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Let A be a unital ring admitting involution. We introduce an order on .4 and
show that in the case when A is a Rickart %-ring, this order is equivalent to the
well-known star partial order. The notion of the left-star and the right-star partial
orders is extended to Rickart x-rings. Properties of the star, the left-star and the
right-star partial orders are studied in Rickart *-rings and some known results are
generalized. We found matrix forms of elements a and b when a < b, where <
is one of these orders. Conditions under which these orders are equivalent to the
minus partial order are obtained. The diamond partial order is also investigated.

Keywords: Rickart *-ring; star partial order; left-star partial order; right-star
partial order; diamond partial order; minus partial order

AMS Subject Classifications: 16W10; 47A05

1. Introduction

Let A be a ring. An involution * in a ring A is a bijection a +— a* of A onto itself such
that

@"*=a, (ab)* =b*a*, (a+b)*=a"+b",

for every a, b € A. A ring admitting an involution will be called an involutory ring. For
a € A, we will denote by a° the right annihilator of a, i.e. the set a® = {x € A : ax = 0}.
Similarly we denote the left annihilator °a of a, i.e. the set °a = {x € A : xa = 0}. A
ring A is called a Rickart ring if for every a € A there exist some idempotent elements
p.q € Asuchthat a® = p - A and °a = A-g. An involutory ring A is a Rickart *-ring
if the left annihilator °a of any element a € A is generated by a self-adjoint idempotent
e € A, ie °a = A-e where e = ¢* = ¢%. The analogous property for right annihilators is
automatically fulfilled in this case. Note that the self-adjoint idempotent e is unique: let f
be a self-adjoint idempotent in A such that Ae = Af. Then, ¢ = ee € Ae = Af hence
ef =xff =xf =eforsomex € A Wehave e = ef = fe and similarly f = fe = ef,
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so e = f. Note also that if 4 is a Rickart ring, then A has a unity element. The proof is
similar to that used for Rickart *-rings.[1]

Let H be a Hilbert space and B(H) the algebra of all bounded linear operators on H.
The image and kernel of A € B(H) will be respectively denoted by Im A and KerA. Semrl
defined in [2] an order in B(H), called the minus partial order, in the following way. For

A, B € B(H) we write A < B when there exist idempotent operators P, Q € B(H) such
that Im P =Im A, Ker A = Ker Q, PA = PB,and AQ = BQ.

Semrl proved that this is indeed a partial order on B(H). He also presented some
equivalent definitions of this order (see Theorem 2 in [2]). In [3], authors found another
equivalent definition which allowed them to consider the algebraic version of the minus
partial order. Namely, the following order, called the minus order on a ring A with the
unit 1, was introduced.

Definition I Let A be a ring with the unit 1. For a, b € A we write a % b when there
exist idempotent elements p, ¢ € A such that

i) °a=A-(1-p),
(i) a®=(1-q)- A
(iii)) pa = pb, and
(iv) aq = bgq.

Authors proved in [3] that this is indeed a partial order when A is a Rickart ring.
Many other partial orders were defined on B(H). For example, Drazin [4] defined the
star partial order in the following way:

A<B when A*A=A"Band AA* = BA™, (1)
k

A, B € B(H).In[5], authors proved that the following definition is an equivalent definition
of this order on B(H).

Definition 2 For A, B € B(H) we write A < B when there exist self-adjoint idempotent
*
operators P, Q € B(H) such that

(i) ImP =1ImA,
(ii)) Ker A =Ker Q,
(i) PA = PB,and
(iv) AQ = BO.

Following the idea of the paper [3], we will in the next section present another equivalent
definition of the star partial order on B(H ) which we will then generalize to involutory rings
with a unit and show that in the case when the ring is a Rickart *-ring, the new definition
is equivalent to the original, Drazin’s definition of the star partial order (1). We will then
consider the left-star and the right-star partial orders in a similar way (see the third section)
and the diamond partial order (see the fourth section), and study properties of these orders
and generalize some known results.
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2. Star partial order

Let us first present a new equivalent definition of the star partial order on B(H).

Definition 3 For A, B € B(H) we write A < B when there exist self-adjoint idempotent
operators P, Q € B(H) such that

(i) "A=B(H)-(—P),
(i) A°=U - Q) B(H),
(i) PA= PB,and
(iv) AQ = BO.

To prove that this is indeed an equivalent definition of the star partial order, we will
need the following two lemmas.

LEmma 2.1 Let A, B € B(H). Then,

(i) A° = B°ifandonly if Ker A = Ker B.
(i) °A=°Bifandonly iflm A = Im B.

Proof Let A, B € B(H) and A° = B°. Suppose x € Ker A and let P be a self-adjoint
idempotent where Im P = Ker A. So, Px = x and AP = 0. It follows that BP = 0 and
hence Bx = 0. So, Ker A € Ker B. In the same way, we show that Ker B € Ker A hence
Ker A = Ker B.

Suppose now Ker A = Ker B for A, B € B(H). Let X € A°. So, AX = 0 hence Im
X C Ker A. We have BXz = 0 for every z € H hence X € B°. It follows that A° C B°.
Similarly we get B® € A° hence A° = B°.

Note that °A = °B if and only if (A*)° = (B*)°. So, °A = °B if and only if Ker

A* = Ker B* which is equivalent to Im A = Im B. O

The following lemma will be presented in a broader context of unitary rings, but note
that it holds also for idempotent operators in B(H ).

LemMA 2.2 Let A be a ring with the unit 1, and let p be an idempotent element in A.
Then

i p°=0-p)-A
G °p=A-(1-p).

Proof The proof is simple so we will omit it (see Lemma 2.2 in [3]). O

CoroLLARY 2.1 Let A, B € B(H). Then, A < B ifand only if A < B.
*

Proof Let P, Q € B(H) be idempotents. By Lemma 2.2, °A = B(H) - (I — P) is
equivalent to °A = °P, and A° = (I — Q) - B(H) is equivalent to A° = Q°. From
Lemma 2.1, we may conclude that °’A = B(H) - (I — P) if and only if Im A = Im P, and
A° = (I — Q) - B(H) if and only if Ker A = Ker Q. Il
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We will now extend the order defined with Definition 3 from B(H) to an involutory
ring with the unit 1. The first two conditions from Definition 2 cannot be transferred but
since we may define left and right annihilators of any element in a ring, all the conditions
from Definition 3 may be used.

