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Abstract. We extend the definitions of the space pre-order and the mi-
nus partial order to the class of bounded linear operators on Banach
spaces. Thus, we generalize several results which are well-known for real
and complex matrices.
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1. Introduction

For complex matrices A and B of the same order, the space pre-order and
the minus partial order, respectively, are defined as follows:

A<®B&C(A) CC(B) and C(A*) CC(BY) (1.1)
A< B& A"A=A"Band AA~ =BA™ forsome A~ € {47}, (1.2)

where C(A) denotes the column space of the matrix A, A* is the conjugate
transpose of A and {A~} denotes the set of all inner generalized inverses of
A, ie. {A7} ={G: AGA = A}. Notice that in (1.1) the condition C(A*) C
C(B*) can be replaced by an equivalent condition NV (B) C N(A), where
N (A) is the null space of the matrix A. The space pre-order ” <*” was defined
by Mitra [18], and the minus partial order ”<~” by Hartwig [13]. The minus
partial order is also called the rank subtractivity order because for matrices
A and B of the same order the following equivalence holds, [13]:

A <~ B & rank(B — A) = rank(B) — rank(A4).
Our aim is to extend the definitions of the space pre-order and the minus

partial order to the class of bounded linear operators on Banach spaces. We
generalize a considerably number of results which was proved for real and
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complex matrices. We extend the definition of the minus order to the class
of all bounded linear operators which have inner generalized inverses.

Many of the results involving these orders are collected in the mono-
graph [20], see also [1]-[4], [7], [11]-[15], [17], [19], [21], [22], [26]. The proofs in
[20] are mostly based on finite dimensional methods. We extend some results
to Banach space operators, using operator matrices and infinite dimensional
operator theory.

Among other things, generalized inverses are used in solving both matrix
and operator equations, see [8], [6]. Also, one may consider the equation
BXC <~ A. Tt was considered as matrix equation in [28] and it was consider
over a ring in [27].

In [26], Semrl extended the definition of minus partial order to B(H),
the algebra of bounded linear operators on Hilbert space H.

First we give some notations.

Let X and Y denote arbitrary complex Banach spaces and let B(X,Y")
denote the set of all bounded linear operators from X to Y. Also, B(X) =
B(X,X). We use N(A) and R(A) to denote null-space and range of A €
B(X,Y), respectively. By a projection we mean a bounded linear operator
P € B(X) such that P? = P. Thus a projection is bounded linear idempotent.
When P is a projection then R(P) and N(P) are closed and X = R(P) &
N(P).

If A e B(X,Y) and there exists some B € B(Y, X), such that ABA= A
holds, then B is an inner generalized inverse (or in short g-inverse) of A and
we say that the operator A is relatively regular.

If CAC = C holds for some C € B(Y,X), C # 0, then C is an outer
generalized inverse of A. An operator D € B(Y, X) is a reflexive generalized
inverse of A, if D is both inner and outer generalized inverse of A.

If Cq, Cy are inner generalized inverses of A, then C7AC, is a reflexive
generalized inverse of A.

The set of all inner (reflexive) generalized inverses of A is denoted by
{A7} ({A;}). Let us denote by B,eq(X,Y) the class of all relatively regular
operators from B(X,Y"). Identifying a complex m x n matrix A with linear
operator A : C" — C™, we conclude that the set of all complex m xn matrices
is equal to B(C",C™) = B,,(C™,C™).

The closed subspace M C X is complemented in X if there exists a
closed subspace N C X such that X = M & N. In this case we say that M
and N are complementary subspaces in X.

The following lemma is well-known.

Lemma 1.1. An operator A € B(X,Y) is left invertible if and only if A is in-
jective and R(A) is closed and complemented in'Y. An operator A € B(X,Y)

is right invertible if and only if A is surjective and N'(A) is complemented in
X.

The equivalence of (i) and (ii) in the following lemma is well known [8].
For equivalence of (ii) and (iii) see also [9].
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Lemma 1.2. If A € B(X,Y) then the following three conditions are equivalent:

(i) A is relatively regular.
(ii) N(A) and R(A), respectively, are closed and complemented subspaces
of X and Y.
(iii) There exists a Banach space Z and the operators P € B(Z,Y), Q €
B(X,Z) such that P is left invertible, Q is right invertible and A = PQ.

Proof. (i) < (ii): This is well-known. See [8], 1.1.5 Corollary.

(if) = (iii): Let Z = R(A) C Y. Since Y is Banach space and R(A) is closed,
it follows that Z is Banach space. Let us define the operators @ : X — Z
and P:Z — Y as follows:

Qr=Azx,Vr e X, and Pz =2,Vz € Z.

Then @ is surjective and, by assumption, N (Q) = N (A) is closed and com-
plemented in X. Hence, by Lemma 1.1, ) is right invertible. Similarly, P is
injective and R(P) = Z = R(A) is closed and complemented in Y, so P is
left invertible. It is clear that A = PQ.

(iii) = (ii): Now suppose that A = PQ where P is left invertible and @ is
right invertible. It follows that R(A) = R(P) and N'(A) = N(Q). By Lemma
1.1 it follows that R(A) and N'(A) are closed and complemented subspaces
of X and Y respectively. O

When it is the case as in Lemma 1.2 (iii) we say that (P, Q) is the the
full-rank decomposition of A, alluding to well-known matrix decomposition.

Notice that if A € B(X,Y) is left invertible or right invertible then A is
relatively regular.

For this paper, the most important decompositions of spaces are ex-
plained further.

Remark 1.3. Suppose that X and Y are Banach spaces such that X = X; @
X2 D X3 and Y = }/1 D Y2 D )/37 where Xl,XQ,X3,X1 D X2 are closed in X
and Y7,Y5,Y3, Y] @Y, are closed in Y. The direct sums means that for all
x € X and for all y € Y there exist unique z; € X; and y; € Y;, i = 1,2, 3,
such that x = x1 + 22 + 3 and y = y1 + y2 + ys3.

