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1 Introduction

In this paper we introduce and characterize weighted partial isometry, weighted
star-dagger, weighted normal and weighted Hermitian element. Then, the
equivalent conditions for an element of C*-algebra to be a weighted partial
isometry and weighted—EP element are investigated.

Let A be a unital C*—algebra with the unit 1. An element a € A is
regular if there exists some b € A satisfying aba = a. The set of all regular
elements of A will be denoted by A~. An element a € A satisfying a* = a
is called symmetric (or Hermitian). An element x € A is positive if x = y*y
for some y € A. Alternatively, x € A is positive if x is Hermitian and
o(x) C [0,400), where the spectrum of z is denoted by o(x).

An element a € A is group invertible if there exists a# € A such that

aaa=a, a’ad”® =a”, ad” =a"a.

Recall that a is uniquely determined by these equations. The group inverse
a exists if and only if aA = a®>A and Aa = Aa?, or if and only if a €
a? AN Aa? (see [8, 16]). We use A* to denote the set of all group invertible
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elements of A. The group inverse a double commutes with a, that is,
ax = wa implies a®x = xa™ [4, 7).

An element a! € A is the Moore-Penrose inverse (or MP-inverse) of
a € A, if the following hold [17]:

aa'a =a, d'ad’ =d', (aa")* =ad’, (a'a)* =dla.

There is at most one a' such that above conditions hold (see [9, 11]). The
set of all Moore-Penrose invertible elements of .4 will be denoted by A'.

Theorem 1.1. [9] In a unital C*-algebra A, a € A is MP-invertible if and
only if a is reqular.

See also [8], [11] and [16] for further interesting properties of generalized
inverses in rings and C*-algebras.

Definition 1.1. Let A be a unital C*-algebra and let e, f be invertible
positive elements in A. The element a € A has the weighted MP-inverse
with weights e, f if there exists b € A such that

aba =a, bab=>, (eab)* =eab, (fba)" = fba.

The unique weighted MP-inverse with weights e, f, will be denoted by
al s if it exists [4, 7]. The set of all weighted MP-invertible elements of A

with weights e, f, will be denoted by .A;f.

Theorem 1.2. [4] Let A be a unital C*-algebra and let e, f be positive
invertible elements of A. If a € A is reqular, then the unique weighted

MP-inverse aT

e.f exists.

Define the mapping = — z*¢/ = e~ lz*f, for all z € A. Notice that
(x,e,f) : A — A is not an involution, because in general (zy)*®/ #
y*efz*ef | This fact is important for further investigation in this paper: oth-
erwise, the weighted MP-inverse would reduce to the ordinary MP-inverse,
and all other characterizations would be elementary.

The following result is frequently used in the rest of the paper.

Theorem 1.3. [14] Let A be a unital C*—algebra and let e, f be positive
invertible elements of A. For any a € A™, the following is satisfied:

(a) (af )} = ai

(b) (@)}, = (al )™/

)



(£) (a*f<a)l , = al (al )ref
(g) (aa*/)le = (al )*fal ;

Using Theorem 1.3, we can easily prove the following lemma.

Lemma 1.1. Let a € A~ and let e, f be invertible positive elements in A.
Then

(i) af A =aleA;
(ii) (af )/ A =aA.

Now, we state the definition of weighted—EP elements and some charac-
terizations of weighted—EP elements.

Definition 1.2. [14] An element a € A is said to be weighted-EP with
respect to two invertible positive elements e, f € A (or weighted-EP w.r.t.
(e,f)) if both ea and af~! are EP, that is a € A~, eaA = (ea)*A and
af TA=(af1H)*A

Theorem 1.4. [14] Let A be a unital C*~algebra and let e, f be invertible
positive elements in A. For a € A~ the following statements are equivalent:

(i) a is weighted—EP w.r.t. (e,f);
(ii) aaLf = a;fa;

(iii) af ; = a(a} ;)% = (al ;)%a;

(iv) a € A* and a¥ = a;f;

(v) a € A*, and both eaa”, faa™ are Hermitian.



In 2], O.M. Baksalary, G.P.H. Styan and G. Trenkler used the repre-
sentation of complex matrices provided in [10] to explore various classes of
matrices, such as partial isometries, EP and star-dagger elements. Inspired
by [2], characterizations of partial isometries, EP elements and star-dagger
elements in rings with involution were investigated in [12].

In [18], Tian and Wang defined weighted-EP matrices and presented a
lot of characterizations of weighted—EP matrices using various formulas for
a rank of a complex matrix. In [14], weighted-EP elements of C*-algebras
were studied, extending the results from [18]. Furthermore, characteriza-
tions of weighted—EP elements in C*-algebras in terms of factorizations were
presented in [15].

Various characterizations of MP-invertible normal and Hermitian ele-
ments in rings with involution were investigated in [13]. Some of these
results were proved for complex square matrices in [3], using the rank of
a matrix, or in [1], using an elegant representation of square matrices as
the main technique. Moreover, the operator analogues of these results were
proved in [5] and [6] for linear bounded operators on Hilbert spaces, using
the operator matrices as the main tool.

In this paper, we generalize the notation of partial isometries, star—
dagger, normal and Hermitian elements. The paper is organized as follows.
In Section 2, the definition of weighted partial isometries is introduced and a
group of equivalent conditions for an element of C*-algebra to be a weighted
partial isometry and weighted—EP elements are given. In Section 3, we study
weighted star-dagger and weighted-EP elements of C*-algebra. In Section 4,
some characterizations of regular weighted normal elements in C*-algebra
are presented. In Section 5, both regular and group invertible weighted
Hermitian elements in C*-algebra are investigated.