Definition 4 Let A be an involutory ring with the unit 1. For a, b € A we write a < b
when there exist self-adjoint idempotent elements p, g € A such that

@ fa=A-(1-p),
(i) a®=(1-¢q)-A
(iii) pa = pb, and
(iv) aq = bgq.

The order < will be called the star order on .A.

We will prove later on (see Theorems 2 and 1) that this order < is indeed a partial order
when A is a Rickart *-ring, and that at least in Rickart *-rings such an order is rightfully
named ‘the star order’.

Drazin introduced in [4] the star partial order in a broader sense of proper *-semigroups.
Recall that a special case of a proper *x-semigroup are all proper involutory rings with
‘properness’ as customarily defined via aa™ = 0 implies a = 0. Recall also (see [6] or
[1]) that any Rickart *x-ring has a unit and is a proper involutory ring (i.e. aa™ = 0 implies
a = 0). Theorem 1 will show that on Rickart *-rings the order defined with Definition 4
represents the star partial order which was introduced by Drazin in [4]. In the proof of
Theorem 1, we will need the following remark and some auxiliary results.

Remark 2.1 Suppose p and ¢ are idempotent elements in .A. Then, any x € A can be
represented in the following form:

X X
x=pxq+px(1 —q)+ (1 —p)xqg+ (1 —px(l—q) = [ x“ x” } .
21 %22 |,

Here, x1,1 = pxq, x12 = px(1 —q), x21 = (1 — p)xq, x22 = (1 — p)x(1 — q). If

x = (X j)pxqg and y = (yi,j) pxq, then x +y = (x; j + yi,j) pxq- Moreover, if r € A is

idempotentand z = (z;,j)gxr,thenxz = (Z%lei,kzk, j . Thus, if we have idempotents
pxr

in A, then the usual algebraic operations in .4 can be interpreted as simple operations

between appropriate 2 x 2 matrices over .A. Furthermore,

xF X
_ L1 %21
2 %22 Jgesp
Similarly, if ey, €3, .. ., ¢, and f1, fo, ..., f, are idempotents in 4 such that e; + er +
ode,=1=fi+ o+ + fp,andfori # j,e;e; =0and f; f; = 0 (i.e. these sums

of idempotents represent two decompositions of the identity of .A), then for any x € A we
have

n

x=1-x-l=(e1+er+ - +e)x(fi+fat -+ fa)= Y exf.
i,j=I
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We may write x as a matrix

where x;; = e;xfj.
Again, the usual algebraic operations in A can be interpreted as simple operations
between appropriate n x n matrices over A (see [3]).

Let

LP(@):={peA:p=p> °a=A-(1-p)={peA:p=p’ °a="p),
RP(a):={geA:q=q*,a°=(1—¢q)- Al={ge A:q=q° a°=q°}.

Since A is Rickart *-ring, there exists the unique self-adjoint idempotent in LP(a). We
will denote it by Ip(a). Similarly, let rp(a) denote the unique self-adjoint idempotent in
RP(a). Since a = Ip(a)a = arp(a), it follows that

a<b & a=Ilpla)b = brp(a).

It is shown in [3] thatif a € A, p € LP(a) and g € RP(a), then

LP(d)z{[g %1] :p1€p~A~(1—p)},
pxp

0
RP(a)z“:;l Oqu:qlea_q).A.q}. )

There are several characterizations of the star partial order (1) on the set of complex
matrices. One of them is as follows. If A and B are complex matrices, then

A<B & A=PB=BQ

*

for some self-adjoint idempotent matrices P and Q. We will show in Theorem 1 that the
same characterization is true in Rickart *-rings.
First, let us present the following lemmas which will be used frequently.

Lemma 2.3  Let A be Rickart x-ring and a € A. Then,

@ (@)° = dp(a)°;
(i) °(a@*) = °(rp(a)).

Proof The statement (i) follows by the sequence of equivalences:
a*x=0% x*a=0 & x" €° ="°Ip(a) & x*Ip(a) =0 & Ip(a)x = 0.

The statement (ii) can be proved similarly. U
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LEmMA 2.4 Let A be Rickart x-ring and a, b € A. The following are equivalent:

) a=lIp(a)b;
(1) a = pb, for some self-adjoint idempotent p;
(iii) a*a = a*b.

Proof (1) = (i) is trivial.
(i) = (iii): Suppose a = pb where p is self-adjoint idempotent. Then, a = pa and
a*a = a*pb = (pa)*b = a*b.
(iii)) = (i): Now, a*(b — a) = 0. By Lemma 2.3, Ip(a)(b — a) = 0 so a = Ip(a)b.

Similarly, we obtain the following lemma.
LeEmma 2.5 Let A be Rickart x-ring and a, b € A. The following are equivalent:

() a = brp(a);
(1) a = bq, for some self-adjoint idempotent q;
(iii) aa™ = ba*.

TueorEM 1 Let A be a Rickart x-ring and a,b € A. The following conditions are
equivalent:

@ a=b;
(1) there exist self-adjoint idempotents p and q such that a = pb = bq;
(iii) a*a = a*b and aa™ = ba*;

(iv)
| a O _|a O
a—|:0 O] and b—[o b1:| 3)
pxq pxq

where p = lp(a) and q = 1p(a);
(V) there exist self-adjoint idempotents p and q such that (3) holds.

Proof (i) < (i1) < (iii) follows by Lemmas 2.4 and 2.5.

(1) = (iv): Suppose that a < b. Then a = pb = bg where p = Ip(a) and ¢ = rp(a).
It is clear that a = pag so a has the requisite matrix form. According to Remark 2.1
representation of b follows by

pbg =bgqq =bg = a,
pb(1 —q) =bq(1 —q) =0,
(1 —=p)bg =1 —p)pb=0.