Let P: X - X,Q : X10Xs > X1®Xo,R:Y Y and S:Y19Ys —
Y1 @ Y> be linear idempotents such that R(P) = X1 & X5, N(P) = Xj,
R(Q) = X1, N(Q) = Xz, R(R) = Y1 & Y2, N(R) = Y3, R(S) = V1 and
N(S) = Y5. Since X; & X, and X3 are closed and complementary in X, it
follows that P is a bounded idempotent, i.e. a projection. This follows from
the closed graph theorem. Since X; and X5 are closed and complementary
in X7 ® Xo, it follows that @ is bounded. Similarly, R and S are bounded
idempotents. Hence I — P, I — @, I — R and I — S are bounded idempotents
too. Of course, operators P; : X — X; & X5 and Ry : Y — Y] Y5 defined
by Pix = Px, Vx € X, and R1y = Ry, Vy € Y, are bounded too.

Suppose now that A;; € B(X;,Y;). Finally suppose that mapping A :
X — Y is defined by AJ) = Allxl + A12$2 + A13.I‘3 + Aglxl + A22$2 +
Aggl‘g + Aglxl + A32.T2 + A331‘3, where x = 21 + 29 + xr3, T1 € Xl, To € XQ,
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x3 € X3. It is easy to see that A is linear. It is also bounded. Indeed, for
r=x1+ 29+ 23 € X1 P X9 P X3 we have
[Az| < [[Anzi || + [[Ar222]| + |Arzzs]| + [|A21z1 || + [|A2zza|| + || A2szs|
+ [[Asiz1|| + [[Asozal| + [|Assas || < 3M([|z1] + [lz2l + ||lzs]])
=3M([|QPiz| +[[(I — Q)Pz| + [|(I — P)z||
<3M(QUIIP + NI = QU + 1T = Pl |,
where M = max{||4;;|| : i,j =1,2,3}. So, A € B(X,Y).

Conversely, suppose that A € B(X,Y"). Let the mappings 4;; : X; — Y;
are defined by Allfﬂl = SRlAIL'l, Algxg = SRlA.I’Q, Algl'g = SRlAZEg,
Agll'l = (I - S)RlAiCl, AQQ.’EQ = (I — S)RlAl'Q, A23[L'3 = (I - S)Rleg,
A31.’L‘1 = (I — R)Al‘h A321‘2 = (I - R)A{L‘Q, Aggl‘g == (I - R)Al‘g, r, € Xl,
2 € X2, 3 € X3. It is easy to see that A;;, i,7 = 1,2,3, are linear and
bounded operators and Az = A11I1+A12$2+A13$3+A21$1+A22$2+A23$3—|—
A31I1 +A321‘2 +A33£C3, for arbitrary r=x1+x2+2x3 € X1 @XQ EBXg = X.

In this case we simply write:

Ay A A X1 Y;
A= Axp Az Ags : Xo - Y,
Az Az Ass X3 Y3

Therefore, if X and Y are Banach spaces such that X = X; & Xy ¢ X3
and Y = Y] ® Yy @ Y3, where X1, X5, X3, X7 @ X5 are closed in X and
Y1, Y5, Y3, Y1®Y5 are closed in Y then A is bounded linear operator if and only
if A;j, 1,7 € {1,2,3}, are bounded linear operators on appropriate subspaces.
Moreover, the subspaces X1® X3, Xo® X3 and Y1 ®Y3, Yo B Y5 are also closed
in X and Y respectively. To verify this, we consider the following operator:

0 0 0 X1 X1
A= 0 I O : X2 — X2 s
0 0 0 X3 X3

where I : Xy — X5 is the identity operator. We conclude from the previous
explanation that A € B(X), since I € B(X3). Hence A is continuous and
therefore N'(A) = X; & X3 is closed subspace in X. The closedness of other
sums can be proved analogously.

We can define the space pre-order for operators in the same way as for
matrices.

Definition 1.4. Let A, B € B(X,Y). Then A is said to be below B under the
space pre-order, if R(A) C R(B) and N (B) C N (A). We denote the space
pre-order by '<*’ and write A <® B, whenever A is below B under <*.

We define the minus partial order only for relatively regular operators.

Definition 1.5. Let A, B € B,.4(X,Y) be relatively regular, bounded linear
operators from Banach space X to Banach space Y. Then A is said to be
below B under the minus partial order if there exists a g-inverse A~ € {A™}
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of A such that AA~— = BA~ and A~ A = A~ B. We denote the minus order
by ’<~’, and write A <~ B, whenever A is below B under <™.

Remark 1.6. Similarly to the case of matrices, the space pre-order is induced
by the minus partial order. Suppose that A, B € B,¢4(X,Y) and A <~ B,
ie. AA~ = BA™ and A~ A = A B for some A~ € {A~}. We know that
AA~ is a projection from Y onto R(A), and I — A~ A is a projection from X
onto N (A). Hence
R(A) = R(AA”) = R(BA™) C R(B)
NA)=R(I—-A"A)=N(A"A) =N(A"B) D N(B).

So,
A BeBy(X,Y)and A<~ B = A<®’B.

Finally, we recall the well-known Kato theorem (theorem 4.7.5 in [23]).

Theorem 1.7. Let X,Y be Banach spaces, and let A € B(X,Y). If Z is
closed subspace in'Y, such that R(A)® Z is closed subspace in'Y, then R(A)
is closed in'Y.

2. Space pre-order

The main goal of this section is to give some basic properties and to provide
several characterizations of space pre-order. Note that all these properties
also hold for real and complex matrices. In our consideration we will need
the following lemmas.

