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CHARACTERIZING HERMITIAN, NORMAL
AND EP OPERATORS

Dragan S. Djordjevié¢! and J. J. Koliha

Abstract

In this paper further characterizations of Hermitian, normal and EP
operators on Hilbert spaces are established. Thus the recent results of
O. M. Baksalary and G. Trenkler (Linear Multilin. Algebra, to appear)
are extended to the infinite dimensional setting with proofs based on
operator matrices.

1 Introduction and preliminaries

In this paper we use H to denote arbitrary Hilbert space and L(H) the space
of all bounded linear operators on H. For A € L(H) let R(A) and N (A),
respectively, denote the range and the null space of A. Recall that A is
Hermitian if A = A*, and A is normal if AA* = A*A. The Moore—Penrose
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inverse of a closed range operator A is the unique operator AT € L(H)
satisfying the Penrose equations

AATA=A, ATAAT = AT (ATA)* = ATA, (AAT)* = AAT.

The operator A is EP if AAT = ATA; EP stands for ‘equal projection’ as in
this case R(A*) = R(A). It is well known that if A is normal with closed
range, then A is EP. The converse is not true even in a finite dimensional
space.

There are many characterization of Hermitian, normal and EP operators
(see, for example [1, 2, 5, 7, 8, 9, 11, 12, 14, 16, 17, 18, 19]. In this note we
extend the results obtained for complex matrices by O. M. Baksalary and
G. Trenkler [1] to closed range operators on an arbitrary Hilbert space.

We assume a basic familiarity with the properties of generalized inverses,
as in [3, 4, 6, 13]. In particular we recall that the group inverse of A € L(H)
is the unique operator A% € £(H) such that

AA" = A" A, AATA=A, A7TAA" = A7,
The ascent and descent of A € L(H) are defined by
asc A = inf{p : N(AP) = N(APT1)}, dsc A = inf{p: R(AP) = R(APT1)};

if they are finite, they are equal, and their common value is ind (A), the index
of A. An operator A € L(H) is group invertible if and only if ind (4) < 1.

Our techniques are based on properties of operator matrices. We will
need the following result, a special case of the result obtained in [10] for a
generalized Drazin inverse.

Lemma 1.1. Let X andY be Banach spaces, A1 € L(X) and Ay € L(Y, X).
Then
e A Axl X . X
S0 0| |Y Y
s group invertible if and only if Ay is group invertible. In this case

(1.1)

[T (A4
0 0 ‘

Proof. Relies on a direct verification of the equations defining the group
inverse. o
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In the paper we will make use of the following two operator matrix
representations. Recall that an operator A € L(H) is positive, written
A >0, if (Az,z) > 0 for all x € H. We shall write A > 0 if A is positive
and invertible.

Lemma 1.2. A closed range operator A € L(H) has the following matriz
representations with respect to the orthogonal sums of closed subspaces H =

R(A*) & N(A) = R(A) d N(A*):

(a) We have
a=[5 o] [ - V) 2

where B = A1 A7 4+ A A5 maps R(A) onto itself and B > 0. Also,
AiB™' 0
T 1
4= [A;Bl 0} |
Moreover, if ind (A) < 1, then A; is invertible and
AT ATEAY)
#_ |1 1 42
ar— [ A

(b) Alternatively,

A= o) [Vl = N ) (13)

where C = A5Az + A} Ay maps R(A*) onto itself and C > 0. Also,

CflA* CflA*
T 3 4
A_[ B ]

Moreover, if ind (A) < 1, then As is invertible and

_[ A0
AT = [A4A3 ’ 0] '

Proof. (a) The proof of the matrix form for A is straightforward; B is in-
vertible as it maps R(A) bijectively onto itself while R(A) is a Banach
space. Since A* = [ﬁ% 8}, we get that AA* = [B0]. Now, (44" =
(AAN# = [Bal 0]. From AT = A*(AA*)! we obtain the matrix form for
At If ind (A) < 1, we apply Lemma 1.1 to get the expression for A#. The
group inverse of Aj is in fact equal to A]! since N'(A;) NR(A;) = {0}, and
Aj is surjective.

