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Abstract

We present new results related to the mixed-type reverse order law
for the Moore-Penrose inverse of various products of three operators on
Hilbert spaces. Some finite dimensional results are extended to infinite
dimensional settings.
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1 Introduction

Let X,Y,Z be Hilbert spaces, and let £(X,Y") denote the set of all linear
bounded operators from X to Y. If A € £(X,Y), then we use R(A) and
N (A), respectively, to denote the range and the null-space of A.

The Moore-Penrose inverse of given A € £(X,Y’) is the (unique when it
exists) operator AT € £(Y, X) satisfying the following Penrose equations:

AATA=A, ATAAT = AT, (AAT)* = AAT, (ATA)" = ATA.

The Moore-Penrose inverse of A exists if and only if R(A) is closed.

If Ae £(X,Y) and B € L(Y,Z) are invertible, then the well-known
rule (BA)™! = A71B~! is the reverse order rule of the ordinary inverse.
However, if we suppose that operators A, B, BA have closed ranges, then
the analogous rule for the Moore-Penrose inverse (BA)" = ATBT does not
hold in general. There exists the well-known result giving equivalent condi-
tions such that the reverse order rule holds for the Moore-Penrose inverse,
and that is: AA* commutes with BTB, and AA" commutes with B*B (see
the following references: [11] for matrices, [2], [3] and [14] for closed-range
linear bounded operators on Hilbert spaces, [15] for Moore-Penrose invert-
ible elements in rings with involution). There are also equivalent conditions
such that the rule of the form (ABC)T = CTBT AT holds ([13]). Besides these
facts, there are several papers investigating various forms of the reverse order
rule, mostly for complex matrices, but some of them dealing with operators
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on Hilbert spaces, or elements in rings with involutions. This is implied by
at least two facts: first, the Moore-Penrose inverse is important in solving
various types of equations; and second, the reverse order rule is a very useful
computational tool.

This research is motivated by the results obtained in [17], where the
reverse order rule is investigated for a triple matrix product. Notice that
results in [17] are obtained using finite dimensional methods, mostly rank
of a complex matrix. In this paper we extend results from [17] to infinite
dimensional Hilbert spaces, using operator matrices.

For this purpose, we list some properties of the Moore-Penrose inverse.

Lemma 1.1. A € L(X,Y) has a closed range if and only if AA* has a
closed range. Moreover, AT = A*(AA)T.

Lemma 1.2. Let A € L(X,Y) have a closed range. Then A has the matric
decomposition with respect to the orthogonal decompositions of spaces X =

R(A*) & N(A) and Y = R(A) & N (A*):

=[5 oL N - LA |

where Ay is invertible. Moreover,

o-[4 8 L) ()

The proof is straightforward.

Lemma 1.3. ([8]) Let A € L(X,Y) have a closed range. Let X1 and Xa be
closed and mutually orthogonal subspaces of X, such that X = X1 ® Xso. Let
Y1 and Yy be closed and mutually orthogonal subspaces of Y, such that Y =
Y1 ®Ys. Then the operator A has the following matriz representations with
respect to the orthogonal sums of subspaces X = X1 ® X9 = R(A*) &N (A),
andY = R(A) DN (A*) =Y, @Yy :

(a) n
A A X R(A
A{o o]'[xg}_)[/\/(m)]’
where D = A1 A} + A2 A5 maps R(A) into itself and D > 0 (meaning D > 0

invertible). Also,
AiD™t 0
T _ 1
=4 o]



A A 0] | R(AY "N
Ay 0 || M) Y, |
where D = A} A1+ A5 As maps R(A*) into itself and D > 0 (meaning D > 0
invertible). Also,

At — [ D=1Ar D=1A; ]

0 0

Here A; denotes different operators in any of these two cases.
The following result is well-known, and it can be found in [4], p.127.

Lemma 1.4. Let A€ L(Y,Z) and B € L(X,Y) have closed ranges. Then
AB has a closed range if and only if AYTABB' has a closed range.