Lemma 2.1. (See also [10], [5]) Let X,Y,Z and W be Banach spaces, A €
B(X,Y), B € Breg(Z,Y) and C € B(Z,W). Then
(i) R(A) CR(B) & A=BB™A, for each B~ € {B™},
(i) N(B) CN(C) & C=CB™B, for each B~ € {B™}.
Proof. As B is relatively regular, by Lemma 1.2, it follows that there exists
a closed subspace Z; C Z, and a closed subspace Y7 C Y, such that Z =
Z1 ®N(B) and Y = R(B) @ Y;. With regard to these decompositions, it is
easy to see that the operator B has the following matrix form:

_ | Bi 0| | 4 R(B)
p=| 0 o] |- L
where B is invertible. An arbitrary g-inverse B~ of B has the form
_ [ BfY My | [ R(B) Z
B_[Mg My |7 Y TLNB) |
where My, M3, M, are arbitrary bounded linear operators on appropriate
subspaces.
(i): If A = BB~ A then R(A) C R(B). Suppose that R(A) C R(B).
Then operator A is of the form:

(4] [)
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where Ajx = Ax, Vo € X. Now, we obtain that

[ B0l Byt My ][ A
sra=| 0o || B ]S

_ I BiMsy Ay _ Ay — 4
—]0 0 0 - 0 -
for all B~ € {B~}.

(ii): If C = OB~ B then N(B) C N(C). If N(B) C N(C) it follows that

Z
where, C1z = Cz,Vz € Z;. As before we obtain CB~B = C,VB~ € {B™ }.
[l

Lemma 2.2. Let 0 # 29 € X, yo € Y, where X and Y are normed spaces.
Then there exists T € B(X,Y') such that Txo = yo.

Proof. From the consequence of the Hahn-Banach theorem it follows that
there exists bounded functional f € X’ such that f(z¢) = 1. If T is defined
by Tax = f(z)yo then T € B(X,Y) and T'zp = yo. O

Corollary 2.3. Let 0 # B € B(X,Y) and A € B(Z,W), where X,Y,Z and
W are normed spaces. If ATB =0 for all T € B(Y,Z) then A =0.

Proof. Since B # 0, there exists ¢ € X such that Bxy = yy # 0. Assume to
the contrary that there exists some zg € Z such that Azy = wy # 0. From
Lemma 2.2 it follows that we can find some T' € B(Y, Z) such that Ty = zo.
Hence AT Bxg = ATyy = Azy = wg # 0, a contradiction. Il

It is well-known that if A and C' are non null matrices then AB~C' is
invariant under the choices of B~ € {B~} if and only if R(C) C R(B) and
R(A*) C R(B*). This is proved in [24] for complex matrices and in [21] for
matrices over arbitrary field. In the next theorem we will show that analogous
result is valid for bounded operators on Banach spaces.

Theorem 2.4. Let A, B,C € B(X,Y) be nonnull operators where B is rela-
tively reqular. Then the following three conditions are equivalent:

(i) AB~C is invariant under the all choices of B~ € {B~}.
(ii) AB, C is invariant under the all choices of B € {B, }.
(ili) R(C) C R(B) and N(B) C N(A).

Proof. There exist closed subspaces X; € X and Y7 C Y such that X =
X1 ®N(B) and Y = R(B) @Y, and with regard to these decompositions we
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have:
o= [ 8): [ ][]
B‘z_if ﬁj}:[%f)}*m%ﬂ and
BFZ:?E ng\ngz } :[Rl(/?) } - {N)(%)}

for some bounded operators Ky, K3, K4, M, M3 and invertible operator
B; #0.

(i) = (ii) is trivial.

(ii) = (iii): Suppose that AB,  C'is invariant under the choice of B, . Assume
that A and C have the following matrix forms:

A=] A Ag}:{N)((IB)}HYand
=[] 5[]

We have that
AB;C = AlBl_lCl + AlMQCQ + AQMgCl -+ AzMgBlMQCQ

does not depend on My and Ms. If we put My = M3z = 0 it follows AB, C =
A ByCy. So if My = 0 then Ay M50y = 0, VM3, Similarly, 41 MyCy = 0,
VM, and so AsM3BiM>Cy = 0, VM5, VM;3. Suppose that Co # 0. From
Corollary 2.3 it follows that A; = 0 and AsM3B; = 0, VM3. From the same
cause As = 0 so A = 0, a contradiction. Therefore Co = 0 and since C # 0
it follows Cy # 0. Again from Corollary 2.3 we obtain that A3 = 0. We have
just shown that R(C) C R(B) and N (B) C N (A4).
(i) = (i): Now suppose R(C) C R(B) and N'(B) C N(A). As in the proof
of Lemma 2.1 we conclude that
X1
A= 4 o].[N(B)

o-[§] =[]

for some A; and C7. We have

]—>Yand

_ B! K, Cy _
AB C = [ A1 0 ] |: Iég K4 :| |: 0 :| = AlBl 1017
which does not depend on K5, K3 and Kj. (I

In the next theorem we will give several characterizations of space pre-
order.

Theorem 2.5. Let A, B € B(X,Y) where B # 0 is relatively regular, and let
(P, Q) be the full-rank decomposition of B. Then the following six conditions
are equivalent:
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A< B.

AB~ A is invariant under the all choices of B~ € {B™}.
AB; A is invariant under the all choices of B, € {B, }.
A=BB A= AB™B, forall B- € {B™}.

A = BMB, for some M € B(Y, X).

A = PTQ, for some bounded linear operator T.

Proof. If A = 0 then all six conditions are satisfied. Assume that A # 0. Then
(i) « (ii) < (iii) follows from Theorem 2.4 and (i) < (iv) < (v) follows from
Lemma 2.1.

(i) = (vi): Since R(A) C R(B) = R(P) and N (Q) = N(B) € N(A), from
Lemma 2.1 it follows A = PP 'A = AQ;'Q = PP 'AQ;'Q = PTQ,
where T = PflAQ,T 1 is a bounded linear operator.