(iv) = (v) is trivial.
(v) = (i1): We have

and similarly a = bq. ([
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The next theorem can be proved directly in a similar way as Theorem 3.3 in [3]. Since
any Rickart x-ring is a proper involutory ring and since Drazin introduced the star partial
order (1) in a broader sense of proper x-semigroups, the next theorem is a direct consequence
of Theorem 1 ((i) < (iii)).

TueoREM 2 Let A be a Rickart x-ring. The order <, introduced with Definition 4, is a
partial order in A.

From now on, we may and will denote the star partial order on a Rickart *-ring by <.

Remark 2.2 A C*-algebra that is a Rickart -ring is called a Rickart C*-algebra. Recall
(see [1]) that the algebra B(H) is an example of a Rickart C*-algebra.

Remark 2.3 Statement (ii) of Theorem 1 shows that the conditions (i) and (ii) in
Definition 4 are redundant in the case when A is a Rickart *-ring. Therefore, according
to Lemma 2.1, the conditions (i) and (ii) in Definition 2 are also redundant.

Remark 2.4  Statements (iv) and (v) of Theorem 1 give the characterization of all elements
b above a given element a under the star partial order.

CoroLLARY 2.2 Let A be a Rickart x-ring and a,b € A. Then, a < b if and only if
b—a <b.

Proof Supposethata < b.ByTheorem 1,a = pb = bg for some self-adjoint idempotents
pandg.Nowwehaveb—a =b—pb= p'bandb—a = b—bqg = bq' where p’ =1—p
and ¢’ = 1 — ¢ are self-adjoint idempotents. Hence, by Theorem 1 again, we conclude that
b —a < b. Since a + (b — a) = b, the opposite direction follows. O

TueoreM 3 Let A be a Rickart x-ring and a,b € A. Then, a < b if and only if there
exist decompositions of the identity of the ring A

l=ei+ex+e3, l=fi+ o+ f3

where e1 = lp(a), e2 = Ip(b — a), f1 =1p(a), f» =1p(b — a), and e3, f3 are self-adjoint
idempotents, such that

S
S

1 00 1 00
00 and b= by 0 . €]
00 00

exf ex f

o O
o O

Proof The proof proceeds along the same lines as the proof of Theorem 3.4 in [3]. In this
setting, the proof is slightly simpler. For the sake of completion, let us present it. ‘If” part
follows by Theorem 1. Suppose now that @ < b. By Theorem 1, we have

| a O a0
a_|:00] and b_|:0b1:| )
pxq pxq
where p = Ip(a) and g = rp(a). Sete; = p,ex =Ip(b1) =Ip(b—a)andez = 1 —ej —e3.
Since pby = p(1 — p)b(1 — g) = 0 and °b; = °(p(by1)), we have plp(b;) = O, i.e.
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e1ex = 0. Also, exe; = (e1e2)* = 0. Now it is easy to check that 1 = e; + e; + e3 is
decomposition of the identity. Similarly, we can show that 1 = f1 + f> + f3, where f| = ¢,
fo=1p(b—a), f3=1— f1 — fa, is decomposition of the identity. Because of a = ejaf]
and b — a = ey(b — a) f>, we conclude that a and b have representations (4). O

In the next lemma, we obtain the matrix representations of @ and b with respect to Ip(a)

and rp(a) when a % b. The result is, in some way, analogous to Theorem 1 in [7] where the
case of complex matrices is considered. Our proof is completely different.

LemMA 2.6 Let A be a Rickart x-ring and a,b € A. Then, a <b if and only if there
existprep-A-0—p,qe(l—q)- A-q,andby € (1 —p)-A- (1 —q) such that

a=l @ 0 and b—| @ + pibaq1 pibs )
00 baqy by
pxq pxq

where p = lp(a) and g = rp(a).

Proof Itisclearthata has matrix representation givenin (5). Suppose thatb = [ Zl ];2 i| .
3 D4
Pxq
By definition, a < bifand only if there exist p’ € LP(a) and ¢’ € RP(a) such thata = p’b
and a = bq’. According to the characterizations (2), this is equivalent to

ap 0 —u—pp| P P by by | b1+ p1bs by + pibs
00 —4=PP=10 o by bs = 0 0 :
pxq pxp Pxq pxq
0] camsa[n ] [20] <[brha o)
001, bs by |, Lar 01, by +biqi 0], .,

This is true if and only if b = —p1b4, b3 = —bsq) and by = a; + p1baq;. We can take
p1 = —p1 and g1 = —q1. The proof is complete. Il

It is clear that the star partial order implies the minus partial order. We will now
investigate under what conditions the reverse holds. Many of these results are motivated
by the corresponding results for complex matrices.[7,8] Even in the case of matrices, the
proofs are not elementary. In some cases, the presented proofs are even simpler than the
matrix proofs which involve finite-dimensional linear algebra methods and/or use a Moore—
Penrose inverse. Of course, we cannot use these methods.

TueorReM 4 Let A be a Rickart x-ring and a,b € A such that a < b. The following
conditions are equivalent:

i) a=b;
(ii) ba* and a*b are self-adjoint;
(iii) ba* and a*b are normal.

Proof (i) = (ii): Since a < b, we have aa™ = ba* and a*a = a*b so ba* and a*b are
self-adjoint.
(ii) = (iii) is trivial.
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(iii) = (i): Suppose that a < b and that ba* and a*b are normal. Then, ba*ab* =
ab*ba*. Using the representations given in (5), we obtain

batab* — | @ pibagr)aiai(ar + p1bagq1)* (ay + pibagi)ajai(baq1)*
baqrafay(ar + p1bag1)* baqiaiai(baq1)* oxp

ab*ba* — [ ai(ay + p1baq1)*(a1 + p1baqr)al + ay(baq1)*bagral 0 ]
0 0 pxp
It follows that 0 = b4qiafa(bag1)* = (baqiaf)(bagia})*. Since A is proper, we have
bsgqiaj = 0. Hence, bsq| € °(aj) = °(a*) = °(rp(a)) = °q. Since q| € A - g, we obtain
bagy = 0. Similarly, we obtain that p1bs = 0, so

aj 0
b:[ } .
0 b4 pxq
By Theorem 1, a < b. O

Lemma 2.7 Let A be a Rickart x-ring and a € A. Then,

() 1Ip(a) =rp(a*);
(i) Ip(a) = Ip(aa®);
(i) rp(a*) = rp(aa®);
(iv) lIp(aa*) =rp(aa*) = Ip(a) = rp(a™).