Notice the difference between the following notations. If A, B € £(X),
then [A, B] = AB — BA denotes the commutator of A and B. On the other
hand, if U € L(X,Z) and V € L(Y, Z), then [U V] : [ )}f } — Z denote
the matrix form of the corresponding operator.

The following result is proved in [8], Lemma 2.1.

Lemma 1.5. Let X,Y be Hilbert spaces, let C € L(X,Y) have a closed
range, and let D € L(Y') be Hermitian and invertible. Then R(DC) = R(C)
if and only if [D,CCT] = 0.

We also use the following result from [5], which can easily be extended
from matrices to linear bounded Hilbert space operators.

Lemma 1.6. Let H;,i = 1,4 be Hilbert spaces, let C € L(Hy,Hs), X €
L(Hs, H3) and B € L(Hs, Hy) be closed range operators. Then:

C(BXC)'B= X'
if and only if:
R(B*BX)=TR(X) and N(XCC*)=N(X).

We shall frequently use the following fact: if T, S € L(H) are selfadjoint,
then TS is selfadjoint if and only if T'S = S7T.



2 Main results

In this section we prove the results concerning the reverse order law for the
Moore-Penrose inverse of various products of linear bounded Hilbert space
operators. Throughout this paper X;, X2, X3, X4 denote arbitrary Hilbert
spaces, and Ay € L(Xky1, Xk), k = 1,2, 3, denote linear bounded operators.
AlSO7 let M = A1A2A3.

Theorem 2.1. Let Ay, Az, M, AIMA; have closed ranges. Then the fol-
lowing statements are equivalent:

(a) MT = A{(A]M AL AL

(b) R(A1ATM) = R(M) and R(A5AzM*) = R(M™).

Proof. Using Lemma 1.2, we conclude that the operator A; has the following
matrix form:

=0 [ [RAD |- [ M

where Aq; is invertible. Then

=[5 ][R |- (R ]

From Lemma 1.3 it also follows that operators Ay, k = 2,3, have the follow-
ing matrix forms:

o[ ][ -[30]

where Dy, = A} Ap1 + Aj, Ak is invertible and positive in £(R(A})). Then

—1 A% —1 g%
Al — Dy Ay Dy Apy )
k 0 0

We use the notation M; = Aj1A21Asz1, so the matrix form of M is the

following;:
(M O
M_< ! 0).

First we find an equivalent form for the statement (a). We have

W= AlMAL = ( AMIDy Ay Ay MDDyt A, ) 7

0 0



and consequently

—-1/2 — —-1/2
wh=w*wwt = < A1 Dy (A My Dy )t 0)

A Dy (A M DS 0

It follows that

—1/2/ 4—1 —1/2y4 4—1
Alwi Al = ( Dy " (Aqy A%lD3 )'AL 8 ) _

Therefore,
Mt = Al (Al pm Al Al

is equivalent to:
Mf = D32 (AG M D5 ) Ay

or, in other words:
(A7 M Dy = Dy M Ay,
By checking the Penrose equations, the last formula holds if and only if
[A A%, MiM{] =0 and [Ds, M;M,] = 0. (1)

Hence, the statement (a) is equivalent to (1).
Now, we find the equivalent statement to (b). The conditions

R(A1ATM) =R(M) and R(A3A3M™) =R(M™)
are equivalent to
R(AHA)lklMl) == R(Ml) and R(D:),Mik) = R(Mf)

By Lemma 1.5, the last statement is equivalent to (1).
Hence, (b) is equivalent to (a). O

Theorem 2.2. Let Ay, Az, M, AT M A3 have closed ranges. Then the follow-
ing statements are equivalent:

(a) Mt = A3(ATM A AL

(b) R(A1ATM) = R(M) and R(A3A3M*) = R(M™).



