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Abstract

Several equivalent conditions for the reverse order law (ab)# =
bf(atabb)Tat in rings with involution are presented. Also, we investi-
gate necessary and sufficient conditions for (ab)# = bfa’ to hold.
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1 Introduction

Let R be an associative ring with the unit 1. In the theory of generalized
inverses, one of fundamental procedures is to find generalized inverses of
products. If a,b € R are invertible, then ab is also invertible, and the inverse
of the product ab satisfied (ab)™! = b~la~!. This equality is called the
reverse order law and it cannot trivially be extended to various generalized
inverse of the product ab. The reverse order laws for generalized inverses
have been investigated in the literature since the 1960s [1, 2, 3, 4, 6, 7].
Let a € R. Then a is group invertible if there is a® € R such that

(1) aa”a =a, (2) a’aa® =a¥, (5) aa” = a"a;

a* is a group inverse of a and it is uniquely determined by these equations.
The group inverse a” double commutes with a, that is, ax = za implies
a*x = xa” [1]. Denote by R* the set of all group invertible elements of R.
An involution a — a* in a ring R is an anti-isomorphism of degree 2,
that is,
(a*)"=a, (a+b)"=a"+b", (ab)*=b"a".

*The authors are supported by the Ministry of Education and Science, Republic of
Serbia, grant no. 174007.



An element a € R is self-adjoint (or Hermitian) if a* = a.
The Moore—Penrose inverse (or MP-inverse) of a € R is the element
al € R, if the following equations hold [10]:

(1) ad’'a=a, (2)d'aa’ =a', (3) (aa")* =aal, (4) (a'a)* =ala.

There is at most one a' such that above conditions hold. The set of all
Moore-Penrose invertible elements of R will be denoted by R1.

If 6 € {1,2,3,4,5} and b satisfies the equations (i) for all i € 4, then b
is an d—inverse of a. The set of all §—inverse of a is denoted by a{d}. Notice
that a{1,2,5} = {a*} and a{1,2,3,4} = {a'}. If a is invertible, then a¥
and a' coincide with the ordinary inverse of a. The set of all invertible
elements of R will be denoted by R~!.

An element a € R is: left *-cancellable if a*ax = a*ay implies ax =
ay; it is right *-cancellable if xaa® = yaa® implies za = ya; and it is *-
cancellable if it is both left and right *-cancellable. We observe that a is
left *-cancellable if and only if a* is right *-cancellable. In C*-algebras all
elements are *-cancellable. A ring R is called *-reducing if every element of
R is *-cancellable. This is equivalent to the implication a*a = 0 = a = 0
for all a € R.

One of the basic topics in the theory of generalized inverses is to inves-
tigate various reverse order laws related to generalized inverses products.
The reverse order law for the generalized inverse is an useful computational
tool in applications (solving linear equations in linear algebra or numerical
analysis), and it is also interesting from the theoretical point of view.

The reverse-order law (ab)t = bf(afabbl)Tal was first studied by Galperin
and Waksman [5]. A Hilbert space version of their result was given by Isum-
ino [7]. The results concerning the reverse order law (ab)! = bf(afabb?)tal
for complex matrices appeared in Tian’s paper [11].

In this paper we present some necessary and sufficient conditions for the
reverse order law (ab)? = bf(afabb!)Tal in rings with involution. We also
study the equivalent conditions involving afabbl € R to ensure that (ab)# =
bial is satisfied. Some equivalent conditions to (afab)® = bf(aTabb’)! and
(abb")# = (a'abb")Ta' are given too. Similar results related to the reverse or-
der laws (ab)# = b*(a*abb*)ta* (a*ab)? = b*(a*abb*)t,(abb*)# = (a*abb*)fa*
are investigated.

In the end of this section, we state the following well-known results on
the Moore-Penrose inverse, which be used later.

Lemma 1.1. [9] Ifa € RT, then

(i) aa™?) = aa®, for any (%) € a{1,3};



(i) aM¥a = afa, for any a? € a{1,4}.
Lemma 1.2. [9] Let a,b € R.

(i) If a,afab € RT, then (atab)l = (afab)ala.

(ii) If b,abb! € RT, then (abb")T = bbf(abb)T.
Lemma 1.3. Let a,b,atabb’ € RT. Then

(i) (afabb")’ = (a'abbl)Tala,

(ii) (atabdh)t = bbf(atabb?).
Proof. From

(aTabbaTa = (aTabb?)a’abd!(afabb’)Tata

= (a'abb®)T(aTaa’abb’ (alabb?)T)*
= (alabb®)T(aTabb’ (a'abb))T)* = (alabb®)T,
we conclude that (i) holds. The statement (ii) can be proved in the similar

way. O

By Remark after Theorem 2.4 in [8], [8, Theorem 2.1] can be formulated
as follows.

