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Abstract

We consider right and left Fredholm operator matrices of the form

[ ? g } which are linear and bounded on the Banach space Z =

XaY.
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1 Introduction

Let Z be an infinite dimensional Banach space, such that Z = X @ Y for

some closed subspaces X and Y. This sum will be also denoted by [ )}f } CIf

W is a finite dimensional subspace of X, then dim W denotes its dimension.
If W is infinite dimensional, then we simply write dim W = oco. However,
if U is a closed subspace of a Hilbert space, then dimg(U) denotes the
orthogonal dimension of U.

Let £L(X,Y) denote the set of all linear bounded operators from X to Y.
We abbreviate £(X) = £(X,X). The set of all finite rank operators from
X to Y is denoted by F(X,Y). For A € L(X,Y) we use R(A) and N (A)
to denote the range and the null-space of A, respectively.

If Z=X@a®Y, then any M € L(Z) can be decomposed as the following

operator matrix
A C X X
v-lz S1 1Y)

for some A € L(X), C € L(Y,X), T € L(X,Y) and S € L(Y). On the
other hand, any choice of A,C,T,S (linear and bounded operators on the
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corresponding subspaces), produces a linear and bounded operator M on
the space Z. Moreover, M is finite rank if and only if all A, C, T, S are finite
rank operators.

If A and C are fixed, then we use the notation M7 g) to show that M
depends on T and S. For given A and C', we are interested to find 7" and S,
such that Mr gy is right or left Fredholm operator.

For this purpose we need to review some properties of right and left
Fredholm operators [9]. An operator A € L£(X,Y) is right Fredholm, if
def(A) = dimY/R(A) < oo, and N(A) is complemented in X. Notice that
if A is right Fredholm, then it follows that R(A) has to be a closed and
complemented subspace of Y. The set of all right Fredholm operators from
X to Y is denoted by ®,(X,Y). It is well-known that 4 € ®,(X,Y) if and
only if there exist B € L(Y,X) and F' € F(Y) such that AB = Iy + F
holds.

An operator A € L(X,Y) is left Fredholm, if nul(4) = dimN(A)
< 00, and R(A) is closed and complemented in Y. The set of all left Fred-
holm operators from X to Y is denoted by ®;(X,Y). It is well-known that
A € ¢)(X,Y) if and only if there exist B € L(Y,X) and F € F(X) such
that BA = Ix + F holds.

If Ae ®.(X,Y) and B € ¢,(Y, Z), then BA € ®,(X,Z). The similar
result holds for the class ®;. The set of Fredholm operators is defined as
O(X,)Y)=2,.(X,Y)NP(X,Y).

We formulate the following well-known results.

Lemma 1.1. Let X,Y,Z be Banach spaces and let A € L(X,Y), B €
L(Y,Z). If BA € ®(X,Z), then the following holds: A € ®(X,Y) if and
only if B € ®(Y,Z).

Lemma 1.2. Let X,Y be Banach spaces, and let A € ®,.(X,Y), P €
F(X,Y). Then A+ P € &,.(X,Y). The analogous result holds for classes
®; and ®.

Lemma 1.3. Let My, My and N be the vector subspaces of the vector space
X. If My C Ms, then dili/(Ml N N) < dimMg/(MQ N N)

Properties of right (left) Fredholm and related operators can be found
in [6] and [9]. For the importance and applications of operator matrices we
refer to [1], [2], [3], [4], [5], [7], [8] and [10]. Particularly, this paper is related
to the research in [4] and [7], where the left and right invertibility of M g)
is considered.



2 Right Fredholm operators

We consider right Fredholm properties of M7 ).

Theorem 2.1. Let A € L(X) and C € L(Y,X) be given. The following
statements are equivalent:

(a) [A Cled (XY, X)\ (XY, X), and there exists an operator
Je®(Y,N(A CP\O(Y,N([A C]).

(b) Mr,5) € ©.(XBY)\ (X DY) for some T € L(X,Y) and S € L(Y).

Proof. (a) = (b): Suppose that [A C] € (X Y, X)\ (X DY, X).
It follows that N([A (1) is infinite dimensional. By the assumption, there
exists an operator J € ®;(Y,N([A C|)\@(Y,N([A C])), so N(J) is finite
dimensional and N([A C])/R(J) is infinite dimensional. The operator J

has the form
FE X
J_[G]'Y_}[Y]'

Since R(J) is closed and complemented in N([A C]), and N([A C])
is closed and complemented in X @® Y, we obtain that there exist closed
subspaces V and W such that N[A C]) = R(J) @V and X &Y =
N(A C))eW =R(J)®V & W. Notice that V is infinite dimensional.

