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Abstract

The objective of this paper is to derive formulae for the generalized

Drazin inverse of a block matrix in a Banach algebra A under different

conditions. Let z = { Z Z } € A relative to the idempotent p € A

and a € pAp be generalized Drazin invertible. The formulae for the
generalized Drazin inverse are obtained under the more general case
that the generalized Schur complement s = d — ca? is generalized
Drazin invertible, which covers the cases that s is Drazin invertible,
s is group invertible or s is equal to zero. Thus, recent results on
the Drazin inverse of block matrices and block—operator matrices are
extended to more general setting.
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1 Introduction

Let A be a complex unital Banach algebra with unit 1 and let a € A. Denote
the spectrum, the spectral radius and the resolvent set of a by o(a), r(a)
and p(a), respectively. The sets of all invertible, nilpotent and quasinilpotent
elements (o(a) = {0}) will be denoted by A~!, A" and A, respectively.
The generalized Drazin inverse of a € A is the element b € A which satisfies

bab = b, ab = ba, a—a’be A

If b exists, it is unique and will be denoted by a¢. The set A¢ consists of all
a € A such that a? exists. Koliha [16] studied the generalized Drazin inverse
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in Banach algebras. Harte gave an alternative definition of a generalized
Drazin inverse in a ring [13]. The Drazin inverse is a special case of the
generalized Drazin inverse for which a — a?b € A™'. The group inverse is a
special case of the Drazin inverse for which a — a?b € A™ is replaced with
a = aba. By a* will be denoted the group inverse of a.

An element p = p? € A is a spectral idempotent of a if

ap = pa € AT a+pe AL

Such an element is unique if it exists and will be denoted by a™ [12, 14, 16,
17]. Recall that a™ = 1 — aa®. For the theory of generalized inverses and its
applications, we refer the reader to [2, 4]. Cline’s formula for the generalized
Drazin inverse can be found in [18].

Let p = p?> € A be an idempotent. Then we can represent element a € A

ail a2
a = N
a21 Q22

where aj1 = pap, a12 = pa(l — p), a1 = (1 — p)ap, aze = (1 — p)a(l — p).

as

Lemma 1.1. [21][22, Theorem 1.6.15] Let A be a complex unital Banach
algebra with unit 1, and let p be an idempotent of A. If x € pAp, then
opap(x)U{0} = o 4(z), where o 4(z) denotes the spectrum of x in the algebra
A, and opap(z) denotes the spectrum of x in the algebra pAp.

Lemma 1.2. [5, Lemma 2.4] Let b,q € A% such that ¢b = 0. Then
g+be Ami,

Lemma 1.3. Let b € A% and a € AT,

(i) [5, Corollary 3.4] Ifab = 0, then a+b € A¢ and (a+b)? = 3 (b%)"Ha.

n=0

an(bd)n+1 .
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(i) Ifba =0, then a+b € A% and (a + b)¢ =

n=0

Specializing [5, Corollary 3.4] (with multiplication reversed) to bounded
linear operators Castro-Gonzélez and Koliha [5] recovered [11, Theorem 2.2]
which is a special case of Lemma 1.3(ii).

The Drazin inverse is very important in various applied mathematical
fields like iterative methods, singular differential equations, singular differ-
ence equations, Markov chains and so on. Under specific conditions many
authors have studied representations for the Drazin inverse [6, 7, 10, 15, 24,
25].



Hartwig et al. [15] gave expressions for the Drazin inverse of a 2 x 2 block
matrix in the cases when the generalized Schur complement is nonsingular
and it is equal to zero. These results are generalized in [19] under different
conditions and the hypothesis the Schur complement is either nonsingular
Or Zero.

In [6], Castro-Gonzalez and Martinez-Serrano developed conditions un-
der which the Drazin inverse of a block matrix having generalized Schur
complement group invertible, can be expressed in terms of a matrix in the
Banachiewicz-Schur form and its powers.

Deng and Wei [9] introduced several explicit representations for the
Drazin inverse of a block—operator matrix with Drazin invertible Schur com-
plement under different conditions.

Let

x:[iZ]EA (1)

relative to the idempotent p € A, a € (pAp)? and let s = d — ca €
((1 — p)A(1 — p))? be the generalized Schur complement of a in .