2 Characterizations of weighted partial isometries

Let a € A~ and let e, f be invertible positive elements in A. An element
a € A” satisfying a*/¢ = az ¥ is called a weighted partial isometry with
respect to elements e, f (or a7weighted partial isometry w.r.t. (e,f)). An
element a € A~ satisfying a*f’ea;f = az’fa*f’e is called weighted star—dagger
with respect to elements e, f (or weighted star-dagger w.r.t. (e,f)). An
element a € A satisfying aa*/¢ = a*/€a is called weighted normal with
respect to elements e, f (or weighted normal w.r.t. (e,f)). An element
a € A satisfying a = a*/° is called weighted Hermitian with respect to
elements e, f (or weighted Hermitian w.r.t. (e,f)).



For e = f = 1, the following result is well known for matrices, Hilbert
space operators and elements of C*-algebras and rings with involution.

Lemma 2.1. Let a € A~ and let e, f be invertible positive elements in
A. Then a is weighted normal w.r.t. (e,f) if and only if aal ;= az 70 and

a*f’eal ;= al fa*f’e.

Proof. Assume that a is weighted normal w.r.t. (e,f). By Theorem 1.3, we
get
a*al = al (aa*)al ; = af @ aal ; = af a*le.

€, €, €7f
Now,
aaly = (al,)fa" = (] )*Sa] (aa) = (al ;)" (] ja*)a
= (alp)“/a**a] ja = ad] yaf sa
and
a;fa = a*f’e(a;f)*eﬁf = (a*f’ea)al’f(a;f)*eﬁf = a(a*f’ea;f)(a;f)*e’f
= aal ja' " (al )T = aa] sa ja

imply aa;f = ai,fa.

Conversely, suppose that aa;f = a;fa and a*f’ea;f = a;fa*f’e. Then,

we have

f

aa’*ﬁe — aa*fve(aa;f) = a(a*f’ea;f)(l = (aae,f T

ya*i¢a = a, faa*f’ea = a*/*a.
Thus, a is weighted normal w.r.t. (e,f). O
By Lemma 2.1, we obtain the following result.

Lemma 2.2. Let e, f be invertible positive elements in A. If a € A~ is
weighted normal w.r.t. (e,f), then a is weighted-EP w.r.t. (e,f).

Now, we present necessary and sufficient conditions for a regular element
a of C*-algebra to be a weighted partial isometry w.r.t. (e,f).

Theorem 2.1. Let a € A~ and let e, f be invertible positive elements in
A. Then the following statements are equivalent:
(i) a is a weighted partial isometry w.r.t. (e,f);

T

(ii) aa*lc = aay, ¢;



(iii) a*fa = al’fa;

aa*leq = a;

a*le is a weighted partial isometry w.r.t. (fe);

T

)
(V) a*f,eaa*f,e —_ a*f,e’.
)
) Qg p 05 @ weighted partial isometry w.r.t. (f.e);

(viil) a*/Cax = x, for x € a*/CA;
(ix) aa*/fx =z, for x € aA.

Proof. (i) = (ii): Since a is a weighted partial isometry w.r.t. (e,f), i.e.

a*he = al #> then aa*l = aa - Thus, the condition (ii) is satisfied.

e,
(ii) = (iii): By the assumption aa*/¢ = aalf and Theorem 1.3, we

obtain

T

a*feq = al,f(aa*f’e)a = ae7faa;fa = al’fa.

So, the condition (iii) holds.

(iii) = (i): The equality a*f¢a = al,fa and Theorem 1.3 imply

a*fe = (a*f’ea)al,f = a;faa;f = a;f.

Hence, the element a is a weighted partial isometry w.r.t. (e,f).

(iv) = (ii): Multiplying aa*/a = a from the right side by az > we get
the condition (ii). 7

(ii) = (iv): Obviously.

(v) = (iii): Multiplying a*/“aa*/¢ = a*/¢ by (af3 f)*e’f from the right
side, we obtain (iii). ’

(iii) = (v): This part can easily be verified.

(i) & (vi) & (vii): It follows by Theorem 1.3.

(viii) = (i): Suppose that a*/¢ax = =, for x € a*/*A. Since, by Lemma
1.1, al,f S a;fA = a*l¢ A, then a*/¢ = a*f’eaa;r,f = a;f.

(v) = (viii): Let a*/¢aa*/¢ = a*/¢ and let = € a*/*A. Now, z = a*/¢y,
for some y € a*/¢A and

a*feax = a*feaa*Cy = ey = 2.

(iv) = (ix) = (vii): Similarly as (v) = (viii) = (i).



In the following theorem we assume that the element a is both regular
and group invertible. Then, we give the conditions involving az £ a* and

a*/€ to ensure that a is a weighted partial isometry w.r.t. (e,f).

Theorem 2.2. Let a € A~ NA# and let e, f be invertible positive elements
in A. Then a is a weighted partial isometry w.r.t. (e,f) if and only if one
of the following equivalent conditions holds:

(i) a*fea® = a;fa#;

a#a*f:e — a#al f;’

)

(iii) aa*/Ca® = a?;
)
)

a”a*a = a”;
ara*he = a”alj, for any/some integer n > 2;
(vi) a*fea™ = aivfa", for any/some integer n > 2;

(vii) a*fe(a#)" = a! f(a#)”, for any/some integer n > 2;

e,

(viil) (a®)"a*)e = (a#)”al s for any/some integer n > 2;
(ix) aa*f¢(a™)™ = (a™)", for any/some integer n > 2;
(x) (a®)"a*F¢a = (a™)", for any/some integer n > 2.

Proof. If a is a weighted partial isometry w.r.t. (e,f), then a*/¢ = al’f. It
is not difficult to show that conditions (i)-(x) hold.

Conversely, to conclude that a is a weighted partial isometry w.r.t. (e,f),
we show that either the condition a*/¢ = al 7 is satisfied, or one of the pre-
ceding already established condition of this theorem or Theorem 2.1 holds.