(vi) = (i): Since A = PTQ and (P, Q) is the full-rank factorization of B, we
obtain R(A) C R(P) = R(B) and N'(B) = N(Q) C N(4), ie. A<* B. [

Remark 2.6. If B is relatively regular than it is clear that A <® B if and only
if

A= [ :g 8 } : {N)(QB) } - [ R}(,?) } , for some T € B(X1,R(B)).

Also 0 <*® A for all A and A <® 0 if and only if A = 0.

3. Minus order

Now, we investigate the minus order for relatively regular operators on Ba-
nach spaces. There are many characterizations of minus partial order. In
matrix case the equivalences:

A <~ B & rank(B) = rank(4) + rank(B — A),
B=Ae(B-A) e (B }C{a),
A<  B&{B }C{A7},
{(BT}c{A"}e{B }c{a},
are proved in [13], [16], [19], [25], respectively.

Tt is proved in [14] that rank(B) = rank(A) 4 rank(B — A) if and only if there
exist unitary matrices U and V such that

D, 0 0 D, +RDy_oS RDy_, 0
A=U| 0 0 0 |V*and B=U Dy_oS Dy, 0 |V7¥
0 0 0 0 0 0

where D, and D;_, are diagonal matrices of orders a x a and (b—a) x (b—a)
with positive diagonal elements and a = rank(A), b = rank(B).

Also, it is proved in [20] that A <~ B if and only if there exist non-singular
matrices R and S such that

A = Rdiag(I,,0,0)S and B = Rdiag(l,, [p—q,0)S,
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where I, and I,_, are identity matrices.
The following theorem is the main result of this paper. It generalizes the
above equivalences to the class B,..4(X,Y).

Theorem 3.1. Suppose that A, B € Bycy(X,Y), where X and Y are Banach
spaces. Then the following are equivalent:
(i) A<~ B

(i) R(B)=R(A)®R(B - A)

(i) There exist decompositions X = X1 @& Xo ® N(B) and Y = R(A) @
R(B — A) ®Y; for some closed subspaces X1,Xo C X, Y7 CY such
that X1 ® X5, R(B—A) and R(A)®R(B—A) are closed and there exist
invertible bounded operators Cy € B(X1,R(A)) and Cz € B(X2,R(B —
A)) such that

¢, 000 X, R(A)
A=l 0 00|:| X, |=]|RB-4) | and
L 0 0 0 N(B) Y
[c, 0 0 X, R(A)
B=|0 C 0|:| X, |—=]| RB-4)
L0 0 0 N(B) Y

(iv) {B7} c{A"}.

(V) {B {4}
Proof. We may assume that B # 0 because if B = 0 then each of conditions
(i)-(v) is equivalent to condition A = 0.
(i) = (ii): Since B is relatively regular, it follows by Lemma 1.2 that B = PQ
where P € B(R(B),Y) is left invertible, Py = y,Vy € R(B) and Q €
B(X,R(B)) is right invertible, Qz = Bx,Vax € X. By Remark 1.6 it follows
A <*® B, and hence by Theorem 2.5 we obtain that A = PT(Q for some
T € B(R(B)). By the definition of the minus partial order there exists A~ €
{A7} such that AA~ = BA~ and A=A = A" B. Let G = A~ AA~. Then
G e {A;}, AG = BG and GA = GB. Hence PTQG = PQG so TQG = QG
since P is left invertible. Next, AGA = A, that is, PTQGPTQ = PTQ.
Thus TQGPT = T and therefore QGPT = T. Now from GAG = G we
obtain T? = (QGPT)(QGPT) = QGAGPT = QGPT =T. So A = PTQ
where T € B(R(B)) is a projection. It follows that R(B) = R(T) & N (T).
Since @ is right invertible and Py = y, Vy € R(B), it follows that R(A) =
R(PTQ) = R(PT) = R(T). Similarly, R(B — A) = R(PQ — PTQ) =
R(PI-T)Q)=R(PI-T))=R({U—-T) =N(T). Thus we have proved
R(B) =R(A)®R(B— A).
(ii) = (iii): Suppose that R(B) = R(A) @ R(B — A). Since N'(B) and R(B),
respectively, are closed and complemented subspaces of X and Y it follows
that there exist closed subspaces X3 C X and Y; C Y such that X =
X3 ®N(B) and Y = R(B) @ Y;. Then operator B has the following matrix

form
=[5 o) L |- [
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where B is invertible. Let X; = By '(R(A)) and Xy = By '(R(B — A)).
Since R(B) = R(A) ® R(B — A) and since R(A) and R(B) are closed, from
Kato Theorem 1.7 we conclude that R(B — A) is closed too. Since Bj is
bounded (equivalently continuous), it follows that X; and X5 are closed.
Since Bj is invertible, we deduce that X3 = X; @& X5. Suppose further that
z € N(B). Since 0 = Bz = Az + (B — A)xz € R(A) ® R(B — A) it follows
that Az = 0= (B — A)x, so N(B) C N(A).

It follows from the above discussion that A and B have the following matrix
forms:

K L 0 X, R(A)
A=|0 0 0|:| X || RB-4) | and
L0 0 0 N(B) Y
[C, 0 0 X, R(A)
B=|0 C 0|:| Xo |=]|RB-A4) |,
0 0 0 N(B) Y

for some bounded operators K, L and some invertible bounded operators C1,
(5 defined on appropriate subspaces.

Let us show that K = Cy and L = 0. Let x € X;. Then Bx = Ciz +0 €
R(A)®R(B—A). On the other hand, Bx = Az+(B—A)z = Kz+(B—A)zx €
R(A) ® R(B — A). We conclude that Kz = Ciz,Vx € X4, that is, K = Cy.
Similarly, for € X3, we have Bz = 0+ Caozx € R(A) @ R(B — A). On the
other hand Bz = Az + (B— A)x = Lz + (B — A)z € R(A) @ R(B — A), so
Lx =0,Vz € Xo,1.e. L=0.