(b) We apply the results of the preceding part of the proof to A*, and
then take the Hilbert space adjoint of the operator matrix. ]
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We can compare our operator representation (1.2) with the matrix rep-
resentation due to Hartwig and Spindelbock [15] used as the main tool by
Baksalary and Trenkler in [1]:

AU [EK EL] o

0 0

where U is unitary, ¥ is the diagonal matrix of the nonzero singular values
of A, and K, L satisfy the condition K K* + LL* = I, with r the rank of A.
Then

K-ly=! K-'y7'KTL

* #: *
N i Y

K*x7! 0

Al=U [L*Zl 0

The purpose of this paper is to derive infinite dimensional analogues of

some results for complex matrices obtained by Cheng and Tian [7], Bak-

salary and Trenkler [1] and others. Our characterizations of the Hermitian,

normal and EP operators are based on the following lemma which follows
easily from the representations of Lemma 1.2.

Lemma 1.3. Let A € L(H) have a closed range. Then relative to the
representations (1.2) and (1.3) of the preceding lemma,
(i) A is Hermitian if and only if A2 = 0 and Ay is Hermitian (or A4 =0
and As is Hermitian).
(ii) A is normal if and only if A2 =0 and Ay is normal (or A4 =0 and
As is normal).
(iii) A is EP if and only if A2 =0 (or A4 = 0). In this case A1 = Az and

ol 3 - B -t

In order to illustrate differences between the finite and the infinite di-
mensional case, we consider the following example (see also [10]).

Example 1.1. Let A € £(¢?) be the left shift on the real ¢? space, that is,
let A(zy,x2,...) = (x2,23,...). Then A*(x1,z2,...) = (0,21, 22,...) and
AT = A*. In this case AAT = I and ATA(xq,29,...) = (0,29, 23,...). Let
B = A*. Then B* = Bf = A. In this case (BB*)! = BB*. Operators A
and B are neither normal, nor EP, but they satisfy the following equalities
(which in the finite dimensional case would ensure the normality or the EP
property):
(i) AAA* = AA* A,
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(ii) BB*B = B*BB;
(i) BB*B* = B*BB*.

We observe that the ascent of A and descent of B are infinite.

2 Characterizations of Hermitian operators

We start with a characterization of a Hermitian operator with closed range.
First we recall that any closed range Hermitian operator A € £(H) is group
invertible, that is, ind (4) < 1. Every closed range Hermitian operator is
EP.

The following conditions characterizing a Hermitian operator extend
those for a finite dimensional operator provided the range of the operator is
closed.

Theorem 2.1. Let A € L(H) be a closed range operator. Then the following
are equivalent:

(i) A is Hermitian; (i) AAAT = A*; (i) AA*AT = A.

Proof. The conditions (ii) and (iii) hold for a closed range hermitian operator
as in this case A* = A and AAT = ATA.
(ii) = (i): From (ii) we obtain that A? = A*A. Using the representa-
tion (1.2),
A3 A1AS]  JATAL AjAs
Kl v

Hence, A3A; = 0 and consequently Ay = 0. Since AAT = [é 8], from (ii)
we obtain A; = A}, which implies A = A* by Lemma 1.3 (i).

(ili) = (i): We use the representation (1.3). From (iii) we obtain
ATAA*ATA = AT A2, which is equivalent to

A; 0| [As 0]
0 of |0 o]’
hence A% = A3. By (iii) again, ATAA*AT = ATA, which is equivalent to

Agc_lAg AgC_lAj . I 0
0 0 |0 o

Hence A3C~'A3 = I and A3C 1A% = 0. The first equation implies that
Asg is invertible, and so A4 = 0 by the second. By Lemma 1.3 (i), A is
Hermitian. O
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The following theorem assumes that the given operator is of closed range
as well as of index not exceeding 1.

