 - U + €2 - Vo,

Qg = €2 - Uy + €1 - Vo,

where

1/3 1/3
9478 9 — /78
Uo = —9 ) Vo = 9 )

—1i¢\/§

and €1 and eg are the third roots of 1, or €; 5 = 5 5.

So we have
GJn’g = CHOZ?LI + CQCYEL + Cgag,

where

=N .

Ci+Cy+C5

01061 + 02052 + 03013 =
Cla% + CQOZ% + 03043 =1.
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Since
a1 + oo + a3 = 0, 109 + 13 + gy = 71, 1gxy = 2,
we get
1+ 20; —i(1 — 5a?)
Cl = 9
2(0&3 - 041)(012 - Oq)
2+ 200 +i(1 — a?)
02 - I
2(ay — az)(as — ay)
2+ 2az +i(—1+a?)
Cs =

2(@3 — Oél)(Olg — 042) )
Example 4. For m = 3, from (18), we get

Gjn73 = Dl()é? + DQO{S + Dg()(g,

where

-2+ a1 + 402 +i(3 + 5a?)

Dl = )
2(0&3 — Oég)(OzQ — a1)

Do — -2+ 2 +4a3 +i(5 — a3)

2 2(0&2 — 043)(0[2 — 011) ’

-2+ 203+ 403 +i(5 —ad)

D3 = .
2(0&3 - 041)(013 - ()42)
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