(i) The condition a*/€a? = a; fa# and Theorem 1.3 give

a*he = a*f’eaa;f = (a*f’ea#)aaa;f = a;fa#aaa;f = a;faa;f = a;f.

(ii) From the equality a”a*f¢ = a#ai > we have

a*he = al faa*f’e = ai faa(a#a*f’e) = al faaa#al = al It
(iii) Multiplying the hypothesis aa*/¢a” = a? by al’ 7 from the left side,

we get a*/ca# = a fa#. So, the condition (i) holds.

€,



(iv) Multiplying a#a*/¢a = a# by az ! from the right side, we obtain
the condition (ii).
(v) Multiplying a™a*/¢ = a”al pn=l from the left side by (a)"1,

we observe that aa*/¢ = aal ;- Hence, the equality (ii) of Theorem 2.1 is

satisfied.

(vi) The equality a*f¢a™ = al sa™, n = 1, implies the condition (iii) of
Theorem 2.1, in the same way as the previous part.

(vii) If we multiply the assumption a*/¢(a™)" = aif(a#)”, n > 1, by

a" ! from the right side, we get a*/€a# = al fa#. Therefore, the statement
(i) holds.
Similarly, we can show conditions (viii)-(x). O

Observe that if e = f = 1 in Theorem 2.1 and Theorem 2.2 we recover
results from [2].

In the following result we study equivalent conditions for an element a of
C*-algebra to be a weighted partial isometry w.r.t. (e,f) and weighted-EP

w.r.t. (e, f).

Theorem 2.3. Let a € A~ NA# and let e, f be invertible positive elements
in A. Then a is a weighted partial isometry w.r.t. (e,f) and weighted—EP
w.r.t. (e,f) if and only if one of the following equivalent conditions holds:

(1) a is a weighted partial isometry w.r.t. (e,f) and weighted normal w.r.t.

(e.f);
(ii) a*fe = q#;

(iii) aa*/* = a;fa;

(iv) a*/€a = a,a,;r i
(v) aa*H¢ = aa” and a = a;faa;

(vi) a*f°a = aa™ and a = aaa;f;

T

e7fa# and a = aivfaa;

(vii) a*f’ea;f =a
(viii) al fa*f’e = a#az s and a= aaal It
(ix) al fa*f’e = ai fa# and a = az Faa;

T

(x) a*f7eaz,f = a#aeyf and a = aaa;f;

8



(xi) a*fea® = a#al’f and a = aaa;f;

(xii) a”a*fe = az fa# and a = al raa;

(xiii) a*f’eaz = a*a? and a = al Faa;
(xiv) al fa"‘ﬁe =a*a? and a = aaal i

(xv) a*/ea? = al,fai,f and a = alvfaa;
(xvi) a*a*/e = a;fa;f and a = aaa;f;
(xvii) a*/a? = a*a? and a = aaalf;

(xviii) a*a*/¢ = a”a™ and a = a;faa;

(xix) aa*f’ea;f = ai’f = a;fa*f’ea;

(xx) aa*f’eaz,f =a” and a = a;faa;

T

(xxi) a) £a

)

wheq = a# and a = aaaz £

T

(xxii) aa*fCa? = g g and a = alfaa;

f

(xxiil) a*a*/€a = a,

1

f and a = aaay, ¢;
(xxiv) aaT ale =al = a el a;
ef ef e.f?

(xxv) a*f€a® = a and a = aaai I

(xxvi) a’?a*/¢ =a and a = al raa;

(xxvii) aai fa"‘f’6 =a" and a = al Faa;

)

(xxviil) a*fa Jr Fa= a” and a = aaazvf.
Proof. Suppose that a is a weighted partial isometry w.r.t. (e,f) and weighted—
EP w.r.t. (e,f), then a*/¢ = azf = a”. It is not difficult to verify that
conditions (i)-(xvi) hold. 7
Conversely, we will prove that a is a weighted partial isometry w.r.t.
(e,f) and weighted-EP w.r.t. (e,f), or we will show that the element a
satisfies one of the preceding already established conditions of this theorem.



(i) If a is a weighted partial isometry w.r.t. (e,f) and weighted normal
w.r.t. (e,f), then a is a weighted partial isometry w.r.t. (e,f) and weighted—
EP w.r.t. (e,f), by Lemma 2.1.

(ii) The hypothesis a*fe = a# gives aa*/¢ = a*fq, that is, the element

a is weighted normal w.r.t. (e,f). By Lemma 2.1, a is weighted-EP and

a;[ = a? = a*f*. So, a is a weighted partial isometry w.r.t. (e,f).

(iii) Using the equality aa*/¢ = az 7, we get

aal ;= aal ja = (aa")(al ;)T = af ja(al ;) Ia]

af gaal ja)(al ;)**'al ; = af jaaa™*(al )**Tal |

67 67
T

== a:;faaa&faa;f == al’faaalvf,

and
T T i

a, ja = aa*e = (aa*f’e)aaevf = aevfaaaij.
Hence, aa;f = al,fa, i.e a is weighted-EP w.r.t. (e,f). By (iii), aa;f =
aa*f¢, and, by the condition (ii) of Theorem 2.1, a is a weighted partial
isometry w.r.t. (e,f).

(iv) This part can be proved similarly as part (iii).

(v) Since aa*¢ = aa®, then eaa” = eaf 'a*e is Hermitian. The condi-

tion a = al paa gives that faa® = fal 74 is Hermitian. Now, by Theorem

1.4, a is weighted-EP w.r.t. (e,f). Thus, aa*/¢ = aazf and, by Theorem
2.1(ii), a is a weighted partial isometry w.r.t. (e,f).
(vi) The equalities a*/a = aa™ and a = aaaz’ s imply that faa¥ = a*ea

and ea”a = eaaif are Hermitian. So, a is weighted-EP w.r.t. (e,f), by

Theorem 1.4, and a*/¢a = aaj2 s> 1.e. (iv) holds.