Theorem 2.2. Let A € L(H) have a closed range. Then A is Hermitian

if and only if ind (A) < 1, and any one the following equivalent conditions
hold:

(i) A*AA¥ = A; (ii) A*A*A* = A%
(iii) A*ATAT = A%, (iv) A*ATA# = AT,
(v) A*ATA# = A%, (vi) A*A#A¥ = AF;

(vii) ATA*A* = AT

Proof. If A is Hermitian, then (i)—(vii) follow from the equations A* = A,
AAT = ATA, and A7 = AT.

Conversely we prove that each of equations (i)—(vii) implies that A is
Hermitian. According to Lemma 1.3, it is enough to show that As = 0 and
A is Hermitian (or Ay = 0 and A3 Hermitian). Recall that A; and Ag are
invertible.

(i) Postmultiplying (i) by A we get A*A = A?; by the representation
(1.2)

ATA1 ATA)l (A3 A4
A5A1 ASAs| | O 0o |
Hence A3As = 0 and AjA; = A2. Then Ay = 0 and A} = A;.
(ii) Using the representation (1.2) we obtain
(A7)PATY (ADA2A] _ AT 0
A3 A3ATPAy | A3 0)
Then (A})2A7! = Af and (A7)2A7%Ay = 0. Hence, Ay = 0 and A% = A;.

(iii) First we observe that (iii) implies A*ATATA = A# A. Using the

representation (1.3), we obtain
A3C714; 0] I 0
0 0] — |A4431 0]
Thus A4A;" = 0, that is, Ay = 0, and A5C~1A% = I, which implies A} =
As.
(iv) By the representation (1.3),
AZAZ2 0] [CcTtAy oA
0 0] 0 0 ’
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Then C~1 A% = 0 implies A4 = 0, and A;AgQ = C71A} implies A% = As.
(v) From the representation (1.3) we get

[A;A;Q o] B [ At 0]_

0 0] |A443% 0

then A4A§2 = 0, which implies A4 = 0, and A§A§2 = Agl, which implies
A7 = A
(vi) Using the representation (1.2), we get the equality
ATAT? ATATRAS] TATY ATPA
ASAT? A3AT3ASl L O 0

from which it follows that A3A7? = 0 and AJA;? = A]'. Hence Ay = 0
and A; = A7.
(vii) From (vii) we get AA# A*A# = AAT. By (1.2) this yields

ATTBATY AJATPAS) [T O
0 0 0 0]

From AfA7?Ay = 0 we get Ay = 0, and from A7 'BA! = I we get A} =
Ay O

3 Characterizations of normal operators

First we recall that a normal operator A with closed range is EP; hence
Al = A% and ATA = AAT. Further, from ind (A) < 1 it follows that asc (A)
and dsc (A) are finite.

Theorem 3.1. A closed range operator A € L(H) is normal if and only if
one of the following equivalent conditions holds.
(i) asc(A) < oo and AAA* = AA*A;
(ii) dsc(A) < oo and AA*A = A*AA;
(iii) asc(A) < oo and AA*AT = ATAA*;
(iv) AA*AT = A*;
(v) ATA*A = A*.

Proof. If A is normal, then conditions (i)—(v) clearly hold.

Next we prove that any one of the conditions (i)—(v) implies that A is
normal. Recall that by Lemma 1.3 it is enough to show that Ay = 0 and A;
is normal (or A4 = 0 and Az is normal).
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(i) First assume that A is surjective. Since asc (A) < oo it follows that
asc (A) = 0 and A is invertible. Now, from (i) it follows that A is normal.
In general the representation (1.2) yields

AiB 0| [BA1 BA;
A=
Hence, we get that BAs = 0 and A1 B = BA;. From the first relation
we obtain As = 0, implying that A; is right invertible since B = A;A]
is invertible. Also, asc (A) < oo obviously implies asc (4;) < oco. From
A1B = BA; we obtain A1 A1 A7 = A1 AJA;. Since A; is right invertible, it is
surjective, and from the first part of the proof it follows that A; is normal.
See Example 1.1 (i) to see that the assumption asc (4) < oo is crucial.