Theorem 1.1. Let R be a ring with involution, let a,b € Rt and let (1-—
aTa)b be left *-cancellable. Then the following conditions are equivalent:

(a) abblalab = ab;
(b) blatabblal = blal;
atabb! = bbiala;

C

)
)
(c)
(d) a'abbl is an idempotent;
(e) bblata is an idempotent;
(f) a'abd’ € RT and bt (atabd?)Tal = blal;
)

(g) alabbl € RY and (aTabb®)t = bbTala.



2 Reverse order laws

In the following theorem, the reverse order law (ab)® = bf(aabd")Ta’ in
rings with involution is characterized.

Theorem 2.1. If a,b,a’abbl € R and ab € R#, then the following state-
ments are equivalent:

(i) (ab)* = bl (aTabbl)al,
(ii) b (atabdl)ial € (ab){5},
(iii) abaa’ = ab and bf (atabb?)Tba = a(afabb?)t,
(iv) blbab = ab and ba(atabb?)Tal = (aTabb)b,
(v) b{1,3,4} - (aTabb’){1,3,4} - a{1,3,4} C (ab){5},
(vi) (a'abb")! = b(ab)*a and abaa’ = ab = bibab.

Proof. (i) = (ii): It is trivial.
(ii) = (iii): Notice that bf(afabbt)tal € (ab){1}, by

abb'(a'abb’)Talab = a(a'abb! (aTabb") aTabb")b = aa’abb’b = ab. (1)
Since bf(aabb")Ta® € (ab){5}, we obtain
abaa’ = ababb'(a'abb’) ataa’ = ababd’ (atabb?)Tal = ab

and
b (a'abb?)Tal(abaa’) = bi (aTabb") alab = abb! (aTabb")al. (2)

Multiplying (2) by a from the right side and applying Lemma 1.3, we get
b (aTabb’)Tba = a(aTabb’)T. So, the item (iii) holds.

(iii) = (v): Suppose that abaa! = ab and bf(afabb?)Tba = a(atabb?)!. If
b134) € b{1,3,4}, (atabbh) B34 ¢ (afabd){1,3,4} and a3 € a{1,3,4]},



by Lemma 1.1 and Lemma 1.3, we have

a(bb Y)Y (afabbh) 13V a(138) = g(alabbl (alabb)134))q (134
fa(bbf(afabbl)t)all34)

(a(atabbh)Nal (aa>D)
b (aTabb’)Tbaataa’ = bf (aTabb") baa’
b (aabb’)Tal (abaa’) = bf (aTabb")Talab
(bTb)b (aTabb?)Tatab
b3 (bbf (atabbh)Halab

b3 ((atabbhalabbh)p
= b3 (alabbt) 13D (afa) bbb

b3 (g appt) (134 (139 g,

Therefore, for any b3 € b{1,3,4}, (afabd?)34) € (atabb’){1,3,4} and
a4 € a{1,3,4}, b3 (alabbt) 134 (139 ¢ (ab){5} and (v) holds.

(v) = (i): Because bl € b{1,3,4}, (aTabb") € (a'abb?){1,3,4} and af €
a{1,3,4}, the hypothesis b{1,3,4} - (a'abb?){1,3,4} - a{1,3,4} C (ab){5}
implies bf(aTabbl)Tal € (ab){5}. Since the equalities (1) hold and

bt ((atabbh)Tatabbl (afabbh)Nal = bf (atabbh)ial,

we conclude that bf(afabbl)Tal € (ab){1,2}. Thus, the statement (i) is
satisfied.

(ii) = (iv) = (v): In the similar way as (ii) = (iii) = (v), we can prove
these implications.

(i) = (vi): Since (i) < (ii) < (iii), then abaa’ = ab = bTbab and, by
Lemma 1.3,

blab)?a = bb' (a'abb’)aTa = (aTabb)'.

(vi) = (i): Let (afabb®)? = b(ab)#a and abaa’ = ab = bibab. Now, we

have

bi(aTabbDTa® = bb(ab)?aal = (bTbab)[(ab)?]?(abaa’)
= ab[(ab)”]ab = (ab)?.

Analogously to Theorem 2.1, we obtain the following theorem.

Theorem 2.2. If a,b,a*abb* € R and ab € R¥, then the following state-
ments are equivalent:



(i) (ab)* = b*(a*abb*)Ta*,

)
(ii) b*(a*abb*)fa* € (ab){5},
(iii) abaa® = ab and b*(a*abb*)Ta*aba = abb*(a*abb*)ia*a,
)
)

(iv) bfbab = ab and babb* (a*abb*)Ta* = bb*(a*abb*)Ta*ab,
(v) b* - (a*abb*){1,3,4} - a* C (ab){5}.