We present explicit formulae for the generalized Drazin inverse of x in
(1) in terms of the generalized Drazin inverse of a and the generalized Drazin
inverse of s. Necessary and sufficient conditions for the existence and the
expressions for the group inverse are obtained too. Thus, we study the
more general case that s is generalized Drazin invertible, which covers the
cases that s is Drazin invertible for linear bounded operators [9], s is group
invertible for complex matrices [6] or s is equal to zero for complex matrices
[15].

The following results will be used in the rest of the paper.

Lemma 1.4. Let z be defined as in (1) and assume that wo = p + a%bs™ca?
is invertible. Then woa?a® is group invertible, (woa’a®)” = adwa1 and

(wa?a®)™ = a™.

Proof. Let us prove that adwo_ Lis group inverse of w, La2qd. Indeed,

(woa?a®)(a%wyt) = woaawyt = (p+ a%bs™ca’)aawy
= (ada + adaadbs’rcad)wo_1 = adawowo_1 = a%a
= a%a?a? = (a®wy ') (woa?a?),

(woa’a®) (a%wy ) (woa’a?) = woa’a®a?a®a® = woa?a?,

(a%wy ) (woa’a®) (a®wy ) = a%a?ala®wyt = awy



implies that (woaQad)# = adwo_ 1. Spectral idempotent of wpa2a® is equal to

(woa?a®)™ = p — (woaa?)(a®wy ') = p — aa = a™. O

d

Lemma 1.5. Let x € A and u € A be an invertible element. Then u ‘zu €
A and (v tzu)d = vz,

2 Results

In this section, when we say that x is defined as in (1), we assume that z
has a representation as in (1) relative to the idempotent p € A, a € (pAp)?
and s = d — ca®b € ((1 - p)A(1 — p))<.

The following lemma will extend to the generalized Drazin inverse of
Banach algebra elements a well known result concerning the Drazin inverse
of Hilbert space operators, see [8, Theorem 1]. Observe that condition (ii)
of the next lemma which appear in [8, Theorem 1] can be replaced with
equivalent condition (iii).

Lemma 2.1. Let z be defined as in (1). Then the following statements are
equivalent:

(i) = € A? and 2% = r, where

[ a® + a%bsica® —abs? }
r= ;

—sdcad s?
K T
N o Thed — gdpor omood _ od o _ | ea™ a”b nil .
(ii) a™bs® = a®bs™, s"ca® = s%ca andy—[sﬁca7r g™ € AT,
aa™ bs™ ;
(iii) a™b=0bs", s"c=ca™ and y= [ ca™  ss™ ] € Amil,

Proof. (i) & (ii): We can verify that rar = r. Since a™bs? = a%s™ and

sTca® = sbca™ imply a"bs%a® = a%bs?ca™, by elementary computations,

we observe that zr = rz if and only if a™bs? = a%bs™ and s"ca® = s¢ca”.
. 9 p —ab p a% 9

Now, we can obtain x —z“r = 0 1-p Jlo 1 0 and r(x —x°r) =

0 1-p 0 1—-p
to y € AL,

(ii) < (iii): First, we check that a™bs? = a?bs™ is equivalent to a™b = bs™.
If we multiply the equality a™bs? = a®bs™ from the right side by s and from

d _.d .
r([ p  ah } [ p —ah ] y) = r(y). Hence, x — 2%r € AT is equivalent



the left side by a, respectively, we get a"bs%s = 0 and aa®bs™ = 0. So,
bsts = aabs?s = aa® and

a™b=b—aa’h=b— bsts = bs".

On the other hand, a™ = bs™ gives (a™b)s? = bs"s? = 0 and a?(bs™) =
a%a™ = 0. Hence, a™bs? = a%bs™.

Similarly, we can prove that s"ca® = s%a™ is equivalent to s™c = ca™.
Thus, we deduce that (ii) < (iii). O

Remark. Using Lemma 2.1, if = is defined as in (1) and r is defined as
in (2), then z € A# and 27 = r if and only if a € (pAp)¥, s € (1 —p)A(1—
p))*, a™b = 0 = bs™ and s"c = 0 = ca”. This results is well-known for a
complex matrix [3, Theorem 2] (see also [6, Corollary 2.3]). The expression
(2) is called the generalized Banachiewicz—Schur form of z. For more details
see [1, 3, 6, 8, 15, 23].