Proof

(i) The proof follows directly from (i) of Lemma 2.3.

(i1) Every Rickart *-ring is proper, i.e. a*a = 0 implies a = 0 for every a € A.
Let a*ax = 0. Then (ax)*(ax) = 0 and hence ax = 0. Similarly, xaa* = 0
implies xa = 0. So, xaa® = 0 if and only if xa = 0. This means °(aa*) = °a so
Ip(aa™) = Ip(a).

(iii) Similarly to (ii).

(iv) Follows by (i), (ii) and (iii). O

TueorEM 5 Let A be a Rickart x-ring and a,b € A such that a < b. The following
conditions are equivalent:

(i) a<b;
(i) aa™ < bb*;
>iii) a*a < b*b.

Proof (i) = (ii): Suppose that a < b. Then aa™ = ba* = ab* and a*a = a*b = b*a.
Therefore,

(aa™)*(bb*) = aa*bb* = aa™ab™ = aa*aa™* = (aa™)*(aa™).

Likewise, (bb*)(aa™®)* = (aa™)(aa™®)*, so aa™ < bb*.
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(i) = (i): Let p = Ip(a) and g = rp(a). Then

| a O «_ | aa} O
a= |: 0 0:| and aa” = |: 0 0o .
Pxq pxp

Suppose that aa™ < bb*. From Theorem 1 ((i) < (iv)) and Lemma 2.7, it follows that

« _ | aal O
b = [ ai 0 ] , ©)
pxp
where c € (1 — p) - A- (1 — p). By Lemma 2.6, the condition a % b gives
b [ ar + pi1bag1 pibs } ' %
baqy by |4

It follows that

bb*:[ (a1 + p1baqi)(ay + p1bag)™ + (p1ba)(p1by)* (ay + p1baq1)(baq1)* + p1babj ]
baqi(ay + p1baq)™ + ba(p1bg)* b4q1(baq1)* + babj pxp

(8)
From (6) and (8), we conclude that

ajay = (a1 + pibaqi)(ar + p1bag)* + (p1ba) (p1ba)*
= (a1 + pibaq)ai + (a1 + p1baq1)(baq1)* pi + (p1b4) (p1ba)*
= (a1 + p1baqr)aj + (—p1bab}) pT + (p1ba) (p1b4)*
= (a1 + pibaqi)aj = aiaj + pibaqiay. ©)
Hence, p1bsgiaf = 0. By Lemma 2.3 (ii), we conclude 0 = p1bsqiq = p1baqi, since
q1 € (1 —¢q)-A-q.Now, from (9) we obtain that (p;bsa)(p1bs)* = 0. By properness,

pibs = 0. From (a; + p1bsq1)(baq1)* + p1bab; = 0, we have a;(bsq1)* = 0. Thus,
q(bsg1)* = 0, so byg; = 0. Now, (7) becomes

0
b:[m ] .
0 b Pxq
By Theorem 1, a < b.
(1) < (iii): Similarly to (i) < (ii). O

Lemma 2.8 Let A be Rickart x-ring. If a € A is normal, then Ip(a) = rp(a).

Proof By Lemma 2.7, rp(a) = rp(a*a) = rp(aa™) = rp(a*) = Ip(a). O

TueorREM 6 Let A be a Rickart *-ring. Let a, b € A where a is normal and a ; b. Then,
the following conditions are equivalent:

(i) a<b;

(1) a and b commute;
(iii) a* and b commute;
(iv) a and b* commute;
v) a* and b* commute.



Downloaded by [Dokuz Eylul University | at 16:11 04 November 2014

Linear and Multilinear Algebra 353

Proof We will prove only the equivalence of (i) and (ii). Other equivalences can be proved
in a similar way.
(i) = (ii): Suppose that a is normal and a < b. Theorem 1 and Lemma 2.8 give

| a O |l a O
a_|:0 O] and b_[o b4}
pxp pxp

where p = Ip(a) = rp(a). It is easily seen that

(i) = (i): Since a is normal and a % b, Lemmas 2.8 and 2.6 give

a:[%l 8} and b:[aliplbélﬁh Pll)b4]
pxp 491 4 oy

where p = Ip(a) = p(a), pr € p- A-(1 —p)and g, € (1 — p) - A- p. Suppose that
ab = ba. It follows that

a? +aipibsgy aipibs _ a? + pibagia; 0
0 0 bagra; 0
pxp pxp

and hence a p1by = 0. Since aj = p°® and p; € p - A- (1 — p), it follows that p1by = 0.
Similarly, from bsg1a; = 0 we obtain bsg; = 0. Thus,

aj 0
=[5 0]
0 b pxp
and a < b. O

Recall that an element w € A is a partial isometry if ww*w = w.

TueoreM 7 Let A be a Rickart x-ring and let a, b € A be partial isometries. Thena < b
if and only if a <b.

Proof The only if part is trivial. Suppose that a < b. We need to show that a < b. By
Theorem 5, it is sufficient to show that aa™ < bb*. By assumption, there exist idempotents
p and ¢ such that a = pb = bq. This gives a = bqg = bb*bq = bb*a, so

(aa*)(aa*)* = aa* = bb*aa* = (bb*)(aa*)*
and
(aa™)*(aa®) = aa* = aa*bb* = (aa*)*(bb™).
Thus, aa* < bb*. O
We will present at the end of this section some inheritance properties of the star partial

order. First, let us extend a property of the minus partial order from B(H) (see [2]) to any
ring with a unit.
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LemMA 2.9 Let Abe a ring with a unitand a, b € A. Ifb*> = band a % b, then a® = a.