Proof. This theorem can be proved similarly as Theorem 2.1, applying the
equalities a = (a')*a*a and a* = a*aa’. O

In the following result, we show that (ab){5} C b{1,3,4}-(a’abb"){1,3,4}-
a{1,3,4} is equivalent to (ab){5} = b{1,3,4} - (atabbd?){1,3,4} - a{1,3,4}.

Theorem 2.3. If a,b,atabbl € RT and ab € R#, then the following state-
ments are equivalent:

(i) (ab){5} C b{1,3,4} - (afabb"){1,3,4} - a{1,3,4},
(ii) (ab){5} = b{1,3,4} - (a’abd?){1,3,4} - a{1,3,4}.

Proof. (i) = (ii): Assume that (ab){5} C b{1,3,4}-(aTabb"){1,3,4}-a{1,3,4}.
Then there exist b(13% € b{1,3,4}, (afabb?)3Y € (afabb’){1,3,4} and
a3 € a{1,3,4} such that (ab)# = b3 (atabb!)139 (134 Notice
that, by Lemma 1.1 and Lemma 1.3, we get

bi(afabbhfal = o039 @bt (afabbh)aTa)aB3Y = p139 (oF qbbl) a4
= 13N (alabbh) alabb’ (atabb) a3
— p(134) (a abbT) a, 34)( )(bbT)(aTabbT)(1’3’4)a(1’3’4)
_ (b (1,3, 4)( abbT)(l 3.4) (1, 3’4))ab(b(1’3’4)(aTabbT)(1’3’4)a(1’3’4))

= (ab)*ab(ab)?® = (ab)¥.
Using Theorem 2.1, we deduce that bf(afabbt)tal = (ab)# implies b{1,3,4} -

(aTabb){1,3,4} - a{l 3,4} C (ab){5}. So, the equality (ii) holds.
(ii) = (i): Obviously. O

In the similar way as in the proof of Theorem 2.3, we obtain the next
theorem.

Theorem 2.4. If a,b,a*abb* € R' and ab € R¥#, then the following state-
ments are equivalent:



(i) (ab){5} Cb*- (a*abb*){1,3,4} - a*,
(ii) (ab){5} =b* - (a*abb*){1,3,4} - a*.

In the following theorem, we prove a group of equivalent conditions for
(ab)” = bla’ to be satisfied.

Theorem 2.5. Let a,b,atabb’ € R, let ab € R#* and let (1-— aTa)b be left
*_cancellable. Then (ab)” = bla’ if and only if (ab)? = bf(aTabb’)tal and
any one of the following equivalent conditions holds:

(a) abbfalab = ab;
(b) bfatabblal = blal;

)

)

(c) a'abbl = bbTata;

(d) a'abbl is an idempotent;
)
)
)

(e) bbtala is an idempotent;
(f) bf(afabb)tal = blat;
(g) (atabb®)t = bbiala.

Proof. = : Since (ab)? = blal, then abb’alab = ab which implies that,
by Theorem 1.1, the conditions (a)-(g) are satisfied and (ab)# = bfat =

b (atabbh)al
<= : Conversely, the conditions (a)-(g) imply bfat = bf(afabbl)fal.
From the assumption (ab)” = bf(atabb")Tal, we deduce that (ab)* = bial.
O

The condition (ab)# = bf(aTabbl)Tal in Theorem 2.5 can be replaced by
some equivalent conditions from Theorem 2.1.

Remark. Theorem 2.5 holds in C*-algebras and *-reducing rings with-
out the hypothesis (1 — afa)b is left *-cancellable, since this condition is
automatically satisfied.

The relation between the reverse order laws (ab)# = (afab)fa! and
(atab)’ = (ab)*a is studied in the next theorem.

Theorem 2.6. If b € R, a,a’ab € Rt and if ab € R#, then the following
statements are equivalent:

(i) (ab)# = (afab)tal,



(ii) (aTab)! = (ab)*a and abaa® = ab.
Proof. (i) = (ii): The condition (ab)# = (afab)Ta’ implies
abaa’ = (ab)?(ab)¥aa’ = (ab)*(aTab)alaa’ = (ab)?(a’ab)Tal = ab.

Therefore, by Lemma 1.2, (ab)#a = (afab)Ta’a = (aTab)T.
(ii) = (i): Using the equalities (afab) = (ab)#a and abaa! = ab, we
obtain that (i) holds:

(aTab)Ta’ = (ab)"aa’ = [(ab)? ] (abaa’) = [(ab)?]2ab = (ab)¥.