Now we present a formula for the generalized Drazin inverse of block
matrix z in (1) in terms of the generalized Drazin invertible Schur comple-
ment s. We extend [9, Theorem 7] concerning the Drazin inverse of 2 x 2
block-operator matrix to more general setting.

Theorem 2.1. Let = be defined as in (1). If

ca™bss? = 0, aa™bss? =0, ss"c =0, a™bs"c = bs"caa® = 0,

(3)

then z € A% and

0 a™b > 0 bs™ aa™ bs™ |"
d __ n+1
x_([s”c s”d}r—i_l)r(l—i_zor [ca7T ds”}[ca“ ds“})’
n—=
(4)
where r is defined as in (2).
Proof. Notice that, by a™ + aa® = p and s™ 4+ ss? =1 — p,

| aa™ bs™ n a?a®  bss? — 4
=0 ™ dsT caa® dss? | T YTH

From a%a™ = 0 = s7s%, d = s + ca®b, bs™ca® = (bs™caa?)a? = 0 and (3), we
get yz = 0.
To prove that y € A9, we observe that

_ aa™ a™bs™ " 0 0 n 0 aa®bs™
vy = 0 ss™ sTca™  sTcabsT ssbea™  sstds™
= Y1+ Y2 +ys.



i ar 0 Ap — a1 0
Recall that if u = ,then A\l —u =
ecall that if u [01 b1:| en u e A1—p) b
and
A € ppap(a1) N pa—paa—p)(b1) = A€ p(u),
ie.

o(u) C opaplar) U 0(1-p).A(1—p) (b1).

Since aa™ € (pAp)™ and ss™ € ((1 — p)A(1 — p))®™ we deduce that
y1 € A™L By r(s™cabs™) = r(bs"ca?) = r(0) = 0 and o 4(s"ca’hs™) =
O(1—pyA(1—p) (sTca’ds™) U {0} (Lemma 1.1), yo € A We can check that
y192 = 0 which gives that y; + yo € A7 by Lemma 1.2. Also, by Lemma
1.2, y2 =0 (i.e. y3 € A™) and (y1 + y2)y3 = 0 imply y € AL,

In order to show that z € A%, we write

L aq® aa®bss? 0 a™bss® — 2 42
T | ss?caat  ssidss? sTcaa® sTdss? | T LT
: _ 2 _ — AZl BZ1
We can verify that 2120 = 0 and 25 = 0. If 21 = , we note
C., D,

that A,, = a2a? € (pAp)#, (a%a®)# = a4, S, = D,, — C,, AL B,, = 5257 ¢

(1 = p)A(1 — p))*” and (s2s%)# = s?. Using Lemma 2.1, we have z; € A?

and z{ = r. Further, by Lemma 1.3, z € A? and 2% = 2§ + 2(2%)2.
Applying again Lemma 1.3, we conclude that z € A% and

oo o0
o= S = et (1436,
n=0 n=0

d d
Then, observe that 2 =7 =r [ a(c)z sgd } = { “ Od } T

0
o 0 a™b aa 0 S 0 a™b ,
217 | sme s7d 0 ss? | s"c¢ §™d

and

vield (4). 0

The condition of Theorem 2.1 are cumbersome and complicated, but the
theorem itself have a number of useful consequences.

By Theorem 2.1, we obtain the following corollary which recovers [6,
Theorem 2.5] for the Drazin inverse of complex matrices.



Corollary 2.1. Let x be defined as in (1), a € (pAp)* and let s € ((1 —
p)A(1 —p))*. If ca™ =0 and bs™ = 0, then x € A% and

gl | P a"bs*ca®  a"bs? a +a*bs?ca® —a”bs?
- s"ca? 1—p —s*ca® s#

If we assume that the generalized Schur complement s is invertible in
Theorem 2.1, then s™ = 0 and the next corollary which covers [15, Theorem
3.1] follows.

Corollary 2.2. Let x be defined as in (1), and let s € ((1—p)A(1 —p))~ L.
If ca™b =0 and aa™ = 0, then x € A? and

e ([0 a™b NN
T —([0 0 rm+1]nm 1—}—2_;)7“1 caa™ 0 ,

a® + a%bs tca® —abs! ]

where r; = _ _
[ —s tead st

In the following result we introduce the other expression for the gen-
eralized Drazin inverse of x which include an invertible element wg = p +
abs™ cal.