Proof. The statement (b) is equivalent to (1) (see a previous theorem).
In order to prove that (a) is also equivalent to (1), we use the notations
from a previous theorem. Let V = AJM A3;. We see that

A Dy P41, MDY 0

Vi=v* vVt =
Vv) Asy D3 2 (A3, MDY 0

Now,
MT = A5(AT M A3)TAS

if and only if
1/2, 4% 1/2vF 4%
]\41T = D3/ ( 11M1D3/ )TAu»

or, equivalently:
* 1/2 -1/2 £ \—
( 11MD3/ )T =D, / MIT( 11) g

By checking the Penrose equations we obtain that the last statement is
equivalent to (1).
Thus, (a) is equivalent to (b). O

Theorem 2.3. Let Ay, A3, M, (A1 A}) M (A5A3)T have closed ranges. Then
the following statements are equivalent:

(8) MT = (A3 As)T[(ALAD)T M (A345)1]F (41471

(b) R((A1A7)2M) = R(M) and R((A3A3)2M*) = R(M").

Proof. Using the notation and the method described in Theorem 2.1, we
conclude that the statement (a) is equivalent to the following:

M| = DY ((AnAf) MDY (A A Y

or, equivalently ((Anflfl)_l]\legl)T = D3M1TA11A>{1. Using the Penrose
equations, it follows that the last equality holds if and only if

(MM, (A AT)H =0 and  [D3, M M;] = 0.
Using Lemma 1.5 it follows that the last conditions hold if and only if
R((A11A7)? M) = R(M;) and R(D3M7) = R(My).

Now it is easy to see that (a) is equivalent to (b). O



Remark 2.1. The equality
MY = (A5A5)T[(A1A]) M (A5 45) 1T (A1 A7)
s often written in the equivalent form:
M1 = (A3Aq)[(Af A5 ADTT (A1 AD)T.
Previous forms are equal, since

(ATADTM(AZA3)T = (A147)T A1 AxA3(A5A;)T
= (ADt Ayt = (AfAs Al

In the rest of the paper we shall use the following fact. If S € L(H) is
selfadjoint, then R(S) is closed if and only if 0 is not a point of accumulation
of the spectrum of S. From the spectral mapping theorem it follows that
R(S™) is closed for every non-negative integer n.

Now, we have a generalization of a previous theorem.

Proposition 2.1. Under the assumptions of the Theorem 2.3, the following
statements are equivalent (k and | are non-negative integers):

(a) MT = ((A543)")[((A1AD)T)FM((A5A5)D)]F((ALADD;

(b) R((A1A})* M) = R(M) and R((A5A3)* M*) = R(M*).
Proof. Using the method described in Theorem 2.1, we conclude that the
statement of this theorem is equivalent to the following:

M{ = D3'((AnA}) FMDg (AnAf)
& R((A11AT)* M) = R(M;) and R(DEM;) = R(M}).

It is not difficult to see that both members from previous equivalence are
actually equivalent to:

(A A7), My M) = 0 and (D3, M{M;] =0,
so we have the proof completed. O

Theorem 2.4. Let Ay, Az, M, A1 AT M A5 A3 have closed ranges. Then the
following statements are equivalent:

(a) ]\4Jr = AgAg(AlAy{MA?;Ag)TAlAT,

(b) R((ALA])?M) = R(M) and R((A345)2M*) = R(M").



Proof. We conclude that the statement (a) is equivalent to the following:
M{ = D3(Ay1 A} My Ds)T Ay A%,

which is equivalent to (A;LlA*l‘lMng)T = gle(AllA’{l)_l. Using the
Penrose equations, we conclude that the last statement is equivalent to

(A A3)2 MIM{] =0 and [D3, M{M;] = 0.
From Lemma 1.5 we conclude that the last statement is equivalent to
R((AnA;)?M) = R(M) and R(DIM*) = R(M").
We conclude that (b) is equivalent to (a). O

Previous theorem can be generalized in the following way.

