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Abstract

We present some equivalent conditions of the reverse order law for
the Moore—Penrose inverse in rings with involution, extending some
well-known results to more general settings. Then we apply this result
to obtain a set of equivalent conditions to the reverse order rule for the
weighted Moore-Penrose inverse in C*-algebras.
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1 Introduction

Let R be an associative ring with the unit 1. If a,b € R are invertible, then
ab is invertible too and the inverse of the product ab satisfied the reverse
order law (ab)~! = b~!a~!. This formula cannot trivially be extended to the
Moore—Penrose inverse of the product ab. In this paper we study necessary
and sufficient conditions for the reverse order law for the Moore—Penrose
inverse in the setting of rings with involution. The equivalent conditions for
the reverse order law for the weighted Moore—Penrose inverse in C*-algebras
follows as a corollary.

An involution @ — a* in a ring R is an anti-isomorphism of degree 2,
that is,

(@) =a, (a+b)"=a"+0b", (ab)" =b"a".

An element a € R is self-adjoint (or Hermitian) if a* = a. An element a € R
is regular if there exists some b € R satisfying aba = a.
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The Moore—Penrose inverse (or MP-inverse) of a € R is the element
b € R, if the following equations hold [13]:

(1) aba = a, (2) bab=">, (3) (ab)* =ab, (4) (ba)* = ba.

There is at most one b such that above conditions hold and such b is denoted
by a'. The set of all Moore—Penrose invertible elements of R will be denoted
by RI. If a is invertible, then a' coincides with the ordinary inverse of a.

If a is a linear bounded operator between two Hilbert spaces, then a
exists if and only if the range space of a is closed.

If 6 € {1,2,3,4} and b satisfies the equations (i) for all i € 4, then b is
an d—inverse of a. The set of all J—inverse of a is denote by a{d}. Notice
that a{1,2,3,4} = {a'}.

Definition 1.1. Let R be a ring with involution and let e, f two invertible
Hermitian elements in R. We say that the element a € R has the weighted
MP-inverse with weights e, f if there exists b € R such that

(1) aba = a, (2) bab="b, (3) (eba)* =eba, (4) (fab)* = fab.

The unique weighted MP-inverse with weights e, f, will be denoted by
al s if it exists [10]. The set of all weighted MP-invertible elements of R

with weights e, f will be denoted by Rl’f.

The reverse order law for the Moore-Penrose inverse is a useful compu-
tational tool in applications (solving linear equations in linear algebra or
numerical analysis), and it is also interesting from the theoretical point of
view.

Greville [6] proved that (ab)’ = bfa’ holds for complex matrices, if and
only if: a'a commutes with bb*, and bb! commutes with a*a. In the case of
linear bounded operators on Hilbert spaces, the analogous result was proved
by Bouldin [1], [2] and Izumino [9]. The corresponding result in rings with
involution (using an extra assumption: a*a = 0 implies a = 0) was proved in
[10]. Detailed analysis of the reverse order law can be found in [16], and for
multiple products in [8]. More results related to linear bounded operators on
Hilbert spaces can be found in [3] and [4]. Recently, many results concerning
the reverse order law for complex matrices appeared in Tian’s papers [14]
and [15], and Tian used finite dimensional methods (mostly properties of
the rank of a complex matrices). In [10], [11] and [12] it is shown that the
existence of the involution as a powerful tool in rings.

In this paper we present new results for the reverse order law for the
Moore-Penrose inverse in rings with involution. Thus, we extend the results
from [15] to more general settings.



The paper is organized as follows. We finish Section 1 by listing the
most important properties of the MP-inverse. These properties will be used
later, in proving our main results. Section 2 contains various equivalent con-
ditions such that the reverse order law holds for the Moore-Penrose inverse.
Although these results are known for complex rectangular matrices ([15]),
we present new methods, depending on algebraic properties of rings with
involution. As a corollary we obtain necessary and sufficient conditions to
the reverse order law for the weighted Moore—Penrose inverse.

Now, we state some auxiliary results on the MP-inverse.