Theorem 2.2. Let x be defined as in (1). If

aad™—a"bs%ca™ =0, sTca™ =0, ca™b=0, a"bs" =0, ss"c=0=bss"

()

and wo = p + a®bs™ca® is invertible, then x € A% and
d_ 0 a™b 0 bs™
x —([ch & r+1)wrw |14+ ca™  ds™ , (6)
wy L 0
where r is defined as in (2) and w = [ 0 } .
p
d

Proof. First, we observe that u = [ ] is invertible in

dbd _ db
A and its inverse is u™! = [p—i—adsc ¢ ]
—s% 1—p
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Let us denote X = uxu™", so we have

[ A B _ _1

X = c D ] = uTu
_ [ p a a b p+ a®bste —ab
| st (1—p)+scad c d —slc (1—p)
| a— a"bs?c + a%bs™c a™b + abs
| s"c+stc(a—a"bsc + a%bs™c) s+ sle(a™b+ abs) |

The first and the third conditions from (5) give us equations caa™ = 0
and aa™b = 0. The second condition implies s™caa® = s™c.

Applying these equations along with a = aa™ + a%a?, we have

A = a—a"bs?c+ a%bsTc = wpa’a® + aa™ — a"bs’e,
B = a"b+ a%s,
C = s"c+ slcla—a™bs¥e + albs™c) = s™c + stewpa’al,
D = s+ s%(a™b+ a%s) = s + slcabs.
From Lemma 1.4, we have woa?a? € (pAp)#, (woa?a®)# = a%wy' and

(wa?a?)™ = a™. Further,
(aa™ — a™bs%c)? = (aa™ — a™bs%ca™)a — aa"bsc + a"bs?ca™bsle = 0
implies (aa™ — a™bs%) € (pAp)™" C (pAp)®™ and it holds
woa’a’(aa™ — a™bs’c) = 0.

Applying Lemma 1.3 (ii), we conclude that A € (pAp)¢ and

A = (weaa®)? + (aa™ — a™bs’c)((woa’a?)*)?
= (p— a"bs%ca’wy Hatwy
Since wpaa? = aa%wg implies (woa’a?)(a%wy') = aa® and it holds
a%wy ta™ = (woa?a®)# (woa?a?)™ = 0, we have

A™ = p— AAY
= p— (woa’a® + aa™ — a"bs’c)(p — a"bs’ca
= p— woazadadwo_1 —aa”a? 0_1 + a™bs%cal

+ woa2ada”bsdcad’w0_1adw0_1 + aa"bs%ca?

d,—1 d, —1
Wy ~a Wy

d 1

wy )atwy
Wy !

Wy ladwo_ !
a™bs%ca™bsca

= ad + a”bsdcadwo_l.



Notice that AA™ = 0. Therefore, Al = A#,

Now,

S = D—CA#*B = s+ s%a’bs

— (5" + s%ewpaa®) (p — a"bsca®wy ) a%wy H(a™b 4 a’bs)

= s+ stcalbs — (s + slewpa’a?)awy tabs

= s+ s%a%bs — s cadwo Ladbs — sdcwoaQadadwO Ladbs

= s —s"ca’wy talbs.
Since
€ (1-pAL—p))? (s"ca®wytabs)? =0, s(s"ca’wyalbs) =0,
applying Lemma 1.3 (ii), we have that S € ((1 — p).A(1 — p))? and
Sl =5l _s cadw Ladbs?,

Then,
S™ = (1—p)— S8% = 5" + s"cawy talbss’.

The following equations hold
CA™ =0, BST=0, AA™ =0, SS™C =0

which implies that X satisfies the conditions (3) from Theorem 2.1. Using
this Theorem, we conclude X € A% and

x4 = <[ 5790 ‘éﬂg ] R+1) R,

where

A# + A¥BSICA# —A#BS?
—54C A* Sd

Then, applying Lemma 1.5 on z = 4~ ' Xu we have

d_,~lyd, _ -1 0 A™B
' =u " Xu=u <[S“C 57D R+1 ) Ru.