Proof Let b be an idempotent element and a <b. By definition, there exist idempotents
p € LP(a) and ¢ € RP(a) such that a = pb = bq. We have a = bqg = b’>q = ba so
1 —be®a="°p,ie. p=bp.Therefore, p = p> = pbp = ap, o

a = pa=apa=aa=a’. O

With the next theorem, we will show that if b is an idempotent, a self-adjoint idempotent,
or a partial isometry, then every a satisfying a < b inherits the same property.

TueorEm 8 Let A be a Rickart *-ring and a, b € A. Suppose a < b.

() Ifb* =b, then a*> = a.
(i) Ifb*> =b=b*, thena*> =a = a*.
(iii) Ifbb*b = b, then aa*a = a.

Proof

(i) Supposea < b. Let first b? = b.Since a < b, we have a < b and hence, by Lemma
2.9, a’ =a.

(ii) Letnow b*> = b = b*. As before we may conclude that a> = a so we have to prove
only that a is a self-adjoint element. Since @ < b, we have a = pb = bg where
p = Ip(a) and g = rp(a). From the proof of Lemma 2.9, we know that p = bp, so

a = pa = bpa = b*p*a = (pb)*a = a*a.

Thus, a = a*.
(iii) Finally, let b = bb*b. Since a < b, there exist self-adjoint idempotent elements
P, q € Asuch that pa = ag = a and

| a O _|a O
a_|:0 Oj| and b_|:0 bl] .
Pxq Pxq
We have

a 0 _|a O ai 0 a 0
0 b | 0 b 0 b’lk 0 b
pxq pxq qgxp pxq

hence a; = ala]“al. So, a is a partial isometry since a; = paq = a.

3. Left-star and right-star partial orders

Let M,,«, be the set of all m x n complex matrices and let as before Im A denote the
image (the column space) of A € M, «,. The left-star and the right-star partial orders were
introduced by Baksalary and Mitra in [9] in the following way.
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Definition 5 The left-star partial order on M, is a relation defined by
Ax<B when A*A=A"B and ImA CImB.
Definition 6  The right-star partial order on M, is a relation defined by
A <xB when AA"=BA* and ImA* CImB*.

Baksalary and Mitra proved that for A, B € M, ,, A < B implies A *< Band A <x B,
*

and A %< B or A <x B implies A < B. The reverse implications are in general not true.

Following Semrl’s approach [2] of defining the minus partial order on B(H) and using
known facts about the relation between the star, the left-star, the right-star and the minus
partial orders on the set of complex matrices, authors introduced in [10] the following order
on B(H).

Definition 7 For A, B € B(H) wewrite A x< B when there exist a self-adjointidempotent
operator P and an idempotent operator Q € B(H) such that

(i) ImP =1ImA,
(ii)) Ker A =Ker Q,
(i) PA = PB,and
(iv) AQ = BQ.

It was proved in [10] that that for A, B € B(H), A*< Bifandonlyif A*A = A*B and
Im A C Im B, so the order from Definition 7 is called the left-star partial order on B(H).
Similarly, the following definition introduces the right-star partial order on B(H).

Definition 8 For A, B € B(H) we write A <x B when there exist an idempotent operator
P and a self-adjoint idempotent operator Q € B(H) such that

(i) ImP =1ImA,
(ii)) Ker A =Ker Q,
(iiiy PA = PB,and
(iv) AQ = BQ.

For A, B € B(H), we have A <x B in the sense of Definition 8 if and only if AA* =
BA* and Im A* C Im B* (see [10]).
Let us now present an equivalent definition of the left-star partial order on B(H).

Definition 9 For A, B € B(H) we write A x< B when there exist a self-adjointidempotent
operator P € B(H) and an idempotent operator Q such that

(i) "A=B(H)-(—P),
(i) A°=U—-0Q)-B(H),
(i) PA = PB,and
(iv) AQ = BO.
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Because this is indeed an equivalent definition to Definition 7, it follows from
Lemmas 2.1 and 2.2. Note that we may in a similar way introduce an equivalent definition
of the right-star partial order.

Let us now extend these notions of the left-star and the right-star orders to involutory
rings with a unit.

Definition 10 Let A be an involutory ring with the unit 1. For a, b € A we write a *< b
when there exist a self-adjoint idempotent p € A and an idempotent ¢ € A such that

i ca=A-(-p),
(i) a°=(0-¢q)- A
(i) pa = pb, and
(iv) aq = bq.
The order *< will be called the left-star order on A.

Definition 11 Let A be an involutory ring with the unit 1. For a, b € A we write a <xb
when there exist an idempotent p € A and a self-adjoint idempotent ¢ € A such that

i) °a=A-(1-p),
(i) a®=(1-q)-A
@iii)) pa = pb, and
(iv) aq = bgq.
The order <x will be called the right-star order on A.

Remark 3.1 By Lemmas 2.4 and 2.5, the condition (i) in Definition 10 and the condition
(ii) in Definition 11 are redundant in the case when A is a Rickart x-ring. Also, the condition

(i) in Definition 7 and the condition (ii) in Definition 8 are redundant.

Remark 3.2 Tt is easy to check that a x< b if and only if a* <xb*. This is provided by
x°=y° & °(x") =°(y).

Remark 3.3 Let A be an involutory ring with the unit 1. Comparing Definition 1 with

Definitions 10 and 11, itis clearthata *< b = a % banda <xb = a % b.
The next theorem can be proved in a similar way as Theorem 1.

TuHeEOREM 9 Let A be a Rickart *-ring and a, b € A. Then the following conditions are
equivalent:

(1) ax=<b;
(ii) there exist a self-adjoint idempotent p and an idempotent q € RP(a) such that
a = pb = bgq;
(iii) a*a = a*b and a = bq for some idempotent q € RP(a);
@iv)

. aq 0 . aq 0
a_[o O] and b_|:0 b1i| , (10)
pxq pXxq
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where p = Ip(a) and q € RP(a);
(V) there exist a self-adjoint idempotent p and an idempotent q € RP(a) such that (10)
holds.