Proposition 2.2. Under the assumptions of the Theorem 2.4, the following

statements are equivalent (k and | are non-negative integers):
(a) MY = (A543)![(ALAD)F M (A543)]H (AL AT,
(b) R((A147)**M) = R(M) and R((A5A3)" M*) = R(M*).

Proof. The statement of this theorem is equivalent to the following:
M = Di(AuAf)" MDY (AnAf)"
& R((A AL M) = R(My) and R(D3M;) = R(M7).

It is not difiicult to see that both members from previous equivalence are
actually equivalent to:

(A1 A5)?*, My M) = 0 and [D3', M) M) = 0,
so we have the proof completed. ]

Theorem 2.5. Let Ay, A3, M, (AlA’{Al)TM(AgAgAg)T have closed ranges.
Then the following statements are equivalent.

(a) MT = (A3A343)T((A1 AT A1) TM (A3 A545))T (A1 AT AT

(b) R((ALA])*M) = R(M) and R((A345)M") = R(M").

Proof. We denote:

T = (A AA)TM(A3A5A3)T
< (A A5 An) " 'MiDS? A% (A A An) " M D3 ? A, >
0 0 ’



and consequently:

TH=T4TT*)" = ( A D3 ' ((AnAp An) ' MD5 ) 0 ) :

A32D;1/2((AllAﬁAll)_lMngg/Q)T 0

Further, we compute

. As1Ds 0
S—A3A3A3—<A§;D§ o)’

and

0 0

The statement (a) is equivalent to the following
MT = (A3A545)T (A1 A7 A1) TM (A3 4543)N)T (A1 AT AT,
which is the same as:
M{ = D3 (A1 A7 An) My Dy ) (A AT An) T
or, in other words:
(A A% Ay) My D32 = D20 Ay AT An.

From the Penrose equations, it follows that the last statement holds if and
only if:
[(AHATlAH)Z, MlMllL] =0 and [Dg’, M;[Ml] =0.

By Lemma 1.5, this is equivalent to
R((AATAAM) = R(M) and  R(DIMT) = R(M}),
which is equivalent to (b). O
Remark 2.2. The equation
MT = (A3A5A43)T((A1ATAL)T M (A3 4545))T (A1 AT 4T
s often written in the equivalent form:
MT = (A34543)1 (A7 A1) A2(A3A5)N)T (A1 AT AL
The equivalentness follows from:
(A14741)4; = Af(A])TAlA; = Aj(A])T = (47401,
Ag(A3AsAs)t = Azal(A7)1A] = (4543)".



Previous theorem can be generalized in the following way.

Proposition 2.3. Under the assumptions of Theorem 2.5, the following
statements are equivalent (k is a non-negative integer):

(a) M1 = (A3A5A3)T[((A1 AT AT M (A3 A5A435)1)T (A1 AT A7)DE,
(a) R((ALAD)PM) = R(M) and R((A3As)*M*) = R(M").

Proof. We use the method described in Theorem 2.1, with some necessary
changes. We start with the following:

. A31Ds 0
s=astia= (4000 1)

which means that:

0 0
Now we denote:
W = ((A1A7A)NFM(A3A5A3)T

( (A A5 An) "MiD3? Ay, (A At An) *MiDy? As, )
0 0 ’

and find that:

W =w*(Www*)! = ( An D3 ((An Ay An)~* My D3 °%) T 0 )

A32D3_2((AUAﬁAH)_leD;S/z)T 0

Therefore,
MT = Az A5 AsWT(A AT AP

is equivalent to:
M] = D32 (A1 AT Av) R M DS P (A AT ),
or further:
(A1 A5 A) * 0 D) = DY M (A A7 An)E.