Observe that

R — A# 0 p+ BSICA#* —BS¢ P a’b
S L —CA#* (1-p) sl (1 —p)+ s%ad |-
Since
p+ BSYCA#* —BS4 D a’b _
—CA* (1-p) slc (1—p)+slca®d |
p+ a“b(sd)zcaa + a%bsicaa? —a"bs? — a¥bss? P a’b
N -5 cadwo — s%caa? (1-p) sl (1 —p)+ sica®d
| p—a"b(s )2ca — a%bs?ca™ abs™ — a™bs?
N —s"ca%wy ! + slca™ (1 —p) — s™cawytadd |
we have
Ru — [ A% 0 ][ p—a™b(s?)%ca™ — a%bsica™ abs™ — a"bs?
Lo st —s™calwy !t + sca™ (1 —p) — s™cawy 'adb
[ A% 0 ][ p—a%bsica™ abs™
o | 0 Sd 11 slea™ (1-p)
n [ A% 0 ][ —a™b(s%)%ca™ —a™bs?
| 0 sd 11 —s’rcadwo_1 —s“cadwo_ladb
A% 0] 14 —a%bsica™  absT
10 S | slca™ 0
N (p — a™bs?ca%wy M) atwy ! 0
| 0 (1 —p) — s™cawy *ab)s?
y —a™b(s%)?%c —a™bs?
| —s cadw —5 cadw Ladp
| 14 a? + a%s?ca® —a¥bs? 0 bs™ n 0 0
- —s%ca? 57 ca™ ds™ 0 0
_ A# O 14 bs™
N 0 ds™
We can write
A#* 0 [ p- a”bs“’ca‘iwo_1 0
0 s4| — 0 (1 —p) — s™ca%wy tadbss?
a0 w - 0
X
0 s 0 (1-p)
_ p— a”bsdcadwo_l 0 a 0 w
N 0 (1 —p) — s™ca%wy ta¥bss? 0 s '
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Therefore,
D — a”bsdcadwo 0

0 (1 —p) — s™ca%wy ta¥bss? }[O s

X 147 0 bs”
ca™ ds™

0 bs™ . a 0 a® 0
DenoteM-w(l—i—r[caTr ds™ ]).Notlcer{o s][O d]—?”-

s
Using the equation a%wy *(p+a?bs?ca’a) = a®wy* (a + a%bs?ca?)a, we have

d -1 0 A™B
¢ = u <[S“C SﬂD]R—f—l)

o= |

p — a"bs%ca® wy, -1 0 a® 0
M
% [ 0 (1 —p) — s™ca%wy tadbss? 0 s4
. p— A"BSICA# A™BSY
N STC A# (1-p)
[ p— a”bsdcaﬁlwo_1 0 a® 0
M
8 I 0 (1 —p) — s™ca%wy tadbss? 0 s4
. | P a™b(s%)?caa? — a"bslca’wy ta%bstcaa®  a™bs? 4 a"bs?ca®wy talbss?
I s™ca%wy (a? + adbsica?)a (1—p)
[ p— a™bsca’ w, . 0 a® 0
M
% I 0 (1 —p) — s™ca%wy ta%bss? 0 s4
= u_l
" [ p—a™b(s%)2caa® — a"bs?ca%wy (a? + a%bsicat)a  aTbs? + a”bsdcadwo Yalbss?
s™cawy !t (a? + adbsicat)a (1 —p) — s™ca%wy 'abss?
- -
a® 0
X 0 s M
ot (1s [ —a“bsdcadwo a™bs? (ad—i—adbsdcad)a —a%bs?s
o s”cadwo 1 0 —s%cala sls
J -
a® 0
X [ 0 s M
1 [ —a"bs%ca®  a"bs? wo_1 0 a 0
= u 1+ v d r
| s"ca 0 0 (1-p) 0 s
J -
a® 0
X [ 0 s M

11



- p+a%bs?c  —atb a® 0
N —slc (1-p) 0 s?
1] 0 a”™b wal 0 a 0 al 0
T {5”0 s7d |"| 0 (1—-p) "lo s 0 s M

p+ a®bsle —ab 0 a™b
r { —sc (1-p) st¢ std | M

[ wy 0 a%bste —adb 0 da™b
| 0 (l—P)}—’—([ —sdc 0 1 st s7d | wr

(
<- 0 —a’bsTe —a’bsTd 0 ab

: Eug} (1_p)}+{ o }HL% Zﬂd]T>WM
(

r dp T Hnd _ Ay oT . d T
p+a(§)sca (1Ep)]+[ a®bs™ca 0}4_[0 ab]r)wrM

1—&—[2 aﬂb]r>wrM.
s"c s™d

Replacing M, we get (6). O

0 0 sTc s™d

If s € ((1 —p)A(1 —p))* in Theorem 2.3, then ss™ = 0 and we recover
as a special case [9, Theorem 9]. If s € ((1 —p).A(1 —p))~! in Theorem 2.3,
we get the following consequence.