(iii) = (iv): Suppose that (iii) holds. Then an arbitrary G € {B~} is of the
form

C;l 0 G13 R(A) Xl
G=| 0 C;' Gy |:| RB-4) | -| Xo |,
Gs1 Gs2 G Y N(B)

for some operators G13, Gos, G31, G32, G33. It is easy to verify that AGA = A,
that is, {B~} C {A™}.

(iv) = (v) is trivial.

(v) = (i): Since AB,;- A= A, VB, € {B; }, from Theorem 2.5 (iii) < (iv) it
follows that A= BB~ A= AB~ B, VB~ € {B~}. For arbitrary B~ € {B~ },
G =B BB~ € {B;}so A= AGA = BGA = AGB. Let F = GAG. Then
AFA=AGAGA = A,ie. F € {A™}. Also, AF = AGAG = AG = BGAG =
BF and FA=GAGA =GA =GAGB = FB. Hence A <~ B. ]

When it is the case as in Theorem 3.1, we say that the decompositions
X=X19Xo®N(B)and Y = R(A)®R(B—A)®Y; are standard decompo-
sitions of X and Y. We will see that representation of operators with respect
to these decompositions, in the case when A <~ B , is crucial in proving
most of the following theorems.
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Corollary 3.2. Let the operator B € B,eq(X,Y) has the full-rank decompo-
sition B = PQ. Then the class of all operators A € Breq(X,Y) such that
A <~ B is given by {PTQ : T is a projection}.

Proof. Suppose that A <~ B. As in the proof (i) = (ii) of Theorem 3.1 we
obtain A = PT'Q for some projection T. If A = PTQ where T is projection
then for G = Q;'TP " we have AGA = A, AG = PTP' = BG, and
GA=Q;'TQ=GBso A<~ B. O

Theorem 3.3. The minus partial order is a partial order on Brey(X,Y).

Proof. From Theorem 3.1 (iv), reflexivity and transitivity holds trivially. If
A<~ Band B <™ A, where A, B € B,¢4(X,Y) then, from Theorem 3.1 (ii),
it follows R(B) = R(A) @ R(B — A) and R(A) = R(B) ® R(A — B). Hence
R(B—A) = {0}, that is A = B and "<~ is a partial order on B,.4(X,Y). O

Corollary 3.4. Let A, B € B(X,Y). If {A~}={B~} #0 then A= B.
Remark 3.5. Let A,B € B,4(X,Y) and A <~ B. Then B — A is relatively

regular.
Indeed, from Theorem 3.1 it follows that
0 0 O X3 R(A)
B-—A=|0 Cy 0 ]: X5 — | R(B—-A4) |,
0 0 O N(B) Yi

where C5 is invertible, so we conclude that B — A is relatively regular.

Remark 3.6. If T and S are invertible operators and A, B € By¢q(X,Y") then
A <~ Bif and only if TAS <~ TBS. If A, B € By¢y(X,Y) where A is left
or right invertible and if A <~ B then A = B.

Since {(TXS)~} = {S71X~T~1}, the first assertion follows from Theorem
3.1 (i) & (iv).

If A-! is a right inverse of A then we have the following sequence of im-
plications: A <~ B = A= AB"A = BB A= AB B =1=AA! =
AB~AA;' = AB~ = A = AB B = IB = B. The case when A is left

invertible is similar.

In the following theorem we will give a number of equivalent conditions
for minus partial order. The conditions analogous to (i)-(x) are also equivalent
in any regular semigroup, [22]. The equivalence of (i) and (xiii) is also valid
in regular ring, [13]. It is proved in [20] Theorem 3.3.16 that for real matrices
A and B, A <~ B if and only if

rank(B — A) = rank((I — AA7)B) =rank(B(I — A7 A)),VA~ € {A™}.

In the infinite dimensional case we can not use rank, so we use the image and
the null-space of a given operator. Notice that our conditions in (xiv) and
(xv) are weaker than above condition.

Theorem 3.7. Let A, B € B,.y(X,Y). Then the following statements are
equivalent:
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A
=

—A < B;

= BA,; and A7 A= A_B for some A, € {A;};
BA-A=AA_ B for some A, € {A};

AB™B=BB A= AB™A forall B~ € {B™};

$Band {A"}N{B"} #0;

AB~ B =BB A= AB™ A for some B~ € {B™};

PB = BQ for some projections P € B(Y') and Q € B(X);

PB = BM for some projection P € B(Y) and some operator

II>U:JD>

A

3 |

PN

)
(ii)
iii)
iv)
(v)
i)
ii)
i)
)

~—~
.
A1

I m
= B
wé

= BM and KA = A for some operators K € B(Y) and

E

X);
A~ B and R(A) C R(B) for some A~ € {A™};

A~ =BA™ and N(B) C N(A) for some A~ € {A™};

A+ (I —AA"YW(I — A= A) for some A~ € {A™} and some
B(X,Y);

— AA7)B) CN(B— A) and R(A) C R(B) for all A=~ € {A™};
—A)CR(B(I-A"A)) and N(B) C N(A) for all A= € {A™}.

>§>§>>>>>>

S m
I

(xi)
(xii)

(xiii)

Z=mpx
=m

(

K.
<
~—

(xv)

2
©

Proof. Some equivalences can be proved as in the case of regular semigroup,
[22]. It is proved here for completeness.

(i) & (ii) follows from equivalence of (i) and (ii) of Theorem 3.1.

(i) = (iii): There exists A~ € {A~} such that AA~ = BA~ and A=A =
A™B. For A7 = A~ AA~ (iii) is satisfied.

(iii) = (iv) is trivial.