Similarly as Theorem 2.6, we can show the following theorem.

Theorem 2.7. If a € R, b,abb’ € R and if ab € R¥, then the following
statements are equivalent:

(i) (ab)# = bf(abb)T,
(ii) (abb)t = b(ab)* and ab = bTbab.

The reverse order law (afab)# = bf(atabb’)t is characterized in the fol-
lowing result.

Theorem 2.8. If a,b,a’abb’ € R and alab € R#, then the following
statements are equivalent:

(i) (a'ab)® = b (atabb)T,

(ii) bf(aTabb®)t € (atab){5},

(iii) b'ba’ab = atab and bata(atabb))t = (afabb?)'h,
) b{1,3,4} - (aTabb®){1,3,4} C (a'ab){5},

(v) bibatab = atab and (atabb®)t = b(atab)?.

(iv

Proof. (i) = (ii): This implication is trivial.
(ii) = (iii): Observe that bf(aTabb’)t € (aTab){1}, by

a’abb' (aTabb’)alab = (aTabb'(a'abb")TaTabb’)b = alabb’b = aTab.  (3)
Further, from bf(afabb’)t € (afab){5} and Lemma 1.3, we have

bib(atab) = bTbbl (aTabb) T (atab)? = bf (aTabb")T(aTab)? = aTab  (4)



and
ba'a(aTabb")T = b(a'abb! (aTabb")T) = (bbT (aTabb")Nala)b = (aTabb’)Tb.

(iii) = (i): Applying biba’ab = a'ab and bata(atabd’)t = (afabb®)tb, we
obtain

bl ((afabb)Tata)b = bl ((aTabb’)Th) = bTba’a(aTabbh)!
(bTbaTab)b! (aTabb")T = alabbl (aTabb?)T.

Hence, bf(aabb") € (aTab){5}. Since the equalities (3) hold and
b ((aabd?)tatabbl (afabb®)T) = bf (afabb!)T,

we deduce that b(aTabd")" € (afab){1,2}. Thus, the condition (i) is satis-
fied.

(ii) = (iv): Suppose that bf(aTabb?)t € (afab){5}. For b-34) € b{1, 3,4}
and (afabbh)B34 € (atabb?){1,3,4}, by Lemma 1.1 and Lemma 1.3, we
obtain

b3 (afabbh) B3V afab = 13D ((alabbh) 3V alabbl )b
= 13 (alabb") T alabbp
= 30T (afabb)Tatab = bTbbT (afabd)Tatab
= alabbl(afabb") = alabb’ (atabph)3D
= atabb™>Y (af abp? )13,

So, for any b(1:34 € b{1,3,4} and (alfabb") 134 € (afabbl){1,3,4}, we get
b3 (afabbt) 134 € (afab){5} and (iv) is satisfied.

(iv) = (ii): By b' € b{1,3,4} and (a'abb") € (aTabbl){1,3,4}.

(i) = (v): Let (afab)# = bf(atabb!)!. Since (i) = (iii), then bfbatab =
afab and, by Lemma 1.3, (afabb’)t = b(bT(aTabb?)?) = b(alab)?.

(v) = (i): Assume that b'batab = a'ab and (afabb’)' = b(atab)#. Now,

(aTab)® = (aTab)[(aTab)?]? = bTb(atab](a’ab)™]?)
b (b(a'ab)?) = bT (atabb)T.

O

In the same way as in Theorem 2.8, we obtain the following theorems.

Theorem 2.9. Ifa € R, b,a*abb* € R and a*ab € R¥, then the following
statements are equivalent:



(i) (a*ab)® = b*(a*abb*)T,
(i) b*(a*abb*)t € (a*ab){5},

)
)
(ii)) bfba*ab = a*ab and ba*abb*(a*abb*)" = bb*(a*abb*)ta*ab,
(iv) b* - (a*abb*){1,3,4} C (a*ab){5},

)

(v) blba*ab = a*ab and (a*abb*)T = (b1)*(a*ab)?.

Theorem 2.10. If a,b,a’abb’ € RT and abb' € R¥, then the following
statements are equivalent:

(i) (abb))# = (aabb®)ial,
(ii) (afabb)a® € (abb?){5},

)
)
(iii) abblaa’ = abb! and (a’abb’)TbbTa = a(aTabb?)T,
(iv) (aabb’){1,3,4} - a{1,3,4} C (abb'){5},

)

(v) abbtaa’ = abb! and (aTabb®)t = (abb")#a.