Corollary 2.3. Let x be defined as in (1), and let s € ((1 —p)A(1 —p))~ L.
If aa™ — a™bs 'ca™ = 0 and ca™b = 0, then x € A% and

d_ 0 a™b 0 O
T <[0 0 ri+1)r(1+m ca™ 0 ,

where 11 is defined as in Corollary 2.2.

We give a representation of z? in the next theorem under conditions
a™ =0 and s"caa® = 0.

Theorem 2.3. Let x be defined as in (1). If a™b =0 and s™caa® = 0, then
€ A% and

e dpod,. © dpm 7 n
d_ ntl —a®bs%ca™ a%bs aa 0
e S (T Il ) | B

n=0

where 1 is defined as in (2).

12



Proof. By the assumption a™b = 0 and s™caa® = 0, s™ca? = 0 and we can
write

S aa™ a™b n a2a®  aadb | aa™ 0 n a2a®  aab
o sTc s™d ssbe ssld |~ | sT¢ sTs sste  sstd
= y+z

Now, we obtain that yz = 0 and y € A% because aa™ € (pAp)?™* and
ss™ € ((1—p)A(1 - p))™.
To prove that z € A%, we observe that

d d dcaw SdeSW

aal aabss? 0 aa’bs™
ss@caa®  sstdssd ss

:| = z1 + 29.

From Lemma 2.1, we have z; € A% and z‘li = r. Since z9z1 = 0 and z% =0,
by Lemma 1.3(i), z € A? and 2% = 2¢ + (2§)%22 = 7 + r?2s.
o0

Therefore, using Lemma 1.3(i), z € A% and 2% = > r" (1 + r29)y"

n=0

which gives (7). O

Also we can obtain the following expression for the generalized Drazin
inverse of block matrix .

Theorem 2.4. Let x be defined as in (1). Ifa™b = 0 = bs™ and s™scaa® = 0,
then x € A% and

d _ 0 0 - n+1 0 0
x ([ch SWd]r+1>r<1+ZOr caa® 0 , (8)

where r is defined as in (2).

Proof. In the similar way as in the proof of Theorem 2.1, using the following
decomposition

| aa™ O n a’a? bss? ] n
T ™ caa® dss¢ | T YA
we verify this result. O

Using Theorem 2.3, we get necessary and sufficient conditions for the
existence and the expression of the group inverse of . The following result
recovers [9, Theorem 12] and [6, Theorem 2.2].

13



Theorem 2.5. Let x be defined as in (1). Suppose that a™b = 0 and
s™caa® = 0. Then

xze A" if and only if a € (pAp)?, s e (1—p)A(l—p)* and s"ca™ = 0.

Furthermore, if a € (pAp)”, s € (1 — p)A(l —p))*, a™b =0 and s"c = 0,
then

o a’ + abstca® —a”bsT p—a?bsTea™ abs™
o —s*cat s# s#eca”™ 1—p |~

(9)

Proof. If x € A%, by Theorem 2.3, * is equal to the right hand side of (7).

d
Since x1r? = (zr)r = [ ag sgd } r =r, then
dpod . dp T
2. # _ .2 (1 —abs%ca™ a%bs
7T xr < + [ sdegm 0

n aa® 0 14 —a%siea™  adbsT aa™ 0
0 ss? slea™ 0 s"c sTs
0 dy od . dy, o T n
n—1 —a%bs®ca™  a“bs aa 0
+ er <1+ [ stea™ 0 }) [ s"c s"s ]
o
= L+ L+1Is.