Of course, the analogous theorem for right-star order holds.
The following theorem states that orders introduced with Definitions 10 and 11 are
partial orders when A is a Rickart x-ring.

THeEOREM 10 Let A be a Rickart x-ring. The orders x< and <x, defined with Definitions
10 and 11, are partial orders on A.

Proof The proof proceeds along the same lines as the proof of Theorem 3.3 in [3]. For the
sake of completion, let us present it in its entirety.

We give the proof only for *< relation. The fact that <x is partial order can be proved
analogously. Since A is Rickart #-ring, the relation *< is reflexive. To prove antisymmetry,
suppose that a < b and b < a. By Theorem 9, we have matrix representations (10) and
there exists the self-adjoint idempotent r such that b = ra. We have

b—a=(-pb(l—q) =(-pral—q) =1~ prag(l —q) =0.

To show the transitivity of <, suppose that ax< b and b*< c. Then, there exist self-adjoint
idempotents p = Ip(a), r = Ip(b), and idempotents g € RP(a), s € RP() such that a and
b have matrix forms as in (10) and b = rc = cs. Suppose that

rer S1 8 c1 ¢
r:|:rl r2] , s:|:s1 s2i| and c:|:c1 C2i| .
374 ], 3054 Juvg 364 ],
Since

ap 0 q—s1 -5 ay(g —s1) —aisy
0 by pxgL 793 1—qg—s4 axq —bys3 b1 (1 —q —s4) pxq

we have aj(q — s1) = 0, a;s2 = 0, and bys3 = 0. Since a] = ¢°, we obtain that
0=¢q(q —s1) =g —s;and 0 = gsp = sp. From b = c¢s, we conclude that

|:a1 O] _|:cl czi| |:q O:| _|:C1+CQS3 C2S4i|
0 b pxq €3 e J,, L83 54 1,0, €3t cas3 casa |, .
Hence,
ar =cy+cys3 and 0= c3+ cy53. (11)

Letq' = |: ;I 8 :| . By formulas (2), we obtain g’ € RP(a). As bys3 = 0, we also have
3

axq
bq' = a. From (11) and

ca' = c1+cs3 0
q c3+cas3 0 pxq

it follows that cq’ = a.

Similar consideration shows that r{ = p and 3 = 0. Since r and p are self-adjoint, we
conclude that r, = 0. Now, from b = rc it is easy to show that a = pc. By definition, we
conclude that ax< c. O
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The following theorem is a generalization of the corresponding results for complex
matrices (see Theorem 4.2. in [9] and Theorem 2.1 in [11]).

Tueorem 11 Let A be Rickart x-ring and a, b € A. Then, the following conditions are
equivalent:
(1) ax=<b;

(i) a % b and a*b is self-adjoint;

(iii)
a=|:68 8:| and b=|:ba1 I?:| )
Pxq 4q1 D4 Pxq

where p = Ip(a) and g = rp(a).

Proof (i) = (ii) follows by Remark 3.3 and Theorem 9 ((i) = (iii)).
(i1) = (iii): Suppose that a < band a*b is self-adjoint. By Lemma 2.6, it follows that

b — aj 0 ay + pibaqy pi1bs _ | afar +aipibagr aipiba
00 Jyxp baq ba Jpxg 0 0 axq

where p = Ip(a) and ¢ = rp(a). Since a*b is self-adjoint, we have aj p1b4 = 0, and thus
pibs € (a})° = rp(@*)° = Ip(a)® = p°. As p; € pA(l — p) we have p1by = 0, so the
representation of b follows.

(iil) = (i): Suppose that a and b have the given representations and let ¢’ = |:_C; 8 i| .
qxq

By (2), ¢’ € RP(a). Direct computations show that a*a = a*b and a = bg’. By Theorem
9, it follows that a x< b. O

TueoreMm 12 Let A be Rickart *-ring and a, b € A. Then, the following conditions are
equivalent:

(1) a <xb;

(i) a < band ba* is self-adjoint;
(iii)

_|a 0 _ | a1 pibs
a_|:00] and b_[o b4] )
pxq pxq
where p = Ip(a) and g = rp(a).
Proof The proof is similar to the proof of Theorem 11. O

TueorEM 13 Let A be Rickart *-ring and let a, b € A be normal elements. Then

ax<b & a<xb & a<bh.
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Proof Suppose that a and b are normal and a x< b. By Lemma 2.8, Ip(a) = rp(a). By
Theorem 11, it follows that

bb* — |: aj 0 } [aT (b4ql)>l< ] — |: Cl](lik al(b4611)* }
bagr ba |, , L O b5 ], bagrai baqi(baq)* +baby |, 7
b*b = [ ajar + (baq1)*baqi (baq1)*bs }
bybaq: bibs |,

where p = Ip(a). Since a and b are normal, it follows that aja} = afa; and ajaf =
afay + (baq1)*baqy. Therefore, (b4q1)*bsq) = 0 and since A is proper ring, we obtain
bag1 = 0. By Theorem 1 (iv) = (i), it follows that a < b. Since the star order induces the
left-star order, we have a *< b if and only if a < b. In the same manner, we can show that
a <xbifandonlyifa < b. O

An element «a in a ring A is called regular if there exists x € A such that axa = a.
Recall that a von Neumann regular ring A is a ring where every a € A is regular. We call
an element a € A a x-regular element or Moore—Penrose invertible element with respect
to * if there is x € A with

axa =a, xax=x, (ax)"*=ax, (xa)*=xa.

If such x exists, we write x = a’ and call it the Moore—Penrose inverse of a. A ring A
where every element is *x-regular will be called a x-regular ring. It is known (see [4] or
[12]) that in proper involutory rings, an element a is a x-regular element if and only if aa*
and a*a are both regular. It follows that a proper involutory ring A is *-regular whenever
every element of A is regular (for example, M,,(C)). Since every Rickart *-ring is a proper
involutory ring, it follows that every von Neumann regular ring which is also a Rickart
*-ring is a x-regular ring.