(vii) From the equality a*/ ’eal = al fa#, we obtain

o=

aa, ; a*a*al ;= a2a;faa#al,f = czQ((LLfCI#)zL(zJr = aQa*f’eai’faai’f

€, €,
aQ(a*f’eaLf) = a2al7fa# = a2ai’fa(a#)2 = aa”.
The assumption a = al Faa implies aa® = al 0 Since aai I al £, we

deduce that a is weighted-EP w.r.t. (e,f) and a” = a; - Therefore, by

(vii), a*Pea? = az fa#, that is, the condition (i) of Theorem 2.2 holds. So,
a is a weighted partial isometry w.r.t. (e,f).
The conditions (viii)-(x) follow similarly as previous part.

10



(xi) Suppose that a*/“a# = a#a! epand a= aaa’ e.r- Then
a*fa = (a*a™)a® = a#al fa2 = (a#)zaai fa2 = a™a.

Hence, the condition (vi) is satisfied.
(xii) Analogy as part (xi).
(xiii) The equality a*f ’eal ;= a?a? implies

a*f’ea,;r ;= az fa(a*f’eal f) = al faa#a# = az fa#.

So, the condition (vii) holds.
(xiv) Similarly as (xiii).

(xv) Applying the condition a*/€a? = a; fa; > We get
a* = (aal ;)a(a*)? = (a] ;)*! (a*a#) = (af ;)T a] sl |,

which yields

aa® = a(a;f)*ef lf Zf = a((aT f)*ef Zf Zf) an = aa#aa;f = aa;f.

T ] i

From a = a e, 00, it follows aa® = a e, f 0 Thus, aan = Qg 0 and a is

weighted-EP w.r.t. (e,f). By al ef = a* and a*fea? = o faT f» We conclude

that a*/¢a# = o fa# The condition (i) of Theorem 2.2 implies that a is a
weighted partial isometry w.r.t. (e,f).

(xvi) In the same way as part (xv).

(xvii) Since a*/a” = a*a¥, then the condition (vi) is satisfied:

a*fea = (a**a™)aa = a” a” aa = a”a.

(xviii) In the same way as the previous part.

(xix) Assume that aa*e’fal P= al ;= al fa*f’ea. Now, we get

(1) a*f’ea;f = a;f(aa*f’ea;f) = a;fa;f = alvfa*f’eaai’f = a;fa*f’e.

The equalities (xiii) and (1) imply aal fal ;= a;[ ;= az fai ra. By Theorem

1.4, we deduce that a is weighted-EP w.r.t. (e,f). From (1) and al = a”,
we observe that a*/¢a™ = a”a™ and a = aaaT e fr 1€ (xvii) is satisfied.

wfe T
7ae,

(xx) Multiplying aa = a# by a s from the left side, we get

a*f’eazf = ai fa#.

)

11



Thus, the condition (vii) holds.

(xxi) In the same way as the previous part, it follows (viii).

(xxii) Multiplying aa*/¢a# = al s by az s from the left side, we show
that (xv) holds.

. t

'(XXlll) Multiplying a, ; =
(xvi).

(xxiv) If we multiply first aa! o0 a*fe = a s from the left side by al ¢.p and

then a ef = a*feq e.f from the right side by al

Tf Tf =a*f*a T . Further, by (xxiv), we have aaT aT f aT aT a

implying, by Theorem 1.4, a is weighted-EP w.r.t. (e f) Therefore from
aai a*fe = aJr T = aifa we obtain a*/¢ = an, i.e. ais a
Welghted partlal 1sometry w r.t. (e,f).

(xxv) Multiplying a*/¢a? = a by a” from the right side, we get a*/¢a =
aa®. Thus, the condition (vi) is satisfied.

(xxvi) This part implies (v) in the similar way as (xxv) = (vi).

(xxvii) Multiplying aa; !

= a*a*/€q by a from the right side, we get

e.fr We see that af fa*f,e —

_CL

and aa,

a*he = a# by al 7 from the left side, we obtain

al a*he = al fa#.

€,

Hence, a satisfies the condition (ix).

*f76 T *f7e T

(xxviii) Since a Qg = a#a; s> the condition

(x) holds.

Qg p0 = a implies a

O]

3 Weighted—EP and weighted star-dagger elements

We begin this section with sufficient conditions for a regular element a in
C*-algebra to be weighted star—dagger w.r.t. (e,f).

Theorem 3.1. Let a € A~ and let e, f be invertible positive elements in
A. Then each of the following conditions is sufficient for a to be weighted
star-dagger w.r.t. (e,f):

(l) a*f,e — a*f,ealf;
(ii) a*fe = al fa*ﬁe;
(iii) a;f = ai,fai,f;

12



(IV) a*f’e = al’fai’f;

(V) a;f — a*f,ea*f,e;
(vi) a= (a] )

)

a;

(vii) a = a(a! f)*f’f.

€,

Proof. (i) Applying the condition a*/¢ = a*fq T , we obtain
aal ;= (al )l "l = (QZ,f)*e’fa*f’e“i,f = aa jal ;
and
a*f’eal ;o= a*fe = ai faa*f’e = al f(aaz f)aa"‘f’e

= ai faaz fai faa*f’e = az fa*f’e.

(ii) This part can be proved in the same way as part (i).