By the Penrose equations, the last formula holds if and only if the following
is satisfied:

[(A11A%1)%F, MyM[] = 0 and [D3, M{M;] = 0.
On the other side, by Lemma 1.5, the last conditions are equivalent to
R((A1AD)3* M) = R(M) and R((A5A3)3M*) = R(M*).
Thus, the proof is completed. O

10



Previous proposition can be proved in a slightly different form:

Proposition 2.4. Under the conditions of Theorem 2.5, the following state-
ments are equivalent (I is a non-negative integer):

(a) MT = ((A3A545)")'[(A1A] A1) M ((A34545)1) T (A1 A AT,

(b) R((A147)>M) = R(M) and R((A3A3)3M*) = R(M*).
Proof. This proof is very similar to the previous one. Important differences

are the following decompositions of spaces and operator matrix forms ac-
cording to those decompositions:

o[ 2] (28]

where Agp is invertible, and

= G | - [V -

where Dy, = Ap A}, + ApaAj, is invertible and positive on L(R(4,,)).
Analogously, to the previous proof, we have:

M = ((A3A5A5) N (AL AT AN M (A3 A545) 1)) T (A AT AT,

which is equivalent to:
3 3
M| = (Ag1 A3, 431) " (D} Mi(Ag1 A3 Agi) ™)1 D;.
The rest of the proof is clear. O

Theorem 2.6. Let Ay, Az, M, (A1A7A1)*M(A3A5A3)* have closed ranges.
Then the following statements are equivalent:

(a) MT = (A3A343)" (A1 A} A1) "M (A3 A5 A3)*)T (A1 AT AL

(b) R((ATALA])2M) = R(M) and R((A34)PM*) = R(M*).

Proof. An immediate computation, analogous to the one from Theorem 2.1,
yields:
3/2, 4% 3/2 " *
M;r = D3/ ( 11A11AT1M1D3/ )T( 11AnAn),

or, equivalently,

(AT A AL M D5 = DM (A7 An AT
which, by Lemma 1.5, holds if and only if:

(A5 AnAf)?, MiM]] =0 and D3, M]M;) = 0.

This shows that (a) is equivalent to (b). O

11



Previous theorem can be generalized in the following way.

Proposition 2.5. Under the assumptions of Theorem 2.6, the following

statements are equivalent (k is a non-negative integer):
(a) MT = (A3A4543)*[((A1ATA1)*)F M (A3 A5 A3)*]T((A1 AT A1) )P,
(a) R((A1A7)3% M) = R(M) and R((A5A3)2M*) = R(M*).

Proof. We start with the following:

. As1Ds 0
S—A3A3A3_<A§;Dz 0),

which means that

0 0 ’

and also

f_avavtar _  (D3)T2A3, D3?AL,
St =(s*S)ts < . . .

Now we denote:

W = ((A1A7A) ) M(A3A5A3)*
< (A1 A An)* )P M D3 A% (A1 A An)*)F M Ds A3, )
0 0 ’

and find WT by using WT = W*(WW*)T that:

—-1/2 * % 3/2
Wh=w*Www=' = ( Az Dy (A Af An)*) MDY )T 0 ) .

AgaDy P (A Aj An)*)* M DY) 0

Therefore,
MT = ((A3A543)")' WT((A147A1)")

is equivalent to:
M} = DE2(((A11 A7, A )M DY) (A AT An) ),
or in other words:
(A A} An) DY) = Dy M (A A} An)) -,

By the Penrose equations the last condition holds if and only if the following
is satisfied:

(A A5 My M) = 0 and [D3, M M) = 0.

12



On the other hand, by Lemma 1.5, the last conditions are equivalent to
R((A1 A7) M) = R(M) and R((A5A3)>M*) = R(M™).
This completes the proof. O
Previous proposition is valid also in a slightly different form:

Proposition 2.6. Under the conditions of Theorem 2.6, the following state-
ments are equivalent (I is a non-negative integer):

(a) MT = ((A3A343)") (A1 A A1)* M ((A3A543))'] (A1 AT AL,

(b) R((ALA})PM) = R(M) and R((A345)% M) = R(M).