Theorem 1.1. [5, 12] For any a € RY, the following is satisfied:

(b) (a*)t = (ah)*;

(c) (a*a)t = a'(al)*

(d) (aa)! = (af)*af

(e) a* =a'aa* = a*aa’;

(f) af = (a*a)ta* = a*(aa®)';
(&) (@) =a(a*a)’ = (aa*)la

Notice that if a = a* € R, then aa’ = a'a (meaning that a is an EP
element of R).

Lemma 1.1. [12] If a € RT, then aa*a € RT and (aa*a)’ = a'(a*)Tal.

The following result is a consequence of a direct computation.
Lemma 1.2. Ifa € RY, then aa*aa*, a*aa*a € RY, [(aa*)?]" = [(aa*)]? =
[(@*)Ta']? and [(a*a)?]" = [(a*a)]* = [al(a®)]*.

Let A be a unital C*—algebra. We state the following theorem.

Theorem 1.2. [7| In a unital C*—algebra A, a € A is MP-invertible if and
only if a is reqular.

It is useful to express the weighted MP-inverse in terms of the ordinary
MP-inverse.

Theorem 1.3. [10] Let A be a unital C*—algebra and let e, f be positive
invertible elements of A. If a € A is regular, then the unique weighted
MP-inverse ai f exists and

f 6_1/2(f1/2a€_1/2)Tf1/2.

a =
e?f



2 Reverse order law for the MP-inverse

In this section we present necessary and sufficient conditions such that the
reverse order law for the Moore—Penrose inverse holds.

Theorem 2.1. Let R be a ring with involution, and let a,b € RY. Then the
following conditions are equivalent:

(a) ab € Rt and (ab)t = bial;
(b) ab,afab € RY, (ab)t = (a'ab)ta’ and (atab)t = blala;
(ab)t = bf(abb)) and (abb®)t = bbial;

¢) ab,abbt € RT,

(
(
(e) ab,abb* € R, (ab)" = b*(abb*)! and (abb*)T = (bb*)Tal
(

)
)
)
d) ab,a*ab € RT (ab)Jr (a* ab)Ta and (a* ab)T = bT(a a)Jr
)
f) ab,a*abb* € RY, (ab)t = b*(a*abb*)Ta* and (a*abb*)" = (bb*)T(a*a)t;
)

(g) ab,aa*abb*db € RT, (ab)t = b*b(aa*abb*b)taa* and (aa*abb*b)t =

(bb*b)T (aa*a)';

(h) ab, (a*a)?(bb*)?2 € R, (ab)t = b*bb*[(a*a)?(bb*)?)Ta*aa* and
[(a*a)?(bb*)?]" = [(0b*)?] [(a*a)?]T;

(i) (a")*b € RT and [(a")*b]" = bla*;

() a(®))* € Rt and [a(b")*]T = b*al.

Proof. (a) = (b): Since (ab)! = bfal, it follows that

alab (bTaTa) a'ab = a'(abbla'ab) = a'ab,

bTaTa<aTab> blala = (bTaTabbTaM)a = blala,
(aTabb’a’a)* = alabblala,
(bTaTaatab)* = (bTa’ab)* = blalab = blaTaalab.

Hence, afab € R' and (a'ab)’ = blala. Then we have (ab)! = blal =
(btata)at = (afab)tal.
(b) = (c): From (ab)! = (afab)Tal and (afab)’ = bla'a, we get

(ab)t = (aTab)ta’ = bTalaa’ = bal.



Further,
abbt (bbTaT>abbT — (abbatab)bt = abb',
bbial (abbT )bbT af = b(bTatabbial) = bbial,
(abb'bbTa’)* = (abbia’)* = abblal = abbibbial,
(bbTalabb?)* = bbialabb’.

So, abb’ € RY and (abb")T = bblal. Now (ab)t = blal = b7 (bbTal) = bT (abb)T.
(c) = (d): If (ab)t = bl (abd")T and (abb®)t = bbTal, we deduce

(ab)t = bT(abb")T = bTbbTal = bTal.
By Theorem 1.1, we obtain

a*ab (bTaT(aT)*)a*ab = a*abbla’aa’ab = a*(abblalab) = a*ab,

blal(al)* (a*ab) blal(a)* = (bTatabbTa)(aT)* = blal(al),
(a*abbTa’(a')*)* = alabblata = (aTabbTa’a)* = a*abb'a’(a)*,
(blal(at)*a*ab)* = (bTatab)* = blalab = bial(al)*a*ab.