T

(ili) Using the assumption a, = a;fal’f, we obtain

a*f’ea;r T ol

yg) = o' Caal = T,

p= a*fa(a
*f7€a/1’f P az fa*f7€'

)

i.e. the condition (i) holds. Hence, a
T

iv) Since a*/¢ = a! ,a , then
e, f e f

(v) The hypothesis az ;= a*hea*le gives

a*f,ea(];f _ a*f,ea*f,ea*f,e _ ai fa*f,e'

)

(vi) Applying the involution to a = (al §)"““a, we observe that a* =
a*eal fe_l which gives
= f~la* ea le = a*/eq T

So, the condition (i) is satisfied and a is weighted star-dagger w.r.t. (e,f).
(vii) It follows similarly as the previous part. O

In addition, we prove the following theorem related to weighted—-EP el-
ements in a C*-algebra.

13



Theorem 3.2. Let a,b € A and let e, f be invertible positive elements in
A. Fora € A~ N A#, the following statements are equivalent:

(i) aba = a and a is weighted—EP w.r.t. (e,f);
(ii) al’f = aLfba = aba;f;
(iii) a*/¢ = a*/¢ba = aba*le.
Proof. (i) = (ii): If aba = a and a is weighted-EP w.r.t. (e,f). We get

ai,f = LL# = (CL#)QQ = (a#)2aba — a#ba — aj;,fba.

Similarly, we can show al = abal - Thus, the condition (ii) is satisfied.

(ii) = (i): By alf = al sba = abalf, we get

aa;f = aa;fba = a(a;fba)aa# = aa;faa# = aa™
and

al;fa = aba;fa = a#a(abai’f)a = a#aa;fa = a”a.
Therefore, aa;f = a;fa and, by Theorem 1.4, a is weighted—EP w.r.t.
(e,f). From a” = al,f and (i), we have a# = a™ba and consequently
a = a?a” = a®a”ba = aba. So, the condition (i) is satisfied.

(ii) = (iii): The equality aL = a; sba implies

a*he = a*f’eaai,f = a*f’eaalvfba = a*/*ba.
In the same way, the conditon al = abal 5 gives a*he = aba*/¢. Thus, (iii)
holds.

(iii) = (ii): Multiplying a*/¢ = a*/**ba from the left side by (ai f)*e’f,
we have aal ;= aaz fba. Then

al’f = al’f(aa;f) = a;faa;fba = a;fba.

Analogously, we can verify the second equality. Hence, the condition (ii)
holds.
O
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4 Weighted normal elements

First, we formulate the following result which can be proved directly by the
definition of the weighted MP-inverse and Theorem 1.3.

Lemma 4.1. Ifa € A™, and if e, f are invertible positive elements in A,
then aa**fa € A~ and (aa*f’ea)l ;= al f(al f)*e’fal e

Now, we state characterizations of regular weighted normal elements in
a C*-algebra.

Theorem 4.1. Let a € A~ and let e, f be invertible positive elements in
A. The following statements are equivalent:

(i) a is weighted normal w.r.t. (e,f);
(ii) a(aa*f’ea);f = (aa*f’ea)gfa;

(iii) o sla+ a*l€) = (a + a*f’e)alvf

€,

Proof. (i) = (ii): Suppose that a is weighted normal w.r.t. (e,f). By Lemma
T

€,

2.1, we get aal I al 70 and a*f’eal F=a fa"‘f’e implying

(al gyl = (al ) ol jlaal ;) = (al ;)*Tal ;al s
_ (a‘er’f)*e,f(ai’ a*ﬁe)(a;f)*&f — (al,f)*&fa*f’ea;f(al,f)*&f

= (aal p)af f(ag ()" = aj saa j(af )" = af flag ().

67
By this equality and Theorem 1.3, we obtain

(2) aay lag ;) Tay = (ag ) Tal = ag (0l ()T = ag s (a )l ya.

Since (aa*fﬁea)l’f = a;f(al’f)*e’fa;f, by Lemma 4.1, then, from (2), we have
a(aa*ﬁea)l ;= (aa*f’ea)z a. Thus, the condition (ii) is satisfied.
(ii) = (iii): The equality a(aa*f’ea)l’f = (aa*f’ea)lyfa, by Lemma 4.1,
can be written as
T b yref 0 f T ke f T
aag p(ag, ;)" ag ;= a glac ;)" ag sa,

s e

which is equivalent to, by Theorem 1.3,

(3) (a; f)*&fa; ;= al f(ai el

) )

15



Multiplying (3) by a*/¢ from the left and from the right side, we obtain

(4) al fa*f’e = a*f’ea;f

)

From (3) and (4), we obtain

)

aaLf = aa*l* (( ) ’fT )—a(a*f’ea;f)(azf)*e’f
T

f— T * N * _ -i- T
= aa, sa fre ( ) ef = aa, (a, (0,
and
i = L

T T

which gives aa ef = Qe g
condition (iii) holds.
(iii) = (i): The assumption aLf(a +a*h¢) = (a+ a*f’e)al,f is equivalent

a. By this equality and (4), we observe that the

to

(5) a;fa + al,fa*f’e = aa;f + a*f’ea;f

Multiplying (5) by a from the left and from the right side, we get
T

e 1
aa, a

xf,e *f
a’’a=aa"’’ a.
f e.f

)

Multiplying this equality by a from the left and from the right side, we
obtain, by Theorem 1.3,

(6) a;fa"‘f’6 = a*f’eal’f
The equality (5) and (6) imply

(7) al’fa = aa;f.

Therefore, by (7), (6) and Lemma 2.1, a is weighted normal w.r.t. (e,f). O

In the following result, we establish necessary and sufficient conditions
for an element a of a C*-algebra to be weighted normal.