(ii) This implication is analogous to the previous one. See Example 1.1
(ii) to see the importance of dsc (4) < co.

(iii) From (iii) and the representation (1.2) we obtain

BA;B™' 0] [A7 0
0 0] |43 o]

Hence, Ay = 0 and BA}B~! = A}. Since B = A A} is invertible, A; is right
invertible. From asc (A) < oo we get that asc (A1) < oo and consequently
A is invertible. Now, from BA}B~! = A% it follows that A; is normal.
Example 1.1 (iii) shows that the statement (iii) of this theorem does not
hold without the assumption asc (4) < oo.

(iv) In view of the representation (1.2), equation (iv) implies

BA;B™' 0] _[A; 0©
0 0] ~ |43 o]

We get that Ay = 0 and BA}B~! = A%, implying that A; is normal.
(v) Follows from the previous implication, taking adjoints of operators
in (iv). O

The next theorem deals with the case of a closed range operator with
index not exceeding 1; this means that the operator is both Moore—Penrose
and group invertible; in general, At # A#.

Theorem 3.2. A closed range operator A € L(H) is normal if and only if
ind (A) <1 and one of the following equivalent conditions holds.
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(1) AA*A* = A* AT A; (i) AA*A* = A7 AA*;
(i) AA#A* = A* A* A; (iv) A*AA# = A7 A* A,
(v) A*A*A%* = A* A% A*; (vi) A*ATA# = A# A* AT,

(vii) A*A# = A¥ A*; (viii) A*A¥ A* = A* A*A¥,
(ix) A*A# At = AT A* A#, (x) A*A7A* = A7 A* A7,
(xi) ATA*A#* = A% ATA*, (xii) ATA# A* = A% A* AT
(xiii) A#A* A% = A% A% A*; (xiv) A*AT = A A*;
(xv) A*A#* = AT A", (xvi) AA*AT = A*;
(xvii) A7A*A = A*.

Proof. If A is normal, then conditions (i)—(xvii) hold since A is EP and
commutes with A* and AT, while AT = A#.

To prove the reverse implications, we use the representations (1.2) or
(1.3). In view of Lemma 1.3 it is enough to prove that Ay = 0 and A, is
normal (or A4 = 0 and Ajz is normal).

(i) Using the representation (1.2), we see that (i) implies

[BAl_l BAl_zAg}

At ATATM A
0 0 '

A5 ASAT A,

It follows that Ay = 0 and BAl_1 = A}. Hence, A; is normal.
(i) By (1.2),

BAT' BA?AS]  [ATTAT + ATPARA5 0
0 0 B 0 0]

We obtain BA{?As = 0 and BA;! = AT'A} + A[2A5A5. By the first
relation, A, = 0, and by the second, Ay is normal.
(iii) When we use the representation (1.3), we get

A A [ A3tc o
AATYTAY AgATT AL T |AWASRC 0

We obtain A4 =0 and A% = Aglc , implying that As is normal.
(iv) Again, using the representation (1.3), we obtain

CAz' 0] [ A3'C 0
0 0 |A43tC o
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We obtain A4A§10 =0 and CA?T1 = Aglc. From the first relation we get
Ay = 0 and from the second we conclude that As is normal.
(v) Using the representation (1.3), we get

ASCAZ? 0] [CA3A3 CAPA;
0 0] — 0 0o |

Thus C A3z %A% = 0 and A5CA;? = CA32A%. Consequently, Ay = 0 and A3
is normal.
(vi) Using again the representation (1.3), we obtain