There exists a closed subspace Y7 such that Y = N(J) @ Y;. Now, the
reduction operator J : Y7 — R(J) is invertible, so let K1 : R(J) — Y1
denote its inverse. Define the operator K € £L(X & Y,Y) in the following
way:

0, reVaeW

Then K € L(X @ Y,Y) is a right Fredholm operator, such that N (K) =
V @ W. The operator K has the matrix form

g — {le, x € R(J),

K=T S]:[)}f}—)Y.
We also have
KJ=IT S}[g]:ly—ﬂ, (1)

where P; is the projection from Y onto the finite dimensional subspace
N (J), parallel to Y7.



From R(J) C N([A C]) we get that

A a[g]:o 2)

Since [A (] € (X @Y, X), we have the following decompositions of
spaces: X®Y =N([A C))@W and X = R([A C])®U, where U is finite
dimensional. Since the reduction [A C]: W — R(]A () is invertible,
define Ly : R([A C]) — W to be its inverse. Then consider the operator
Le L(X,X®Y), which is defined as follows:

Lo Lixz, ze€R([A ()
0, zeU.

The operator L has the matrix form

SHESNH

Then L € &)(X, X @Y), R(L) =W, and

D

A ClL=A Q[F

]:k—&, (3)

where P; is the projection from X onto the finite dimensional subspace U,
parallel to R([A C]). Since N([T" S]) =V & W, we conclude that

T ﬂ[?]:& (4)
Finally, from (1), (2), (3) and (4), we get that for M = [ ? g ] iN =

[DE

r a ] the following holds:

= [29)[2 8] -[5 o)l 2 %) o

-P 0
0 -P
Moreover, we notice that

Since [ ] is finite rank, we conclude that M is right Fredholm.

NM) =N([A CHNN(T S)=V,



R(N):R({ p D+R<{ ° D — W e R(),
XY =R &Vaew.

Since V is infinite dimensional, we obtain that both M and N are not Fred-
holm operators.

(b) = (a): Suppose that there exist some 7' € L(X,Y) and S € L(Y)
such that M(rg) € @-(X ®Y) \ ®(X,Y). Then there exist operators N &€
LX®Y)and Pe F(X@Y) such that MN = I + P. The last equality
holds in the matrix form as follows:

A C D E| |Ix O n P11 Prip
T S F G| | 0 Iy Por P |’
where all P;; are finite rank operators. It also follows that N = [

o (XaY).
In particular, we obtain

DEG
F G

D

4 cll

] =Ix + P11,

so [A (] is right Fredholm. The operator Ix + Pj; is Fredholm. If we
suppose that [A (] is Fredholm, by Lemma 1.1 it follows that [ ? ] is

also Fredholm. Since

(7 al)==([F]) = ([c])==([7])

D E
F G

D

I g ] belongs to ®,.(X &Y), so [ ] is Fredholm.

it follows that [

By Lemma 1.1 again, we obtain that ¢ } is Fredholm (since I + P

T S
is Fredholm from Lemma 1.2). The last statement is not possible, so we
obtain that [A Cle€ &, (X Y, X))\ (X DY, X).

Denote with L = [ g } € L(Y,X ®Y). We have [T S|L = Iy + Pa,
soLe (Y, XaY)\ (Y, X a®Y). Otherwise, if L is Fredholm, then also

D FE |. A C|.
[ r G ] is Fredholm, so [ T g ] is Fredholm.

b}



Since we have the following decomposition of space X®Y = N([A C))®
W, the operator L has the matrix form
_| 7. N(A C])
b 2] [, O],
R

From the fact that R(Pp2) = R([A C]L) = ([A C] [ }é ]) _

[A CJ(R(K)) is a finite space and the reduction [A C]: W — R([A C])
is a bijection, we obtain that R(K) is a finite dimensional subspace of .

Since L € (Y, X ®Y)\ ®(Y,X @Y), we have the following decomposi-
tions of spaces Y = N (L)®U and X®Y = R(L)®U;, where dim N (L) < oo
and dim U; = oo. The reduction operator L : U — R(L) is invertible, so let
Li : R(L) — U be its inverse.

As it was shown, R(K) is a finite dimensional subspace, so Y1 = L1 (R(K))
have to be finite dimensional subspace of U and there exists a closed sub-
space Y, such that U = Y] @ Ys.

Now, the operator L has the following matrix form

L )

where Y7 is finite dimensional. We obtain that N(J) = Y; & N(L), so
dim N (J) < o0.

From the fact that [T' S|L = Iy + Py follows that
LiN([T S))NR(L)) CN(Iy + Py2).