Theorem 4.2. Let a € A™, and let e, f be invertible positive elements in
A. Then a is weighted normal w.r.t. (e,f) if and only if a € A% and one of
the following equivalent conditions holds:

16



(i) aa*fea® = a*aa*f* and a = a;faa;

(ii) aa®a*/¢ = a*a*/*a and a = aLfaa;

(iif) a*/Caa® = a#a**a and a = aaai,f;'

(iv) aa*f¢a” = a*/€a*a and a = aaai s

T

(v) aaa*’® = aa*/a and a = a!
)

raa;
(vi) aa*ta = a*feaa and a = aaal’f’.
(vii) a*/¢a? = aa*le;

(viii) a*f’ea;f =a"a*¢ and a = aaa;f;

(ix) a*fea? = a;fa*f’e and a = al’faa;

(x) aa*f’ea;f =a*f* and a = aaa;f;

T

(xi) o f

*176 * .
= n =
fa a a* and a a€7faa,

)

T

(xii) aa*f¢a” = a* and a = a, paa;

(xiii) a*a*/¢a = a*/¢ and a = aaai,f;

(xiv) a*/Ca*a? = a*a*Ca? and a = aaal’f,‘

(xv) a*a*/¢a® = a¥a¥a*/ ¢ and a = az’faa;

(xvi) a*fea*fea? = a*Fea?a* e and a = ai’faa;
(xvil) a*f€a?a P = a”a*a*) ¢ and a = aaai’f;
(xviii) a*f’eai,fa# = a#a*f’eal,f and a = aaalvf;
fa*f’ea# and a = aivfaa;

(xix) a*featal ;= al

e, e,

(xx) al fa*f’ea# = a#al fcf"f’6 and a = az Faa;

T

(xxi) ae’fa#a*f’e = a#a*f’ea;f and a = aaa;f;

17



(xxii) There exists some x € R such that ax = a*/¢ and (ai f)*e’fx =al and
T

a = aaaevf.

Proof. If a is weighted normal w.r.t. (e,f), then it commutes with al’f and

a*f¢ and a¥ = al - It is not difficult to verify that conditions (i)-(xxii)

hold.

Conversely, we assume that a € A#. To conclude that a is normal,
we show that the condition aa*f¢ = a*fq is satisfied, or that the element
is subject to one of the preceding already established conditions of this
theorem.

(i) The hypothesis aa*/¢a# = a#aa*f* implies

a;faaa*f’e = a;faaa*f’eaa;f = a;faaa*f’eaa#aa;f
= az fa(aa*f’ea#)aaal ;= al faa#aa*f’eaaaz f
= (f"f’eaaa;r s
and
ahe = az fa(a#aa*f’e) = (al faaa*f’e)a# = a*f’eaaal fa#
(8) = a*f’eaaal fa(a#)2 = a*f€aa”.

Further, from (8) and the assumption a = a; paa,

aai ;o= (al f)*e’fa*f’e = (al f)*e’fa*f’eaa# = aal faa#
= ad” = ai faaa# = al fa-

By Theorem 1.4, we deduce that a is weighted-EP w.r.t. (e,f). Since
a¥ = alf and aa*€a# = a#aa*/ ¢, then

So, a is weighted normal w.r.t. (e,f), by Lemma 2.1.
(ii) Applying the equality aa?a*/¢ = a#a*/€a, we obtain

aa*feq# = a(aa#a*f’e)a# = (aa#a*f’e)aa# = a*a*Maaa®

= (a"a*%a) = aa” ' = aaa*le.

Therefore, the condition (i) holds.
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(i) Assume that a*/“aa# = a#a*/*q and a = aaa) ;- Then we get

€,

alyfaaa*f’e = al,faaa*f’eaa;f = al,faa(a*f’eaa#)aa;f
= aljaaa#a*f’eaaalj = a*f’eaaalyf,
and
a*he = (a*f’eaa#)aa;f = a#(a*f’eaaaij) = a#a;faaa*f’e
= (a#)QaaLfaaa*f’e = a¥aa*e.
Now, we observe that
al’fa = a*f’e(a;f)*e’f = a#aa*f’e(a;f)*e’f = a#aa;fa

= a#a = a#aaal f = aalf,

which gives that a is weighted-EP w.r.t. (e,f), by Theorem 1.4.

a = al f and a*f°aa* = a#a*a, we have

a*fea = al faa*f’ea = a(a”a*%a) = a(a*aa®) = aa*'°.

Hence, a is weighted normal w.r.t. (e,f).
(iv) By the equality aa*/€a# = a*/€a#a, we obtain

= a#(aa*f’ea#)a = a*a* M ataa = a*a* ca.

aPeaa? = a'feata = aa*Ca = a#a(aa*f’ea#)

Thus, the condition (iii) holds.
.|.

From

(v) Suppose that aaa*f¢ = aa*/€a and a = a, saa. Now, we see that

aa”a*’¢ = (a¥)?(aaa*’*) = (a¥)%aa*Ca = aa**a

and (ii) is satisfied.
(vi) Using the assumption aa*/€a = a*/€aa, we get

aa*ea? = (aa* %) (a™)? = a*faa(a™)? = a*faa® = a*/ata,

i.e. the equality (iv) holds.

(vii) The equality a*/€a? = a#a*/¢, by double commutativity of group

inverse and (a#)# = a, implies a*/¢a = aa*f°.
(viii) If a*ﬁeal ;= a*a*/¢ and a = aaai s> then

a#a*ﬁe _ a*f,eal ;= az fa(a*f’eai f) — al faa#a*ﬂe’

)
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which yields

aal’f = a#(aaa;f) =a”a = (cﬁéﬁ)2aaz;foz2 = (a#a*f’e)(al f)e’fa

= al faa#a*f’e(al f)e’fa = al fa#aal fa2 = ai a.
By Theorem 1.4, a is weighted-EP w.r.t. (e,f) and, by the equality (viii),
a*fea? = a*f’eai =a"a*/¢. So, the condition (vii) holds.
(ix) This part can be proved similarly as part (viii).
(x) From the hypothesis aa*f 7%27 ;= a*h€, we observe that
a*f’eaz ;= aa*f’eaz faz Tf = a#(aa*f’eal PE ata*te.