Thus, a*ab € RT and (a*ab)’ = blal(a’)* = bT(a*a)T, by Theorem 1.1. Then
(ab)t = bfat = bfataat = (blal(ah)*)a* = (a*ab)ta*.
(d) = (e): Suppose that (d) holds. By Theorem 1.1, we get

(ab)T = (a*ab)Ta* = b (a*a)Ta* = blal
which implies

abb* ((b) bl at ) abb* = abbbblatabb® = (abbla’ab)b* = abb,

(1) ol al (abb*)(bf)*bTaT — (1) (btatabblal) = (1) blat,

(abb* (b1 *bla)* = (abblal)* = abb'a’ = abb* (b")*blal,
(") *bTatabb*)* = bbTatabb’ = (bbTaTabbl)* = (b7)*bTalabb®,

i.e. abb* € RY and (abb*)' = (b1)*btal = (0b*)Tat. Therefore, (ab)t = blal =
bibbtat = b*((b1)*bTal) = b (abb*)'.
(e) = (f): From the conditions in (e) and Theorem 1.1, we obtain

(ab)T = b*(abb®)T = b* (bb*)Tal = bTal.



Using this equality and Theorem 1.1, we get

a a a' \a a a = aa a aa’'a
* bb*((bT)*bT f( T)*) *abb* *abbTbbtataatabb®
= a*(abb'a’ab)b* = a*abb*,

(b*)*bTaT(aT)*(a*abb*)(bf)*bw(af)* — (M (bTaTabblal)(ah)*
= (o")*blal(a")",

ie. (bb")(a*a)l = (b1)*dTal(ah)* € (a*abb*){1,2}. Since the elements
atabblata, bbfalabb! are self-adjoint and

(a*abb*(b")*blal (a")*)* = (a*abbla’(a")*)* = alabblala,

(b")*bTal(a")*a*abb™)* = ((b7)*blalabb*)* = bblalabb,

we conclude that the elements a*abb*(b")*bfal(ah)*, (b7)*bTat (al)*a*abb* are
self-adjoint, too. Hence, a*abb* € R' and (a*abb*)t = (bF)*blaf(at)* =
(bb*)(a*a)t. Now,

(ab)t = bla’ = bTbbTataa’ = b* ((b")*bTal (a")*)a* = b*(a*abb*)Ta*.
(f) = (g): By the hypothesis (f) and Theorem 1.1, we have
(ab)T = b*(a*abb*)Ta* = b* (bb*)T(a*a)Ta* = bTal.
Set x = aa*abb*b and y = bi (b!)*bia’(al)*al.
We compute as follows:
ryxr = aa*abb*b(bT(bT)*bTaT(aT)*aT)aa*abb*b

= aa*(abb'a’ab)b*b

= aa*abb™b = x,

and

yry = bT(bT)*bTa‘L(aT)*aT(aa*abb*b)bT(bT)*bTaT(aﬁ)*aJr
= bI*(bTalabblal)(al)*al
= b bal(al)*al = y.



Hence, y € z{1,2}. From the equalities
(aa*abb*bb' (b)) *bTal (a)*a’)* = (aa*abblal(al)*a’)* = (a')*a’abbiataa”
(a")*bbfa* = (abbial)* = abblal,
(bT (B *blal(al)*aTaa*abb*b)* = (bT(0")*blalabb*d)* = b*bbTalabb’ (b)*
b*a'a(b’)* = (blalab)* = bTa’ab,

we have y € x{3,4}. Hence, = € Rt and 2z = y. By Lemma 1.1, it follows
(aa*abb*b)t = (bb*b)T(aa*a)f. Then,

(ab)t = bla’ = bbbl ataat = 0*b(0T (b)) *bTal (aT)*aMaa* = b*b(aa*abb*d) aa*.
(g) = (h): From the conditions in (g) and Lemma 1.1, we obtain
(ab)t = b*b(bb*b)(aa*a)Taa® = b*bbT (bT)*bTal (a")*alaa* = bTal.
Let z = (a*a)?(bb*)? and y = [(0*)"b']?[al (a*)1]2. Then:

zyr = a*aa*abb*bb*(b*) T (b*)bTal (a*)Taf (a*)Ta* aa* abb*bb*
= a*aa*abb*bb! (b*) bl al (a*) alaa* abb*bb*
= a*aa*(abblalab)b*bb*