Proof. We use the approach similar to the one used in previous proposition,
but space decompositions are different here:

w5 0] N - 1N

where Agp is invertible, and

= e NG |- [V | e

where Dy, = A1 Aj + Aro A}, is invertible and positive in E(R(A;;H)). Now
we obtain:

Mt = ((A3A4543)")'WT(A1A7A,)%,
which is equivalent to:
3 3
M = ((As145,451)") (DF My (A1 43, 431)°)")) D7
The remains of the proof is clear. O

Theorem 2.7. Let Ay, Az, M, ((A1A5)2)TM((A5A3)%)" have closed ranges.
Then the following statements are equivalent:

(a) M7 = ((A34)"2[((A1A])2) M (A545)) 1] (AL ADD2;

(b) R((A1A})1M) = R(M) and R((Da)iM*) = R(M*).

Proof. An immediate computation, analogous to the one from Theorem 2.1,
yields that (a) is equivalent to:

M{ = Dy*((AnAh)*MD3 ) (AnAq)

13



or

(AnAL) M1 Dg?)' = DIM{ (A A7y)?
which, by Penrose equations, holds if and only if:
(A A, MiM{] =0 and [D3,M{M]=0.
By Lemma 1.5, the last statement is equivalent to (b). O
Remark 2.3. In the same way as in previous remarks, the equation
M1 = ((4345)T)[((A147)°)T M (A545)) 1] (A1 A7)T)?
s often replaced by its equivalent:
M = ((A543)")7 (AT A1 A7) A2 (4545 45) D (414D,
Previous theorem can be generalized in the following way.

Proposition 2.7. Under the assumptions of Theorem 2.7, the following
statements are equivalent (k and | are non-negative integers):

(a) MY = ((A343)1)2[((ALAD)H) M (A345)2) ] (A, A2,
(b) RU(ALA})*M) = R(M) and R((A3As)VM*) = R(M").

Proof. An immediate computation, analogous to the one from Theorem 2.1,
yields:

MlT = D32 (A5 A A AL M DS (A AT 72,

or

(A1 A7) %M D3t = D3 M (A A7)
which, by Lemma 1.5, holds if and only if:
(A A5, My M]] = 0 and [D§', M M) = 0.
O

Theorem 2.8. Let Ay, A3, M, (A1 A})> M (A% A3)? have closed ranges. Then
the following statements are equivalent:

() M1 = (A345)2((A1 A7)2M (A545)%) (A1 A)2;

(b) R((A1AD)AM) = R(M) and R((A3A3)*M*) = R(M*).

14



Proof. An immediate computation, analogous to the one from Theorem 2.1,
shows that (a) is equivalent to the following:

M| = D} ((AnA})*MiD3) (A1 Afy)?,
or, equivalently,
((AnA})* M D3)f = Dy M{(A1 A7) 72,
which, by Penrose equations, is equivalent to
(A A5 MiMI] =0 and  [Di, M{M;] = 0.
By Lemma 1.5, the last statements is equivalent to (b). O

Previous theorem can be generalized in the following way.

Proposition 2.8. Under the assumptions of the Theorem 2.8, the following

statements are equivalent (k and | are non-negative integers):
(a) MT = ((A3435)")* (((A1A7)*)" M ((A543)")*)F((A1A])")%",
(b) R((A1AD* M) = R(M) and R((A5A3)*M*) = R(M*).

Proof. An immediate computation, analogous to the one from Theorem 2.1,
yields:
M| = D§((An A7) My D) (A Afy)*,

or, equivalently,
(A A7) My D) = Dy M{ (A1 A7) =,
which, by Lemma 1.5, holds if and only if:

(A AL, My M) = 0 and [DE, MMy = 0.

3 Some equivalencies

The results presented in previous section are connected as follows.

Theorem 3.1. The following statements are equivalent (provided that we
apply the Moore-Penrose inverse to closed range operators):

(a) Mt = Af(Alm AL AT

15



)
)
(d) ;(ATMAT)TA* A5 AsMTAL AT
) A(ATMALTAT = A5A3(A1ATM AL A)T AL AT
) R(ALATM) = R(M) and R(A5A3M*) = R(M?*).