Since Iy + Py is Fredholm operator, we have that L1 (N ([T" S])NR(L)) is
finite dimensional, so N'([T" S]) NR(L) is also finite dimensional subspace.
Denote with V. =N ([A C])NN(T S])NR(J). Further,

VCN(T S)NRT)CN(T S)NR(L),

so it follows that dim V' < oco. Then, there exists a closed subspace V; such
that N(M(ﬂg)) = N([A ) ﬂN([T S]) =V @ V1. Since ./V-(M(Tﬁ)) is
infinite dimensional, then V; is also infinite dimensional subspace.

Now, applying the Lemma 1.3 on the spaces N([A C]) NN ([T 95]),
N([A (C]) and R(J), we obtain

dimVy = dim(N([A C)NN(T S])/V < dimN([A C))/R(J).



We conclude that dimN([A  C])/R(J) = oo.

Lastly, we proved for the operator J : Y — N ([A C]) that dim N (J) <
oo and dim N ([A  C])/R(J) = oc.
So, there exists the operator J € ®;(Y,N([A C])\ ®(Y,N([A C))).

3 Left Fredholm operators

Now we investigate the left Fredholm properties of M7 ). We consider two
separate cases according to the dimension of Y.

Theorem 3.1. Let X be infinite dimensional, and let Y be finite dimen-
sional. For given A € L(X) and C € L(Y, X), the following statements are
equivalent:

(a) Mi75y € (X @Y)\ (X @Y) for every T € L(X,Y) and every
operator S € L(Y);

(b) A€ & (X)\ 2(X).

Proof. Before the proof of the equivalence, note that

(3 2])-mer 24 3])-ewern

Since Y is finite dimensional, we have that A € ®;(X) \ ®(X) if and only if

A0
[ 0 0 ] ceP(XaY)\2(XaY).

(a) = (b): Suppose that M7 g is left Fredholm but not Fredholm,
A 0} _

for every T € L(X,Y) and every S € L(Y). We have that [ 0 0

A C 0o -C 0o —-C . .

[ T g ] + [ T _g ] where [ 7 _g ] is finite rank operator. Ap-
. . A 0.

plying Lemma 1.2, we obtain that 0 o | left Fredholm operator.

Suppose that [ 61 8 } is Fredholm. Applying Lemma 1.2 to 61 8

we conclude that M1 gy has to be Fredholm, which does not hold. Hence,
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[ 61 8 ] is left Fredholm but not Fredholm operator, so we have that

A€ X))\ B(X).

(b) = (a): Suppose that A is left Fredholm but not Fredholm, so the
operator [ 13 8 ] is also left Fredholm but not Fredholm.

Let T € L(X,Y) and S € L(Y) be arbitrary operators. Then the oper-
A C } 3

. . : A0
ator M(r gy is a finite-rank perturbation of [ 0 0 } Indeed, [ T g

A 0 0 C 0o C|. .
[ 0 0 ] + [ T g ],Where [ T g ] is a finite rank operator because Y

0 0
M 5) is left Fredholm operator. If we suppose that M7 q) is Fredholm,

61 8 } have to be Fredholm, which

does not hold. We obtain that Mz g) is left Fredholm but not Fredholm
operator. ]

is finite dimensional space. Applying Lemma 1.2 to [ 40 ] we get that

from Lemma 1.2, we conclude that

Theorem 3.2. Let X and Y be infinite dimensional, such that Y 1is iso-
morphic to Z = X @Y. Let A € L(X) and C € L(Y,X) be arbitrary. Then
M5y € 2(X DY)\ ®(X DY) for some T € L(X,Y) and S € L(Y).

Proof. Since Y is isomorphic with Z, then Y = Y] & Y5, where X is isomor-
phic to Y1, and Y is isomorphic to Y. Let T € £(X, Y1) and S € L(Y, Y2) be
those isomorphisms. Then T' € £L(X,Y) is left invertible with a left inverse
K € L(Y,X) and N(K) = Ys. Also, S € L(Y,Y>) is left invertible with a
left inverse L and N'(L) = Y;. Then

0 K A C | Ix O

0 L T S| | 0 Iy |’
so M) is left invertible. It follows that M7 g) is left Fredholm for chosen
operators T" and S. Suppose that M7 g is Fredholm. Since [ Ié( IO } is

Y

Fredholm, from Lemma 1.1 it follows that N is also Fredholm. However, we
notice N'(N) = X, which is infinite dimensional. Hence, N is not Fredholm.
Then M7, ) is not Fredholm also, i.e. M(rq) € (X @Y)\ (X DY) O



We formulate a corollary for Hilbert space operators.

Corollary 3.1. Let X and Y be infinite dimensional and mutually orthogo-
nal subspaces of a Hilbert space Z = X @Y . Suppose thatdimy Y = dimpy Z.
Let A € L(X) and C € L(Y, X) be arbitrary. Then M(p gy € ®(X ©Y) \
QX DY) for someT € L(X,Y) and S € L(Y).
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