= a*aa®abb*bb* = x,

and

yry = )0 b (a*)al (a) a*aa*abb*bb* (") 6T (0*) bl (o) al (a*)T
= () (") bTal (o) aTaa*abb*bb (6*)Tblal (a*)Tal (a*)T
- (b*)TbT(b*)T(bT Tabbla T)( )TaT(a*)T
= ()" vlal (@) al (@) = y.

Thus, y € x{1,2}. From the hypothesis the elements abb'a’, bTatab are
self-adjoint and then

(xzy)* = (a*aa*abb*bb* (b*) b1 (b*) b1 al (a*)Tal (a)T)*
= (a*aa*(abb'a’)(a*) al(a*)1)* = a'(a*)TalabblaTaa*a
= al(a")bbla*a = al(abblal)*a
= a'abbla'a



and
(yz)* = ()" bal(a") al (o) a*aa* abb*bb*)*
= () (0") (bTa’ab)b*bb*)* = bb*bbalabb! (b*)Tb!
= bb*a'a(b*)Tb" = b(blalab)*b’
= bblalabb’.

By these equalities, since the elements afabblala, bbiatabb’ are self-adjoint,
we conclude that y € £{3,4}. Thus, we have z € R, 2T = y and, by Lemma
1.2, [(a*a)?(bb*)?]" = [(00")?]"[(a*a)?]". Now,
(ab)T = blal = ob*((b7)*bT (b1 *blal (aT)*af (aT)*)a* aa*
= b*bb*[(a*a)?(bb*)YTa*aa*.
(h) = (i): By (h) and Lemma 1.2, we get
(ab)T = b*bb*[(06™)?]T[(a*a)YTa*aa* = b*bb*[(bb*)1]%[(a*a)T)?a*aa* = blal.
We obtain
(a*obTa* (a")*b = (a")*a' (abb'a’ab) = (a')*aTab = (a')*b,
bla*(ah)*bbla* = (bTalabb'aNaa* = blataa® = bial,
((a")*bbTa*)* = abb'al is self — adjoint,
bla*(a')*b = bTalab is self — adjoint.
Hence, (a')*b € RT and [(a)*b]T = bla*.
(i) = (a): Using (i), we get the following:
abb'a’ab = aa'abb’a*(a')*b = aa*((a")*bb'a* (a")*b) = aa*(a')*b = ab,

blafabblal = (bTa*(ah) bt a*) (o) al = bla*(aT)*al = blal,
(abb'a")* = (a")*bbia* is self — adjoint,
blalab = bla*(a')*b is self — adjoint.

Thus, ab € Rt and (ab)t = blaf.
(h) = (j) = (a): This part can be proved in the same way as (h) = (i)
= (a).
O



Finally we formulate the following conjecture which is known to hold for
complex matrices [15].

Conjecture. Let R be a ring with involution, and let a,b,ab € Rf. Then
the following statements are equivalent:

(a) (ab)! = blat;
(b) (ab)" = blatabblal.

Applying Theorem 2.1 for a = b, necessary and sufficient conditions for
a to be bi-dagger, that is (a®)" = (af)?, follow as a corollary.

Corollary 2.1. Let R be a ring with involution, and let a € RY. Then the
following conditions are equivalent:

(a) a®> € RT and (a®)T = (a©)?;
(b a®)t = (afa®)tal and (aTa®)' = (a1)?a
(c
(d

a®)" = a'(a?a")’ and (a®a")t = a(ah)?;

T = (a*a®)Ta* and (a*a®)" = a'(a*a)l;
(e) a?,a?a* € RY, (a®) = a*(a?a®) and (a’a*)" = (aa*)Tal;
(f) a?,a*a?a* € RY, (a®)1 = a*(a*a’a*)Ta* and (a*a?a*)t = (aa*)'(a*a)’;

)
)
)
)
)
)
(g) a2 (aa*a)? € RY, (@) = a*a[(aa*a)?] aa* and [(aa*a)?)t = [(aa*a)T)?;
(h) a2,(a*a)2(aa*22 e R, (@' = a*ad*|(a*a)*(aa*)}ta*aa* and

= [(aa™)?)"[(a*a)?]';
(i) (a")*a € R and [(aV)*a] = ala*;
(i) a(a’)* € RT and [a(a)*]" = a*aT.