€,

g = a#a(aa*f’ea;f)a
Therefore, the condition (viii) holds.

(xi) This condition implies condition (ix), in the same way as (x) =
(viii).

(xii) Multiplying aa*f¢a# = a* by a;f from the left side we get a*/¢a# =
ai’ a*/¢. Hence, the condition (ix) holds.

(xiii) Similarly to the previous part.

(xiv) Multiplying the equality a*/¢a” a” = a?a*/¢a* from the right side
by a2, we obtain a*/€aa? = a#a*/*a. Thus, the condition (iii) is satisfied.

(xv) The condition (xv) implies (i) in the similar way as (xiv) = (iii).

(xvi) Multiplying a*f¢a*f¢a# = a*/¢a#a*¢ from the right side by aa®,
we get a*fea*fea? = a*Pea?a*Caa”. So, a*fCata e = a*Feata*Caa” .

Multiplying this equality from the left side by (aly f)*evf , we get

aal fa#a*f’e = aaz fa#a*f’eaa#.

)

Now, aal’fa(a#)Qa*f’e = aalfa(a#)Qa*f’eaa# gives a”a*f* = a*a*Faa”.
Then

f)*e,fa*f,e _ (ai’f)*e,fal’faa*ﬁe _ (ai f)*e,fa;fGQ(a#a*e,f)

aa]l?f - (al’ b
= (aii f)*e’fal faQa#a*e’faa# = aai faa# =aa™.

Consequently, by the assumption a = al Faa, aal IS5 ai £a- Hence,
afeq# = (ajj fa)a*f’ea# = aai fa*f’ea# = (al f)*e’f(a*f’ea*f’ea#)
= (az f)*e’fa*f’ea#a*f’e = aal fa(a#)Qa*f’e =a"a*le,

i.e. the condition (vii) holds.
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xvil) Similarly as part (xvi).
(xvii) Similarly as part (xvi)

(xviii) Assume that a*f’ealyfa# = a#a*ﬁea;f and a = aaa;f. Then
atfa = aaz ¥ gives

9) a*f’ea;fa# — a*f’e(aaT )ai,fa# — a*f’ea#aaijfa(a#f — a*Pegtt ot

e7f
and
a#a*f’ea;f = a#a*f’e(aa;f)azvf = a#a*f’ea#(aai,f)
(10) = a*aCa? aa® = a¥a*Cat

Since the left side of equalities (9) and (12) are equal, we observe that
a*heatat = a#a*lea# and (xiv) is satisfied.

T T

(xix) Using a*fﬁa#ae’f = aeja*f’ea#, we have

aPeata® = a*f’e(a#)zaal faa# = (a*f’ea#al f)aa# =aq fa*f’ea#aa#

€,
= al fa*f’ea# = a*f’ea#azf.

Multiplying this equality from the left side by (ai f)*e’f , we show that
aal fa,(a#)2a# = aa! fa(a#)%lf, that is, a”a” = a#alf. Now,

€,

(11) a*faa® = a*fa?(a” a?) = a*f’eaza#al = a*aal = a*fe.

€,

From (xix) and (11), we have

a*hea® = aJ*f’e(a#)Qaa(Ti Fa= (a*f"%L#ajj f)a

= al fa*f’ea#a = ai f(a*f’eaa#) = al fa*f’e.

)

Thus, the condition (ix) holds.
(xx) It follows the condition (xv) in the similar way as in part (xviii).
(xxi) Analogy as (xix).
(xxii) Since there exists some & € R such that ax = a*f¢ and (ai f)*e’fa: =

)

al 2 then

iy = (6l o = (a] e Tal aa) = (ol o ol

) )

which yields

(12) a*f’eal’f = a*f’e(aj3 f)*e’fa;fa*f’e = a;faai fa*f’e = ai’fa*f’e.

) )
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al ;= (al ) (] o) = (al ;S a*al | = aal jal |

eif e7f

a;fa = a*f’e(aT f)*e,f = a; aa*f’e(a;f)*e’f = aa al’faa*f’e(a;f)*e’f

e, e, f

!
= a#a(aa;fa;f)aa*f’e(al f)*e’f = a#aa;faa;fa =a"a.

)

The assumption a = aaai f gives al Fa = ata = a#aaal F= aai £ By this

equality, (12) and Lemma72.1, we conclude that a is Weiéhted normal w.r.t.

(e, f)- H

5 Weighted Hermitian elements

In this section, we study equivalent conditions for an element of a C*-algebra
to be weighted Hermitian.

Lemma 5.1. Let a € A and let e, f be invertible positive elements in
A. Then a is weighted Hermitian w.r.t. (e,f) if and only if a is weighted
Hermitian w.r.t. (f.e).

Proof. By definition, a is weighted Hermitian w.r.t. (e,f) if and only if
a = a*/ which is equivalent to fae~! = a*. Applying the involution,
we see that this equality is equivalent to a*®/ = e la*f = a, that is a is
weighted Hermitian w.r.t. (f,e).

O

Theorem 5.1. Let a € A~ and let e, f be invertible positive elements in
A. Then a is weighted Hermitian w.r.t. (e,f) if and only if a € A% and one
of the following equivalent conditions holds:

(i) aa” = a*f’ea;f;
(li) aa# — ai fa*f7e;

(iii) al o= attarbe;

(iv) aai ;= a*heat;

22



(xiv)

(xv)

a*f’eal falf =a¥;

a#a*feqt = al I

aa# = a*ea# and a = aaal i

a'feaa® = a and a = aaaz I
b

a*heglhea# = g*e and a = al Faa;
b

T

e f and a = a;faa;

a*f’eai fa# =a

a*f’eae fa# =a* and a = aaal i

T

aa*fvea;f =a and a = Qg A0
a*hea#a# = o and a = aaal It

aa = a*ca and a = aaal i
b

CLCLZ f

)

= a*f’ea;f and a = al’faa.