AsAZY 0] [ AgtAy AJAL
0 0]  |AsA3tAy AAT AL
Then AglAZ =0 and A§A§1 = A§1A§, that is, A4 = 0 and Ag is normal.
(vii) From (1.2) we obtain the equality
ATATY ATATPAS) [ATPB O
ASATY A3ATPASl | 0 0]

From A3A7' = 0 and AJA7' = A7%B we conclude that Ay = 0 and A; is
normal.
(viii) Using (1.2) we get

ATAT?B 0] [A[2BAL 0
ASAT’B 0] 0 0]

Hence A3A;?B = 0 which implies Ay = 0, and A}A;2B = A;2BA%, which
implies that A; is normal.
(ix) From (ix) we get the equality

ATAT? 0] [AIBT'ATATY AIBTIATA A,
ASATY 0] T |AsBTTATATY A3BTYATA? A

It follows that ATB~ 1A% A7%Ay = 0and AJAT? = ATB~1ATAT!. We deduce

that As = 0 and A; is normal.

(x) Using the representation (1.2), we get the equality

ATAT? ATATPAS] TATBATY AT?BATA,
ASAT? A3AT3 A9 0 0 '

Then A5A7% = 0 and AJA7? = A72BA]'. Therefore Ay = 0 and A; is

normal.
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(xi) From (1.2) we get

ATBTIATATY AIBTIATATAY] [ATRAT O
ASBTATATY ASBTIATATRA | 0 0]

Then A3B~1AfAT! = 0 and AB~'ATA7Y = A[?A}, which implies that
Ay =0 and A; is normal.
(xii) Using (1.2) again we obtain the equality

AtB7'A?B 0] _ [A?BAB™' 0
ASBTYA’B 0] 0 0]

Thus A3B~'A7?B = 0 and A{B~'A;2B = A[2BA{B~!, from which it
follows that A9 = 0 and A; is normal.
(xiii) The representation (1.2) gives

AT?BATY ATPBA?A] [Ai3B 0
0 0 1 0o o]

We obtain A;2BA;2A4; = 0 and A7?BA]! = A[®B, implying A = 0 and
the normality of A;.
(xiv) Applying (1.2) again, we have

(AN2B~! 0] [A{*B 0
A3A3B~H o) | 0 0]

It follows that A3A3B~! = 0 and (A437)?2B~! = A72B. This implies that
As =0 and A; is normal.

(xv) Follows from the previous implication taking adjoints of operators
in (xiv), and using the relations (A*)f = (A")* and (A%)* = (A*)#.

(xvi) On application of (1.2) we get

BAT' BA['A)] AT 0
0 0 T 45 o)

From BA;ZAQ = 0 and BAI1 = A} we obtain that Ay = 0 and A; is
normal.

(xvii) Follows from the previous implication by taking adjoints of oper-
ators in (xvi). O
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4 Characterization of EP operators

In the next theorem we deal with closed range operators A of index not
exceeding 1. These operators are simultaneously Moore—Penrose and group
invertible, but the two inverses are in general different.

Theorem 4.1. A closed range operator A € L(H) is EP if and only if
ind (A) < 1 and one of the following equivalent conditions holds.

(i) AATA# = ATA# A; (i) AATA# = A# AAT,
(iii) AAY A* = A*AAT, (iv) AA# AT = AT AA#,
(v) AA#AT = A% ATA; (vi) ATAA# = A7 AT A,

(vii) (A")2A# = ATA# AT, (viii) (AT)2A% = A7 (A2
(ix) ATA# = A# Al (x) ATA# AT = A# (A2
(xi) Af(A#)? = A# AT A, (xii) AY(A#)2 = (A#)2AT,
(xiii) (A7)2AT = A#ATA7, (xiv) AA* = ATA;
(xv) A*Al = A*A#, (xvi) ATA* = A% A*,
(xvii) ATAT = ATA#; (xviii) ATAT = ATA#;
(xix) (A)? = (4%)% (xx) ATA# = (4%)%
(xxi) ATA# = (A7)2; (xxii) A(A")? = A7,
(xxiii) AA* AT = A¥; (xxiv) A*AA* = A*;
(xxv) ATAA# = Af; (xxvi) A*ATA = AT,

Proof. If A is EP, then it commutes with its Moore-Penrose inverse and
At = A#. Tt is not difficult to verify that conditions (i)—(xxvi) hold.