(iv) = (i): For any B~ € {B~} it holds AB"A = AA_ BB BA A =
AATBA A = AA_ A = A. The result follows from equivalence of (i) and
(1v) of Theorem 3.1

(i) = (v) = (vi) = (vii) follows from Theorems 2.5 and 3.1.

vii) = (viii): Let P = AB~ and @ = B~ A. Then P and @ are projections
and A= PB = BQ.

(viii) = (ix) = (x) is trivial.

(x) = (i): For any B~ € {B} it holds AB"A = KBB~BM = KBM =
KA=A.

(i) = (xi) is trivial.

(xi) = (i): R(A) CR(B) so A=BB~A,VB~ € {B~} and hence AB~A =
AA“AB A= AA"BB BB A=AA"BB A=AA"A=A.

(i) & (xii): This part is similar to the proof of (i) < (xi).

(i) = (xiii): Suppose that A <~ B, B~ € {B~} and G = B~ BB~. Then
G e {B,} C {A7}. From (i) = (v) , we have A = BGA = AGB = AGA.
Let A~ = G and W = B. Than it is easy to show that A+ (I — AA7)W(I —
A-A)=B

(xiii) = (1): Let G = A~AA~. Then G € {A™} and from assumption it
follows that BG = AG and GB = GA.
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(i) = (xiv): From Theorem 3.1 it follows that

Ot Gz Gis R(A) X1
AT = G21 G22 G23 : R(B - A) — XQ
Gs1 Gz Gss Yy N(B)
and hence
0 —C1GCs 0 X, R(A)
0 0 0 N(B) v

For x € N((I — AA7)B), x = 21 + 22 + 23 € X1 ® X2 ® N(B) we have
0= —C1G12Cox0+ Coxs € R(A)®R(B— A) which is equivalent to Cozg = 0
ie. z9 = 0. Hence N((I — AA7)B) = X; @ N(B) = N(B — A). Of course,
A<~ B=R(A) CR(B).

(xiv) = (i): From N'((I—AA™)B) C N(B—A) it follows N'(B) C N (B—A),
so N(B) C N(A). Therefore A <* B and hence

o= [ o) [t - [5]
=[] [t ][5 ] o
cela G-

where X; and Y7 are closed subspaces, Bj is invertible and A7 € {A]} (4, is
relatively regular because A is relatively regular). Now, N'((I — A1 A7 )B;) =
N({(I—-AA")B) CN(B—-A) =N(B,—A4;) = N((I-AB;")By). Since B;
is invertible it follows that N'(I — A; A7) C N(I — A;ByY), that is R(A;) C
N(I — A;B;"). Thus we have proved that (I — A; By ')A; = 0. Therefore
B! € {A]} and hence {B~} C {A™},ie., A< B.

(i) & (xv): This part can be proved in a similar way as (i) < (xiv). O

Let
{A7}p={G e {A7}: AG = BG,GA =GB} and
{47} p={G e {A }: AG=BG,GA=GB}.

In the next theorem we obtain explicit representations of {A~}p and {A, }5
(for matrix case see [17] and [18]).
Theorem 3.8. Let A, B € B,cy(X,Y) such that A <~ B. Then

() {A}p = {B~ — B~ (B— A)B~: B~ € {B}}

(ii) {A;}p={B"AB~ : B~ € {B"}} ={B, AB, : B, € {B }}.

Proof. (i): Let us denote the right-hand side of (i) by R. Since A <~ B we
have the following representations with respect to standard decompositions
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given in Theorem 3.1:

c, 00 c, 0 0 c;t 0 Hy
A= 0 0 0|,B=| 0 Cy 0| andB =| 0 C;' Hy
0 0 0 0 0 O H31 Hzp Hss

where His, Hos, H31, H32, Hss are arbitrary bounded operators. It follows
that G € R if and only if

Cr' 0 Hy R(A) X1
G=B -B (B-AB =| 0 0 0 |:|RB-A |—| X
H31 0 K Yl N(B)

for a particular choice of Hyz, H3; and K (K = Hsz — H32CoHss). Now, it
is easy to show that AGA = A, AG = BG and GA =GB, ie. G€ {A™}p.
Assume now that G € {A~} 5. Then

Crt G Gis
G=| Gar Go Gaz |,
G311 Gz Gss

for some operators G;;. From AG = BG and GA = GB we obtain G2 =
Ga1 = Gaa = Goz = G3a = 0. It is easy to show that G = B~ — B~ (B —
A)B~ € R where
crt0 Gz
B~ =| 0 C;' o0
G311 0 Gz3

(ii): The proof of (ii) may be obtain in a similar way. We obtain that the set
{A; }p is given by:
crtoo G13

0 O 0 ,
Ga1 0 G31C1Gi3
where G13 and (31 are arbitrary. O

Let A <~ B, where A, B € C"*"™ are complex matrices, a = rank(A) <
rank(B) = b and let ¢1,¢0 € C, ¢o # 0, ¢1 + ¢c2 # 0. In [29] authors proved
that ¢; A + coB is nonsingular if and only if B is nonsingular. Furthermore,
they proved that in this case the following formula holds:

(1 A+eB) ™" = (crte2) ' BT (e = (er4e2) (00 Ln—a) B0 Ln—a)],

0 O

0 Infa
The next theorem shows that the same result is valid when A, B €

Byeg(X,Y). We obtain the more convenient formula for (¢; A + coB)™!.

where 06 [,,_, = } and (-) is the Moore-Penrose inverse of (-).

Theorem 3.9. Let A <~ B where A,B € B,.o(X,Y) and let ¢1,c2 € C,
ca # 0, c1+co # 0. Then c; A+ co B is invertible if and only if B is invertible.
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Furthermore,

(ClA + CQB)_l

;"B 4+ ((e1 4+ )t —c;)B71AB™! (3.1)
= ' B 4 ((er 4+ )t =g AT,
where A~ € {A™ }p.