Let now C be a C*-algebra with the unit 1. The subset of C consisting of all Moore—
Penrose invertible elements of C will be denoted by C'. Inspired by a paper of Baksalary
and Mitra [9], Liu, Benitez and Zhong generalized in [13] the left-star and the right-star
partial orders from the set of all complex m x n matrices to a C' in the following way.

Fora € C'letal = 1—a'aandal = 1—aa’. Observe thata]” and a” are self-adjoined
idempotents. For a, b € C' let

ax<b if a*a=a*bandbla =0

and
a <xb if aa® =ba" and ab] =0.

It is easy to prove (see [10]) thatif A, B € B(H) are Moore—Penrose invertible elements,
then B A = 0 if and only if Im A C Im B, and ABJ" = 0 if and only if Im A* C Im B*.
Recall that an operator in B(H) has a Moore—Penrose inverse if and only if its image is
closed. It follows that on the set of operators from B(H) with a closed image, the above
orders are equivalent respectively to the left-star and the right-star partial order.

Let us now extend this observation to x-regular rings.

Definition 12 Let A be a x-regular ring with the unit 1. Then a < b if a*a = a*b and
bFfa =0.
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Definition 13 Let A be a x-regular ring with the unit 1. Then a <xb if aa™ = ba* and
abl =0.

Here, b and bf are defined as before.

TueoreM 14 Let A be a Rickart *-ring which is also a von Neumann regular ring. Then,
Definition 10 is equivalent to Definition 12, and Definition 11 is equivalent to Definition 13.

Proof Let us prove only that Definition 10 is equivalent to Definition 12. The other
equivalence may be proved similarly.
Suppose a %< b in the sense of Definition 10. So, there exists a self-adjoint idempotent
p € Asuch that °a = A - (1 — p). Hence, a = pa and a* = a*p. Since pa = pb, it
follows that
a*a = a*pa = a*pb = a*b.

From a x< b, we have a § b (see Definition 1). Theorem 2.6 in [3] states that in a von

Neumann regular ring with the unit, we have a <b (in the sense of Definition 1) if and only
if there exists x € A such that ax = bx, xa = xb where axa = a (see [14] for the original

definition of the minus partial order). Since a < b, such x exists. From ax = bx, it follows
a = bxa. Recall that A is a %-regular ring so there exists the Moore—Penrose inverse b’ of
b. This yields

bb'a = bb'bxa = bxa = a.

So, bFa = 0 hence Definition 10 implies Definition 12.
Conversely, suppose that for a, b € A, we have a*a = a*b and b"a = 0. There exist
self-adjoint idempotent elements p, r € A such that °a = A - (1 — p),

_|a O «_ | a0
a—|:0 Oi| and a —|:0 0 .
pxr rxp
by b21|
bz[ |
b3 b4 pxr

Since a*a = a*b, we may, as in the proof of Theorem 1, show that b, = 0 and a; = b.
From

Let

it follows that pa = pb.
Let us now prove that there exists an idempotent ¢ € A such that a® = (1 — ¢) - A and

aq = bq. Recall that if a < b, then such idempotent ¢ exists. To conclude the proof we
will show that from our assumptions a*a = a*b and bb'a = a, it follows that there exists
x € A such that ax = bx, xa = xb where axa = a.

Since a is a regular element, there exists ¢ € A such that aca = a. It is known [15]
(see also [16]) that the Moore—Penrose inverse a' of a von Neumann regular element a in
an involutory ring can be characterized by the invertibility of the element a*a + 1 — ca.
Moreover,

a' = (@*a+1-ca)) 'a*. (12)
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Let z € (a*)°. Then, a*z = 0 which yields by equation (12) that a’z = 0 and hence
z € (@")°. Let z € (a")°. Again, by using Equation (12), we may conclude that z € (a*)°
hence (a*)° = (a")°.

From a*a = a*b, it follows that a* (b —a) = O hence (b—a) € (a*)° = (a")°. We have
a"(b —a) = 0and hence a’a = a’b. It follows that aa’a = aa’b which yieldsa = aa’b.
So,

ab'b = aa'bb’h = aa'b = a
and

ab'a = aa'bb’a = aa'a = a.

Since bbta = ab™b = ab'a = a, we may conclude from Lemma 1 in [17] (compare
items (iv) and (v)) that there exists x € A such that axa = a, xax = x, xa = xb and
ax = bx. O

Remark 3.4 'We may prove Theorem 14 in an alternative way, using Lemmas 2.4 and 2.5:
Suppose a *< b in the sense of Definition 10. So, there exist self-adjoint idempotent p such
that a = pb and there exist idempotent ¢ such that and a = bq. By Lemma 2.4, a*a = a*b.
Also, bb'a = bb'bq = bq = a, hence b7 a = 0. Conversely, suppose that for a, b € A
we have a*a = a*b and bfa = 0,ie. a = bbta. By Lemma 2.4, it follows that there
exist self-adjoint idempotent p such that @ = pb and thus a = pa. Let ¢ = b'a. Then
bqg = bb'a = a and ¢> = bTaba = b pbbTa = b pa = b'a = ¢. It remains to show
that g° = a°. But, b'ax =0 = bb'fax =0 = ax =0 = bax =0.

4. Diamond partial order

Baksalary and Hauke introduced in [ 18] another partial order on M, ,, which is also related
to the minus partial order and the star partial order.

Definition 14 For A, B € M, «x, we write A % B when AB*A = AA*A,Im A C Im B
<&
and Im A* C Im B*. The order < will be called the diamond order on M, y,,.

Let A be the set of all Moore—Penrose invertible elements in B(H). It is known that
A € Aifandonly if Im A is closed. Suppose we define the diamond order on A in the same
way as in Definition 14. It may be proved that the diamond order is also a partial order on A
but we will omit the proof since a more general result will be presented in the continuation.

Note that for A, B € A we have Bf A = 0 if and only if Im A € Im B, and AB]" =0
if and only if Im A* € Im B*. This observation provides a motivation for the following
definition.