By the equality « — 2227 = 0, we obtain I3 = x — I; — I,. Now, notice that

dy.d . dy, .
#_ —a®bs®ca™ a®bs
* " <1 + [ stea™ 0 ])
_ L dped, ., T dy, 7 s
v o2 (14 adbs :a a®bs aa 7(3 )
s%ca 0 s"c sTs
abs™
0
abs™
0

= r (1 + [ —a“bstea” D +r @ — 1)
)

s%ca™

( [ —a%bsea™
= T 1+ d

s%a™ ’
Hence,
9 4 a’a® + a"bs%ca™ aa?bs™ + bss?
Tz = d d,. d 2.d
caa® + ss%ca ca®b + s*s

aq® bs™ + bss? ] _ [ aq® b

o [ ss@caa® + sstea™ d— s+ s2s° 2gd

ssbe d— s+ s%s
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and 2227 = z imply a?a? = a, s?s% = s and ss?c = c. So, a € (pAp)”

s€ ((1—p)A(1—p)” and s"ca™ = ca™ — ca™ = 0.

Assume that a € (pAp)*, s € ((1 — p)A(1 — p))* and s"ca™ = 0.
Then s™c¢ = s™ca™ + s"caa® = 0. Denote by u the right hand side of
(9). Using Theorem 2.3, we get that 2 € A% and 2% = u. We can show that
zz%r = zuxr = z which implies that z € A# and z# = w. O

Applying Theorem 2.4, we prove the next result related to the group
inverse % which is an extension of [9, Theorem 13].

Theorem 2.6. Let x be defined as in (1). Ifa™b = 0 = bs™ and s™scaa® = 0.
Then

x € A% if and only if a € (pAp)*, s € ((1—p)A(l—p)* and s"ca™ = 0.

Furthermore, if a € (pAp)*, s € (1 — p)A(1 — p))¥, a™b = 0 = bs™ and
s"ca™ =0, then

m#:([sﬁc Sgd]r+1>r(1+r[cgﬂ SD, (10)

where r is defined as in (2).

Proof. Let x € A”. Using Theorem 2.4, z7 is equal to the right hand side
0 0 0 0

of (8). From [ caa™ 0 } x = [ ca*tlag™ 0 ], we get

atr = ( 0 0 r+1

)

(e walr)
PRSI
(e walr)

( )

n=0
([ o o ~ 41| 00
o ste s7d | +1 { a® d ] + Z ca™a™ 0
L n=0
(T o o —~ 41| 0 0
o s7c s7d | +1 [ ] * EIOT caa™ 0
L n=

15



s"c s™d

- 0 0 aad 0 a™ 0
n+1 I _ ]
So $n§07" { caa™ 0 } =Tr—x [ 0 ssd } x [ 0 s ] By this
equality and the equation rzr = r, we obtain

0 0 ] > 0 0
# n+1
x = ( e s“d_r—i_l 7"<1+Zr [ca”a“ 0])
T 1—|—mir"+1 0
0
a™ 0
(o] sﬂD
(e ])
sS

<
+
<

r+1]|r

)
([ )
([
( )

implying
v
2t = (1 +r [ aaﬁ OW ])
ca™ ss
d d
aa 0 —a bs ca™

o x[s”cad ssd}<1+[ stea™ })

_ [ a2a® bsst ]| 14 —adbs ca™

| caa®  dss? ] slea™

B [ a2a® bss® | + —aa®bsca™ + bstca™ 0

| caa®  dss? ] —ca%bstea™ + dstca™ 0

_ [ a2a® bsst | 0 0] aa® b

| caa® dss? | ssca™ 0| | c—s"ca™ d—ss™ |’
Because z2z# = z, we deduce that a?a? = a, ss™ = 0 and s"ca™ = 0 which

yield a € (pAp)#, s € ((1 - p)A(1 — p))# and s™ca™ = 0.

Suppose that a € (pAp)#, s € (1 — p)A(1 — p))* and s™ca™ = 0. Thus
a™a™ = 0 for all n > 1. If we denote by v the right hand side of (10), by

16



Theorem 2.4, z € A% and 2% = v. Since zz

dy = graz = x, then z € A% and

o = . OJ

In the recent past EP Banach algebra elements were studied, in other
words, elements of an algebra such that they commute with their Moore-
Penrose inverse, see [20]. It seems as a nice problem finding representations
of EP block matrices.