Proof. Since A <~ B then, according to Theorem 3.1, we have the following
representations with respect to standard decompositions X = X7 & X &
N(B),Y =R(A)®@R(B—-A)®Yq:

Cy 00 cCiy 0 0
A= 0 0 0|,B= 0o Cy 0|,
0 0 O 0 0 0
(Cl + 01)01 0 0
1A+ B = 0 cCy 0 |,
0 0 0

where C and Cy are invertible operators. Since cg # 0, ¢1 4+ c2 # 0, it is now
clear that B is invertible if and only if ¢; A 4+ ¢o B is invertible if and only if
N(B)={0} and Y; = {0}. In this case X = X1 ® X5, Y = R(A)®R(B—A)
and with respect to these decompositions we have:

c1 —1—02)_10{1 0

_ cytooo _

0o cyt
so the formula (3.1) can be easily checked.
Since B is invertible and A <~ B it follows from Theorem 3.8 that
{A~}g={B'AB~1}. O

Theorem 3.10. (see [20] Theorem 3.5.6) Let A,B € B,ey(X,Y) such that
A <™ B. Then
(i) For any A~ € {A™}p there exists B~ € {B~} such that B-TA=A"A
and AB~ = AA™.
(ii) For any B~ € {B~} there exists A~ € {A~}p such that AA~ = AB~
and A~A =B A.

Proof. (i): From Theorem 3.8 we conclude that A~ € {A~} g has the follow-
ing form with respect to standard decompositions of X and Y:

Ci' 0 Hy
A” = 0 0 0 ,
Hz; 0 Hsz

for some operators Hi3, H31, H33. It is easy to show that B~ A = A~ A and
AB™ = AA~ where

Crt 0 Hy
B =| 0 Cy' G |,
H31 G32 G33
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where Gao3, G320, G33 are arbitrary.
(ii): Arbitrary B~ € {B~ } has a matrix form:

Crt0 Fig

B~ = 0 Cy' Py
F31 P F3s
The operator
Ccrt 0 Fis
AT = 0 0 O ,
F31 0 Gss
where (33 is arbitrary, has desired properties. O

As we know from Theorem 3.7 (i) < (viii), A <~ B if and only if there
exist projections P and @ such that A = PB = B(@Q. We obtain the class
of all such projections. The following theorems are analogous to Theorems
3.5.13 - 3.5.18 in [20]. All of them can be proved using operators in matrix
form with respect to standard decomposition.

Theorem 3.11. Let A, B € B,¢y(X,Y) such that A <~ B. Then the class of
all projections P € B(Y') such that A = PB is given by

I 0 V(I-Ps3) R(A) R(A)
P=]0 0 UPs3 | R(B-A) | - | R(B-A) |,
0 0 P33 Yl Yl

where P33 € B(Y1) is some projection, and U € B(Y1,R(B — A)), V €
B(Y1,R(A)) are arbitrary operators.

Proof. If P has the given form, then P is a projection and A = PB. Let P be
a projection such that A = PB. Suppose that P = [P;;], 1,5 € {1,2,3}, with
respect to standard decomposition. From A = PB we conclude that P;; =
I,P12 = P21 = P22 = P31 = P32 = 0 and from P2 = P we conclude that
P23 = P23P33, P13 = P13 + P13P33 and P33 = P323 Hence P13 = V(I - ng)
and P35 = U P33 where U and V' are arbitrary. O

In the same manner we obtain the following theorem.

Theorem 3.12. Let A, B € B,¢y(X,Y) such that A <~ B. Then the class of
all projections Q € B(X) such that A = BQ is given by

I 0 0 X, X,
Q= 0 0 0 |:| X2 |—=| X |,
(I —Q33)V Q33U Qs3 N (B) N(B)

where Q33 € B(N(B)) is some projection and U € B(Xas,N(B)), V €
B(X1,N(B)) are arbitrary operators.

Remark 3.13. Theorem 3.11 yields that Y = R(A) @ R(B — A) @ R(Ps3) ®
N (Ps3). Of course, X = X1 @ Xo &N (B) has standard decomposition. With
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respect to this decompositions, we obtain that A, B and P have the following
forms:

c, 00 c, 00 I 00V
10 00 10 ¢ oo oo U o
A=l o 008 0o o0 o' oo 1 o

0 0 0 0 0 0 00 0 0

for some operators U and V.
Similarly, Theorem 3.12 yields that X1 ® Xo ®R(Qs3) DN (Q33). With respect
to this decomposition A, B and @ have the following forms:

cC; 0 0 O cCi; 0 00 é 8 8 8

A= 0 00 0], B= 0 Cy 0 0|,Q=
0O 0 0 O 0 0 0 O 0 L 10
M 0 0 O

for some operators L and M.

Theorem 3.14. Let A, B € Byey(X,Y) such that A <= B. Then the class of all
projections P such that A = PB and R(P) = R(A) is given by {AA~ : A~ €
{A~}B}. The class of all projections Q such that A = BQ and N'(Q) = N (A)
is given by {A~A: A~ € {A™}p}.

Proof. According to Theorems 3.11 and 3.12 we see that the class of all
projections P such that A = PB, R(P) = R(A) and all projections @ such
that A = BQ, N(Q) = N(A) have the following forms:

I 0 W I 0 0
P=]10 0 O and@=1| 0 0 0|,
0 0 O Vo 0 0

respectively, where V; and V5, are arbitrary. From the proof of Theorem 3.8
(i) we see that AA~ and A~ A where A~ € {A~}p have the above forms,
respectively. ([l

Theorem 3.15. Let A, B € B,ey(X,Y) such that A <~ B. If P is the projec-
tion such that A = PB, then P can be written as P = P, + P, where Py
is a projection such that A = PiB, R(P;) = R(A), and Py is a projection
such that PPy = PoPy, = PobA = P,B = 0. If Q is the projection such that
A = BQ, then Q can be written as Q@ = Q1 + Q2, where Q1 is a projec-
tion such that A = BQ1, N(Q1) = N(A), and Q2 is a projection such that
Q1Q2 = Q2Q1 = AQ2 = BQ2 = 0.