Definition 15 Let A be a x-regular ring with the unit 1, and a,b € A. Fora,b € A we

write a % b when ab*a = aa*a, b]'a = 0, and abf = 0. The order % will be called the
diamond order on A.

The order defined with Definition 15 is a partial order. Indeed, observe that this is a
corollary of Lemma 5, Theorem 2 and Corollary 1 in [19]. For the sake of completeness,
let us provide an alternative, more direct proof. Let A be a x-regular ring with the unit 1.
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Clearly, % is reflexive. Let a % b and b % a,a,b € A.Then, a = bb'a = ab'h and
b = aa’b = ba'a. Also, it is not hard to prove (see for example [18]) that a'ba’ = a is
equivalent to ab*a = aa*a. Hence,

a=aa'a =aa"ba'a = ba'a = b.

For the proof of transitivity, let us first observe the following. Suppose bfa = 0 and
ab’ =0.S0,a = bb'a = ab’b. Letd = bTab’. Then

a=bb'a=bb'ab'b = bdb.

o <& K 2 €
Letnowa < band b < c, forsome a, b, c € A. Since a = bb'a = ab™b and b = cc™b =
bete, we have
a=>bb'a=cchbbia = ccfa
and
a=ab'h=ab’bc'c =ace.

It follows that ¢fa = 0 and ac] = 0. Since a % b, there exists d € A such that a = bdb.
From bc*b = bb*b and ab*a = aa*a, we have

ac*a = bdbc*bdb = bdbb*bdb = ab™a = aa™a,

hence a % c.

Suppose that A, B € M, . It is clear that In A € Im B if and only if A = BL for
some L € Myx,. Also, Im A* C Im B* if and only if A = M B, for some M € M.
Note that, in the setting of Hilbert space operators, the condition Im A € Im B does not
imply A = BL unless Im B = Im B.

d
Definition 16 Let A be an involutory ring. For a, b € A we write a < b when ab*a =
aa*a,aA C bA and Aa C Ab.

In a very recent paper [19], authors proved that the order, defined with Definition 16, is
indeed a partial order when A is a x-regular ring. Recall that every *-regular ring is proper
(of course, the converse is not true). Indeed, suppose that aa* = 0. Then, a = aa’a =
a(a®a)* = aa*(a™)* = 0. We will show that the order from Definition 16 is a partial order
for every proper involutory ring.

First, let us compare Definitions 15 and 16.

THEOREM 15 Let A be x-regular ring with the unit 1. Then, the orders defined by
Definitions 15 and 16 are the same.

Proof We claimthata A € bAifandonlyifb’a = 0.Ifa. A C bAthena = bx for some
x €A sob¥a = (1 —bb")a = (1 —bb")bx = bx — bx = 0. On the other hand, suppose
that bTa = 0. Then, a = bb'a, so aA C bA. Similarly, Aa C Ab if and only if abl =0.
This completes the proof. O

d
THEOREM 16 Let A be a proper involutory ring with the unit 1. The order <, defined with
Definition 16, is a partial order on A.
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d d d
Proof Obviously, < is reflexive. Suppose that ¢ < b and b < a. Then aa*a = ab*a,
bb*b = ba*b and there existx, y € Asuchthata = bx = yb. Therefore, bb*a = bb*bx =
ba*bx = ba*a and ab*b = ybb*b = yba*b = aa*b. We have

(a —b)(a—b)*(a—b) =aa*a—aa*b—ab*a+ab*b—ba*a+ba*b+bb*a—bb*b = 0.

Hence, (a — b)(a — b)*((a — b)(a — b)*)* = 0. By properness, it follows that a — b = 0.

d d
To show transitivity, suppose that a < b and b < c¢. We see at once that a A C ¢ A and
Aa C Ac. By assumption aa*a = ab*a, bb*b = bc*b and there exist x, y € A such that
a = bx = yb. Therefore,

ac*a = ybc*bx = ybb*bx = ab*a = aa*a.
d
It follows a < c. |
It was proved in [18] that for A, B € M, xp
o _
A<B ifandonlyif A" < B' (13)

where AT and BT are respectively Moore—Penrose inverses of A and B.

It is known (see [20]) that in every von Neumann regular ring @ < b if and only if
a =ab”a = ab~ b = bbb a for some (and thus every) b~ such that bb~b = b. This is true
especially when for b~ we take b'. This observation may be used to prove that the relation
(13) between the minus and the diamond partial order is valid also in the setting of Rickart
*-rings which are also von Neumann rings. Recently [19], it has already been proved that
(13) is valid for every *-regular ring hence we will omit our proof.

Let us conclude this section with an observation about a relation between the star partial
order and the diamond partial order in Rickart *-rings.

TueorEM 17 Let A be Rickart %-ring and a,b € A. If
d
a<b then a<b.

Proof Suppose that a < b. By Theorem 1 there exist self-adjoint idempotents p and ¢
such that a = pb = bq, hence Aa C Ab and a A C b.A. Also,

brg— | 4 0 aj 0 ap 0 _ | mafar 0O s
weE=10 o 0 b 00 =l 0o o —aad
pxq qxp pxq pxq

d
Therefore, a < b. ]

5. Concluding remarks

The orders defined with Definitions 4, 10 and 11 are a proper extension of the well-known
partial order on the set of self-adjoint idempotents.
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TueorREM 18 Let A be an involutory ring with the unit 1. Suppose a, b € A are self-
adjoint idempotent elements and let < be an order defined with Definition 4, or 10, or 11.
Then, a < b if and only if ab = ba = a.

The proof of this theorem is the same as the proof of Theorem 2.5 in [3].

It is known that the set of self-adjoint idempotents of a Rickart *-ring forms a lattice
(see [1], Section 3, Proposition 7). A natural question to ask is whether the partially ordered
set (A, <), where A is a Rickart *-ring and < is the star partial order, is a lattice. It is easy
to see that this is not true even for the case of matrices (two different invertible matrices do
not have supremum). The question that we pose here is whether two different elements in
a Rickart *-ring have infimum. We leave this as an open problem.
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