Proof. From Theorem 2.1 and Theorem 2.2 it follows that (a) < (b) < (f).
Using the method described in those two theorems, we easily conclude that:

(¢) & D3 2(A M D) AT = DY (A AL) T M Dy Y (A Af) T
while:

( ) = Dl/z( 1M1D1/2)TA11 = Dg(AnATlMng)TAHAil.

Let us now prove (e) < (f). We have the following:
(e) & (AL M D)1 = D> (An A7 My DY) Ay,

Let us now denote X = A’flMlDl/2 B = A1 and C = Dl/2 By Lemma
1.6, we have the following chain of the equivalencies:

R(A} An At MiDy®) = R(A} M1 Dy/?) and N'(A} My D3/?) = N (A5, My D)
& R(ALANAT M DY?) = R(AL M DY?) and R(DY*M; Ayy) = R(DY*M; Ayy)
& R(A AL M DY?) = R(MyDY?) and R(DsM; Ayy) = R(M; Ayy)

& R(AnAL M) = R(M;) and R(DsM;) = R(M}).

The last expression is, by Lemma 1.5, equivalent to (f), so we have just
proved (e) < (f). (During the proof, an obvious fact: R(PQ) = R(SQ) =
R(P) =R(Q) if Q is invertible, is used.)

Analogously, (¢) < (f) can be proved.

On the other hand,

(d) - (A MlD 1/2) 1/2MTA11,

which is obviously equivalent to the (f).

16



Theorem 3.2. The following statements are equivalent (provided that we
apply the Moore-Penrose inverse to closed range operators):

(a) MT = (A3A3)T((A1A7)TM (A545)1)T (A1 ADT;

(b) Mt = A5A5(A AT M AL A3)T AL AT

(c) AL(ATMADTAT = A3(AT M AL AL

(d) R((A1A7)*M) = R(M) and R((A345)*M*) = R(M*).

Proof. From Theorem 2.3 and Theorem 2.4 it follows that (a) < (b) < (d).
Using the method described in those two theorems, we easily conclude that:

(¢) & Dy (A My Dy A = Dy (A5, My DY) AT

Using the method described in the proof of Theorem 3.1 (phase (e) <
(f)), it is easy to conclude (c) < (e). O

Theorem 3.3. The following statements are equivalent (provided that we
apply the Moore-Penrose inverse to closed range operators):

(a) MT = (A3A543)T((A1 A7 A1) M (A3A343)N) (A1 AT AT
(b) MT = (A3A543)"((A1 AT A1)* M (A3 A5A3)")T (A1 AT AL
(c) AL(ATMADTAT = A3A5(A ATM A5 A3)T AL AY;

(d) (ATMAL)T = A3 A% A3(A AT MAGAs) AL AT Ay

(e)

Proof. From Theorem 2.5 and Theorem 2.6 it follows that (a) < (b) < (e).
Using the method described in those two theorems, we easily conclude that:

R((ALAD)PM) = R(M) and R((A545)*M*) = R(M").

(c) & Dz*:l/Q(AnlM Dy 1/Q)TAnl = D3(A11A’{1M1D3)TA11AT1;
also
(d) = A31D3(A11A11M1D3) A11A11A11 = Agz _1/2(A MlD_l/Q) R 1= 1,2.

Using the method described in the proof of Theorem 3.1(phase (e) <
(f)), it is easy to conclude (¢) < (e) and (d) < (e). O

Theorem 3.4. The following statements are equivalent (provided that we
apply the Moore-Penrose inverse to closed range operators):

17



(8) M = ((A343)D)2(((A1AD)?) M ((A345)2) D) (A1 A1)
(b) M = (A545)2((A1A])2M (A3 As)2) (AL A7)
(¢) R((ALAL)M) = R(M) and R((A543)*M*) = R(M").

Proof. From Theorem 2.7 and Theorem 2.8 it follows that (a) & (b) <
(c). O

Acknowledgement. We are grateful to the referee for helpful com-
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