Proof. According to Theorems 3.11, 3.12 and 3.14 we can take

I 0 V(I-—Ps3) | 00 0
P1 = 0 0 0 s P2 = 0 0 UP33 and
0 0 0 i 0 0 Pss
1 0 0] 0 0 0
Q1= 0 0 0f,Q@Q=1]0 0 0
(I-Qs3)V 0 0 | 0 Q33U Q33
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It is easy to show that P;, P, and @1, ()2 satisfy the conditions of the
theorem. O

References

[1] Baksalary, J.K.: A relationship between the star and minus orderings. Linear
Algebra Appl. 82, 163-167 (1986)

[2] Baksalary, J.K., Pukelsheim F.: On the 16wner, minus, and star partial orderings
of nonnegative definite matrices and their squares. Linear Algebra Appl. 151,
135-141 (1991)

[3] Baksalary J.K., Pukelsheim, F., Styan, G.P.: Some properties of matrix partial
orderings. Linear algebra Appl. 119, 57-85 (1989)

[4] Bapat, R.B., Jain, S.K., Snyder, L.E.: Nonnegative idempotent matrices and
minus partial order. Linear algebra Appl. 261, 143-154 (1997)

[5] Barnes, B.: Majorization, range inclusion, and factorization for bounded linear
operators. Proc. Amer. Math. Soc. 133(1), 155-162 (2005)

[6] Ben-Israel, A., Grevile, T.N.E.: Generalized inverses: theory and applications.
Second ed., Springer, 2002

[7] Blackwood, B., Jain, S.K., Prasad, K.M., Srivastava, A.K.: Shorted Operators
Relative to a Partial Order in a Regular Ring. Comm. Algebra 37(11), 4141-4152
(2009)

[8] Djordjevié, D.S., Rakocevié, V.: Lectures on generalized inverses. Faculty of
Scince and Mathematics, University of Nis, 2008.

[9] Djordjevié, D.S., Stanimirovié, P.S.: General representations of pseudo inverses.
Mat. Vesnik. 51(3-4), 69-76 (1999)

[10] Douglas, R.G.: On majorization, factorization, and range inclusion of operators
on Hilbert space. Proc. Amer. Math. Soc. 17(2), 413-415 (1966)

[11] Goller, H.: Shorted Operators and Rank Decomposition Matrices. Linear Al-
gebra Appl. 81, 207-236 (1986)

[12] GroB, J.: A note on the rank-subtractivity ordering. Linear Algebra Appl.
289(13), 151-160 (1999)

[13] Hartwig, R.E.: How to partially order regular elements. Math. Japon. 25(1),
1-13 (1980)

[14] Hartwig, R.E., Styan, G.P.H.: On some characterizations of the star partial
ordering for matrices and rank subtractivity. Linear Algebra Appl. 82, 145-161
(1986)

[15] Legisa, P.: Automorphisms of M,, partially ordered by rank subtractivity or-
dering. Linear Algebra Appl. 389, 147-158 (2004)

[16] Mitra, S.K.: Fixed rank solutions of linear matrix equations. Sankhya Ser. A.
34(4), 387-392 (1972)

[17] Mitra, S.K.: Infimum of a pair of matrices. Linear Algebra Appl. 105, 163-182
(1988)

[18] Mitra, S.K.: Matrix partial orders through generalized inverses: unified theory.
Linear Algebra Appl. 148, 237-263 (1991)

[19] Mitra, S.K.: The minus partial order and the shorted matrix. Linear Algebra
Appl. 83, 1-27 (1986)



Minus Partial Order for operators on Banach spaces 19

[20] Mitra, S.K., Bhimasankaram, P., Malik, S.B.: Matrix partial orders, shorted
operators and applications. World Scientific, 2010.

[21] Mitra, S.K., Odell, P.L.: On parallel summability of matrices. Linear Algebra
Appl. 74, 239-255 (1986)

[22] Mitsch, H.: A natural partial order for semigroups. Proc. Amer. Math. Soc.
97(3), 384-388 (1986)

[23] Rakocevié, V.: Funkcionalna analiza. Nau¢na knjiga, Beograd, 1994.

[24] Rao, C.R., Mitra, S.K., Bhimasankaram, P.: Determination of a Matrix by Its
Subclasses of Generalized Inverses. Sankhya Ser. A. 34(1), 5-8 (1972)

[25] Sambamutry, P.: Characterization of a matrix by its subclass of G-inverses.
Sankhya Ser. A. 49(3), 412-414 (1987)

[26] Semrl, P.: Automorphisms of B(H) with respect to minus partial order. J.
Math. Anal. Appl. 369, 205-213 (2010)

[27] Tian, Y.: Solving a minus partial ordering equation over von Neumann regular
rings. Rev. Mat. Complut. 24, 335-342 (2011)

[28] Tian, Y., Cheng, S.: The maximal and minimal ranks of A — BXC with appli-
cations New York J. Math. 9, 345-362 (2003)

[29] Tosi¢, M., Cvetkovié-1li¢, D.S.: Invertibility of a linear combination of two
matrices and partial orderings. Appl. Math. Comput. 218, 4651-4657 (2012)

Dragan S. Raki¢

Faculty of Sciences and Mathematics
University of Ni§

Visegradska 33

P.O. Box 224

18000 Nis

Serbia

e-mail: rakic.dragan@gmail.com

Dragan S. Djordjevié

Faculty of Sciences and Mathematics
University of Nis

Visegradska 33

P.O. Box 224

18000 Nis

Serbia

e-mail: dragandjordjevic70@gmail.com