We can also consider the reverse order law for the weighted Moore-
Penrose inverse. Using the results from Theorem 2.1, we now can estab-
lish various equivalent conditions related to the weighted MP-inverse of a
product of elements in C*—algebra.

Let e, f be positive invertible elements of a unital C*—algebra A and
define z*¢f = e~ 1a*f.



Corollary 2.2. Let A be a unital C*—algebra and let e, f, h be positive in-
vertible elements of A. If a,b € A are regular, then the following conditions
are equivalent:

(a) ab is reqular and (ab)gh bT afh,

(b) ab,a}hab are regular, (ab)zh = (a}hab)l fa;f‘h and (a}hab)lf =

bl’fa;rc’ha;
(c) ab, abbJr are regular, (ab)ih = bif(abbif)j‘h and (abblf)}h =
T
bbef Fhi

(d) ab,a*Fab are regular, (ab)zh = (a*f’hab)ifa*ﬁh and (a*fvhab)zf =

bl, (a*/a )ff?

(e) ab,abb*f are regular, (ab);h = b*e’f(abb*“f)}’h and (abb*evf)}h =

(BbI)} gl

(f) ab, a*"abb ! are regular, (ab)lh = b*e’f(a*f’habb*e’f)} fa*f’h and

( *fhabb*e f) (bb*e f) ( *f,ha)}f;

(g) ab,aa*/"abb b are regular, (a ) n = b*e’fb(aa*f habbre: fb) yaa*h
and (aa*/*abb*Ib)! , = (0b*70)! (aa*Iha)l,

(h) ab, (a*"a)?(bb*)? are regular, (ab)l n= b*e’fbb*e’f[(a*f*ha)Q(bb*e’f)ﬂ}f

a*f,haa*f,h and [(a*f,ha)Q(bb*e f) ] bb*e,f)Q]Tf’f[(a*f,ha)Q]T

rr = £

(i) (a}’h)*h’fb is reqular and [(a’

xh, Tt *f h.
f,h) fb]e,h = be,fa I

() a(bl f)*f’e is regular and [a(blf)*f’e]l h= b*e’fa}h

Proof. (a) < (b): Suppose that a; = h'/?af~1/? and by = f/2be=1/2. Then
arby = h12abe=1/2 and a1, b1, a1by are regular 1f and only if a, b, ab are regu-
lar, respectively. From Theorem 1.3, we have af =f" 1/2(h1/2af 1/2)tp1/2
_ f—1/2a1h1/27 bi,f _ 6—1/2(f1/2b6—1/2)1f1/2 _ —1/2b1f1/2 and (ab)&h _
671/2(a11)1)Th1/2.

It is easy to verify that ab is regular and (ab)l h= bl fa} , if and only if
a1b; is regular and (albl)T = bJ{aJ{. By Theorem 2.1, this is necessary and
sufficient condition for albl,aialbl are regular, (a1by)! = (aJ{albl)Ta]{ and
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(aialbl)Jr = bia]ial which is equivalent to ab, a} ,ab are regular, (ab)zh =
(aJ}yhab);faJ}’h and (a;hab);f = bi,fa},ha'
The rest of the proof follows analogously. O

3 Conclusions

In this paper we consider some necessary and sufficient conditions for the
reverse order law for the Moore—Penrose inverse in rings with involution.
Applying this result we obtain the equivalent conditions for the reverse order
rule for the weighted Moore-Penrose inverse of elements in C*-algebras. All
of these results are already known for complex matrices. In this case the
authors used finite dimensional methods and in particular the matrix rank
to prove equivalent conditions for the reverse order law. However, we applied
purely algebraic techniques in proving the results which then apply to much
more general setting of rings with involution. It would be interesting to
extend this work to the Moore—Penrose inverse and the weighted Moore-
Penrose inverse of a triple product.

Acknowledgement. We are grateful to the referee for helpful com-
ments concerning the paper.
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