Proof. If a is weighted Hermitian w.r.t. (e,f), then it commutes with its

weighted Moore-Penrose inverse and a” = al’ f- It is not difficult to verify
that conditions (i)-(xii) hold.

Conversely, we assume that a € A%, and show that a satisfies the equal-
ity a = a*f¢ or one of the preceding, already established condition of this
theorem.

(i) The assumption aa? = a*f ’eai, s implies
al ja = az fa(aa#) = al faa*f’eaz f
= (a*f’ea;f)aa; f

which yields

= a*f’eal f

f = aa#aaeJ = aa;f,

a*fe = a*f’e(aaz,f) = (a*f’eae,f)a = acfa=a.

Hence, we conclude that a is weighted Hermitian w.r.t. (e,f).
(ii) We can verify this part in the similar way as the condition (i).

iii) Using the equality a' a = a*a*fe, we get
g q Y Qg ¢ g

al faa = az faa(az
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Now,
a*he = (al fa)a = a?a*a = a¥ala®a*)a = a#aal jaa = a.

(iv) Similarly as part (iii).

(v) Since a*f’eaj3 faz = a*, then

aa® = aa*f’eal’fai’f = a(a*f’ea;fa;f)aal’f = aa#aaej =aa,;
and

ata = a*f’eal’fa;fa = a;fa(a*f’ecz;fa;f)a = a;faa#a = a;fa
implying ai Fa= al 0 Therefore,

a*’eal al Jaa = a¥ aa = a.

@'/ = a'l€aal ;= (a"¢al jal

(vi) From the hypothesis aa*/¢a? = aLf, we have

ata*fe = a#a*f’eaalf = (a#a*f’ea#)aaalj = ;faaa;f

= az faaa#a*f’ea# = a*fea”,

which gives that a is weighted normal w.r.t. (e,f), by Theorem 4.2. Further,
a is weighted-EP w.r.t. (e,f), by Lemma 2.1, and

a = aalvfa = aa®a M a*a = a¥aa*HCaa® = a;faa*f’eaa;f

= a*le.

(vii) Suppose that aa” = a*/¢a* and and a = aaal - Then

a = (aa™)a = a*aa = al fa(a*f’ea#)a = al faaa#a = az Faa

and
aa;f = aivf(aaa;f) = ai,fa,

i.e. a is weighted-EP w.r.t. (e,f). Because a” = al 5 we obtain
a = (aa™)a = a*ata = a*f’eaai ;= a*fe.

(viii) Multiplying a*/¢aa® = a by a* from the right side, we observe

that a satisfies (vii).

24



(ix) By the condition a*f¢a*/¢a? = a*/¢, we obtain

aa;[ ;= (CLT f)*e,fa*f,e = (CLT f)*e,fa*ﬁea*f,ea# _ aaT fa*f,ea#

e, e, .
and
aa* = (aa ao* = aa! ja**a* ao* = aal ja*Feat.
So, aaz ;= aa”. The assumption a = al saa implies aaz ;= aa® =
T T

#
a, paaa™ = a, ;a. Now

a = (aa™)a = (aal f)a*f’e(a#a) = az faa*f’eaal = a*le.
(x) Assume that a*f’eae?fa# = al’f and a = a;faa. From aa? = a;fa
and

T

eif

we deduce that al Fa= aajj I Hence,

aa® = aa! ;aa” = aa*f’eal fa#aa# = a(a*f’eaz fa#) = aal I

a*he = a*f’eaai = a*f’eai fa= (a*f’eai fa#)a2 = al fa2 =a.

(xi) Applying a*f"eae fa# = a™, we get

aal;f = a#aaa;f = a*f’ea;fa#aaai’f = a*f’eai’faai’f = a*f’eai’f.

Consequently,

a= (a,a;r pla= a*f’eal ja= az fa(a*f’eaz Fla= al faaal o= al raa

and, by the condition a = aaaz o we conclude az F0 = al faaal ;= aal s

Since a*f’eae fa# = a# and az F= a#, then a*fca#a# = a# and
a*fea = (a*a*a™)a = a*a.
Thus, (vii) holds.
(xii) If aa*f’eai ;=aand a= al saa, then

1 T T

Qg 0 = aeyfaa*f’eagf = a;f(aa*f’eal’f)aaaf = al,faaalf = aaLf.

Therefore, a is weighted-EP w.r.t. (e,f), by Theorem 1.4, and aif = a#.
Now, we get condition (i):

aa’ = al Fa= al faa*f’eal ;= a*f’eal 5
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(xiii) Multiplying a*/¢a#a# = a# by a? from the right side, we show
that (viii) is satisfied.
(xiv) The equalities aa = a*/*a and a = aaal 7 give

a*fe = (a*f’ea)al ;= aaalf = a.

)

T

_ o xfe, t _
ef =@ Ca, ¢ and a = Qg paa, we observe

(xv) From the condition aa

a= (aa;f)a = a*f’ea;fa = ffl(eal’faa)* = f"Y(ea)* = a'*.

6 Conclusions

In this paper, we study weighted partial isometries, weighted—EP, weighted
star—dagger, weighted normal and weighted Hermitian elements of C*-algebras.
As a consequence, for e = f = 1, we obtain some well known characteri-
zations of partial isometries, EP, star-dagger, normal and Hermitian ele-
ments. The identity (ab)* = b*a* are important when we proved the equiva-
lent statements characterizing the condition of being a partial isometry, EP,
star-dagger, normal and Hermitian element in a ring with involution R in
[12, 13]. Since (*,e,f) : A — A is not in general an involution, in most
statements an additional condition needs to be consider.
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