Theorem 2.11. Ifb € R, a,a*abb* € R and abb* € R¥, then the following
statements are equivalent:

(i) (abb*)# = (a*abb*)ta*,
(ii) (a*abb*)tal € (abb*){5},

)
)
(iii) abb*aa’ = abb* and (a*abb*)Ta*abb*a = abb*(a*abb*)ta*a,
(iv) (a*abb*){1,3,4} - a* C (abb*){5},

)

(v) abb*aat = abb* and (a*abb*)t = (abb*)#(al)*.

Now, we prove that (afab){5} C b{1,3,4} - (aTabb?){1,3,4} is equivalent
to (aTab){5} = b{1,3,4} - (aTabb’){1,3,4}.

Theorem 2.12. If a,b,afabb’ € R and afab € R¥, then the following
statements are equivalent:

(i) (afab){5} C b{1,3,4} - (aTabb?){1,3,4},
(ii) (aTab){5} = b{1,3,4} - (aTabb){1,3,4}.
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Proof. (i) = (ii): Suppose that (a'ab){5} C b{1,3,4} - (a'abb’){1,3,4}.
Then there exist b(34) € b{1,3,4} and (afabd")34 € (afabd’){1,3,4}
such that (afab)# = (139 (atabb?) (134, Using Lemma 1.1 and Lemma 1.3,
we get

bi(afabb))t = 03D (Bbf (afabbD)T) = 6139 (afabbh)Tal abbf (afabbh)f
(O3 (afabbh) 13D af ab(b339) (ot abbt) 1:3:4))
(aTab)#atab(alab)® = (a'ab)?”.

Therefore, by Theorem 2.8, b{1,3,4} - (aTabb'){1,3,4} C (aTab){5} and (ii)
is satisfied.
(ii) = (i): Obviously. O

The next results can be checked similarly as Theorem 2.12

Theorem 2.13. Ifa € R, b,a*abb* € Rt and a*ab € R¥, then the following
statements are equivalent:

(i) (a*ab){5} Cb* - (a*abb*){1,3,4},
(i1) (a*ab){5} = b* - (a*abb*){1,3,4}.

Theorem 2.14. If a,b,atabb’ € R and abbt € R#, then the following
statements are equivalent:

(i) (abb"){5} C (aTabb’){1,3,4} -a{1,3,4},
(ii) (abb)){5} = (a’abb"){1,3,4} - a{1,3,4}.

Theorem 2.15. Ifb € R, a,a*abb* € R and abb* € R¥, then the following
statements are equivalent:

(i) (abb*){5} C (a*abb*){1,3,4} - a*,
(i) (abb*){5} = (a*abb*){1,3,4} - a*.

Sufficient conditions for the reverse order law (ab)* = bf(alabb)a’ are
investigated in the following theorem.

Theorem 2.16. Suppose that a,b,a’abb’ € R and ab,atab, abb’ € R#.
Then each of the following conditions is sufficient for (ab)” = bf(aTabb?)al
to hold:

(i) (ab)# = (atab)#al and (aTab)# = bl (a’abbh)t,

11



(ii) (ab)? = bi(abb))? and (abb")# = (aTabb?)Tal.
Proof. (i) From (ab)# = (a'ab)#a! and (afab)# = bl (afabb®)t, we get
(ab)* = (aab)#a’ = bT(atabbT) al.
(iii) It follows as item (ii). O

If we replace the conditions (afab)# = bf (afabb®)t and (abd")# = (a'abd?) al
in Theorem 2.16 by some equivalent conditions from Theorem 2.8 and The-
orem 2.10, we obtain list of sufficient conditions for (ab)# = bf(afabb’)tal
to be satisfied.

Similarly to Theorem 2.16, we get the next theorem.

Theorem 2.17. Suppose that a,b € R, a*abb* € R and ab,a*ab, abb* €
R#. Then each of the following conditions is sufficient for (ab)# = b*(a*abb*)ta*
to hold:

(i) (ab)” = (a*ab)®a* and (a*ab)” = b*(a*abb*)T,
(ii) (ab)? = b*(abb*)” and (abb*)* = (a*abb*)Ta*.

Finally, we give an example to illustrate our results.

Example 2.1. Consider a 2 x 2 block matrices A = [ clz 8 } and
b 0 . T 0 1 T
B = 01 3 where avb € R\ {O} Notice that AT = 1 al , BT —
a a2

1
[ 8 (1) } and AB = [ cf)b g } Since statements of Theorem 2.5 (or The-

1
orem 2.6 or Theorem 2.7) are satisfied, we obtain (AB)# = { 8 b ] =
a

BT AT
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