References

1]

J.K. Baksalary, G.P.H. Styan, Generalized inverses of partitioned ma-
trices in Banachiewicz-Schur form, Linear Algebra Appl. 354 (2002)
41-47.

A. Ben-Israel, T.N.E. Greville, Generalized Inverses: Theory and Ap-
plications, 2nd ed., Springer, New York, 2003.

J. Benitez, N. Thome, The generalized Schur complement in group
inverses and (k + 1)-potent matrices, Linear and Multilinear Algebra
54 (2006) 405-413.

S.L. Campbell, C.D. Meyer, Generalized Inverses of Linear Transfor-
mations, Pitman, London, 1979.

N. Castro-Gonzalez, J.J. Koliha, New additive results for the g-Drazin
inverse, Proc. Roy. Soc. Edinburgh Sect. A 134 (2004) 1085-1097.

N. Castro-Gonzalez, M.F. Martinez-Serrano, Drazin inverse of parti-
tioned matrices in terms of Banachiewicz-Schur forms, Linear Algebra
and its Applications 432 (2010) 1691-1702.

D.S. Cvetkovié-1li¢, A note on the representation for the Drazin inverse
of 2 x 2 block matrices, Linear Algebra Appl. 429 (1) (2008) 242-248.

C. Deng, A note on the Drazin inverses with Banachiewicz-Schur
forms, Appl. Math. Comput. 213 (2009) 230-234.

C. Deng, Y. Wei, Representations for the Drazin inverse of 2 x 2 block-
operator matriz with singular Schur complement Linear Algebra and
its Applications 435 (2011) 2766-2783.

D.S. Djordjevi¢, P.S. Stanimirovi¢, On the generalized Drazin inverse
and generalized resolvent, Czechoslovak Math. J. 51 (2001) 617-634.

17



[11]

[12]

[13]

[14]

[15]

[16]

[17]

[18]

[19]

D.S. Djordjevi¢, Y. Wei, Additive results for the generalized Drazin
inverse, J. Austral. Math. Soc. 73 (2002) 115-125.

R.E. Harte, Invertibility and singularity for bounded linear operators,
New York, Marcel Dekker, 1988.

R.E. Harte, On quasinilpotents in rings, Panamer. Math. J. 1 (1991)
10-16.

R.E. Harte, Spectral projections, Irish Math. Soc. Newsletter 11 (1984)
10-15.

R.E. Hartwig, X. Li, Y. Wei, Representations for the Drazin inverse
of 2 x 2 block matriz, STAM J. Matrix Anal. Appl. 27 (2006) 757-771.

J.J. Koliha, A generalized Drazin inverse, Glasgow Math. J. 38 (1996)
367-381.

J.J. Koliha, Isolated spectral points, Proc. Amer. Math. Soc. 124 (1996)
3417-3424.

Y. Liao, J. Chen, J. Cui, Cline’s formula for the generalized Drazin
inverse, Bull. Malays. Math. Sci. Soc. (2), (accepted).

M.F. Martinez-Serrano, N. Castro-Gonzalez, On the Drazin inverse of
block matrices and generalized Schur complement, Appl. Math. Com-
put. 215 (2009) 2733-2740.

D. Mosié, D. S. Djordjevi¢, EP elements in Banach algebras, Banach
J. Math. Anal. 5 (2) (2011) 25-32.

V. Rakocevié, Funkcionalna analiza, Naucna knjiga, (1994).
C.E. Rickart, General Theory of Banach algebras, Van Nostrand, 1960.

Y. Tian, Y. Takane, More on generalized inverses of partitioned matri-
ces with Banachiewicz-Schur forms, Linear Algebra Appl. 430 (2009)
1641-1655.

X. Li, Y. Wei, A note on the representations for the Drazin inverse of
2 x 2 block matriz, Linear Algebra Appl. 423 (2007) 332-338.

Y. Wei, Expressions for the Drazin inverse of 2x2 block matriz, Linear
and Multilinear Algebra 45 (1998) 131-146.

18



Address:

Faculty of Sciences and Mathematics, University of Nis, P.O. Box 224,
18000 Nis, Serbia

E-mail

M. Z. Kolundzija: mkolundzija@pmf.ni.ac.rs
D. Mosi¢: dijana@pmf.ni.ac.rs
D. S. Djordjevi¢: dragan@pmf.ni.ac.rs

19