To prove any of the reverse implications, we use the representations of
Lemma 1.2. By Lemma 1.3 it is enough to prove that As = 0 or A4 = 0. For
the sake of brevity we display each of the equations (i)—(xxvi) in a matrix
form using either the representation (1.2) or (1.3). We let the reader verify
that in each case we have A; =0 or A4 = 0.

AT ATPAY) [AIBTY ABTYATM A (0
0 0 |~ |AsB! A5B7lA['A,| '
ATY AT%A AT 0 y
[(1) Y 2]:[5 o]’ (i)



Hermitian, normal and ep operators

A+ ATT AL A
0 0]
A G
L 0 O_
A o]
L 0 0_
At o]
L 0 0_
C~1A3A5% 0]
0 0]
[AsB~1ATY ATBT1A?A,]

0 0

[AsB~ATY ATBT1A?A,]
(AsBTATT ASBTIA? A,
[ATB~1A72 AIB'APA,]
(A5BT'A[? ASBTIAP A
[A3B7'A? AIBT'A3 A
(ASBTAT? ASBTIAP A

0 0

(A})*B~!
A3A3B7!

AsB7tAB!
AsB~tA;B~!

[I ATt A,

OI

=

oI

=

_ [AT AjAT A,

Ay A3ATT Al

_ [A1B™' A3B7TAM A,
T |A3BTY A3BTIATM Ay
_ AT A4

1o 0 |

_[ A5 0

T 45%44 07

_ [AFPOTTAL AFPCTAL
- 0 0 ’
_[AT*AsBTY 0

- 0 0

_[4a® 0

Lo o]

take the adjoint of (vii),

_[AT? ATtA,
1o 0 |
_[47 0
10 o)

take the adjoint of (xi),
[AiB7'A; A;B7'Ay
A;BT'A; ASBT'Ap]”
[ATATY AAT?A,
[A3ATY ASA? A

take the adjoint of (xv),

[AsB7TATY ATBT1A[%A,
|A5BTTATY ASBTTA?A

take the adjoint of (xvii),

o1

(vii)

] (premultiply by A),

(viii)

(xi)
(xiii)
(xiv)
(xv)
(xvi)
] L (xvid)

(xviii)
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ATBTABY 0] [A7? ATPAY (xix)
AB7ASB™Y ol T lo 0 | o
ATBT'ATY ATBTIA?AR] [A[E ATRAY (xx)
ASB7'A1T1 A3BT'APAyl | O 0o |’
take the adjoint of (xx), (xxi)
AB™Y 0] [ATY ATA] y
[ 0 o/ [0 0o | (i)
ATV o] [AiB7h 0
[ 0 o~ 4 o (xxiii)
AB™ 0] [Ar AzAtA, ,
[A§B‘1 0] = |45 AjA;'As]’ (odv)
[A’{Bi A{BfiAiAQ‘ _ "Ai‘B*i 0} (xxv)
A3B™' A3BT'AT'As| T |A3BT 0O
ATV ATPA] [AIBTY 0 :
[ 0 0 |~ |43B7* of (ocvi)
This completes the proof. O

In closing we observe that from our characterizations of closed range
Hermitian, normal and EP operators on a Hilbert space we recover the
results for finite complex matrices obtained by Baksalary and Trenkler [1],
Cheng and Tian [7], Hartwig and Spindelbock [15], and many others, as well
as some of the results obtained recently in [9] by the first author.
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