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1. Introduction

Let M, be the algebra of all n x n complex matrices. The Moore—Penrose inverse (MP
inverse for short) of matrix A is the unique matrix A" satisfying

(1) AATA=A  (2) ATAAT = AT (3) (AAT)" = 44T (4) (ATA)" = ATA

The inverse was introduced by Moore [10] and latter rediscovered independently by
Bjerhammar [4] and Penrose [12]. When ind(A) < 1 i.e. rank(A) = rank(A?), the group

f3

inverse of A (see [2]) is unique matrix A# defined by

(1) AA¥A=A  (2) ATAA*" = A#  (5) AA* = AT A

X0
which is originally discussed by Rao and Mitra in [14] (as pointed out in [13]). They

Recently, Baksalary and Trenkler reintroduced in [1] the generalized inverse A

named it as core inverse and defined by the following definition.
Definition 1.1. (See [1].) A matrix A® € M,, is the core inverse of A € M,, if it satisfies
AA® =p, and R(AP) CR(A). (1)

Here P4 stands for the orthogonal projection on R(A). The core inverse exists if and
only if ind(A) < 1 in which case it is unique. Also, it is proved in [1] that the core inverse
coincides with Bott-Duffin inverse P4[(A — I)Pa + I]™!. In the same paper authors
defined one more inverse, A, which is closely related to core inverse. We call this inverse
dual core inverse of A and denote it by Ag. It is defined by [1]

AgpA =Py and R(Ag) C R(A%).

The core inverse is a special case of the core-EP inverse discussed by Manjunatha Prasad
and Mohana in [13]. They rephrase the term core inverse as core-EP generalized inverse.
Also, they used the term *core-EP generalized inverse instead of dual core inverse. They
pointed out that it is the better terminology for the use.

From now on R denotes a ring with involution; we say *-ring for short. Our aim is
to extend the definitions of these inverses to the case of *-ring. We will show that all
four kinds of inverses can be treated in the similar way. The MP and group inverse of
an element a € R are defined in the same way as in the matrix case; if they exist then
they are unique. Some characterizations of the MP invertibility of an element of a ring
are given in [8].

In Section 2 we will give an equivalent definition of the core inverse of matrix which
serves us as a definition of core inverse of an element of a ring with involution: z € R is
a core inverse of a € R if

axa = a, zR=aR and Rx = Ra".
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The analogous alternative definitions for group, MP and dual core inverse of a € R are
also given, see (3). In Theorems 2.11, 2.12, 2.14, 2.15, Corollary 2.13, we will characterize
the existence of these inverses by the existence of idempotent ¢ € R and self-adjoint
idempotents p,r € R satisfying aR = qR, Ra = Rq, pR = aR and Rr = Ra. Namely,
a € R is group invertible if and only if idempotent ¢ exists; a is MP invertible if and
only if p and r exist; a is core invertible if and only if p and ¢ exist; a is dual core
invertible if and only if r and ¢ exist. Using these idempotents we obtain appropriate
matrix representations for a, a#, af, a® and agy. We will characterize the core and dual
core inverse by the set of equations in Theorems 2.14 and 2.15. This result is new even
in the case R = M,,. We will obtain a number of new properties and generalize most
of the known properties of core inverse of complex matrix, that make sense in a *-ring.
We note that in the matrix case, the study of generalized inverses uses mainly finite
dimensional linear algebra methods. In our setting of arbitrary x-ring, we cannot use
these methods.

In Section 3, the EP elements will be characterized.

In Section 4, we will show that considered inverses belong to the class of inverses
along an element, introduced by Mary in [9] and to the class of outer generalized inverses
introduced by Drazin in [6].

In a sequel we give some preliminaries. If ¢ € R and there exists z € R such that
axa = a then we say that a is von Neumann regular (regular for short) and z is inner
generalized inverse of a. If y € R and yay = y then y is called outer generalized inverse
of a. An element x is called reflexive generalized inverse of a if z is both inner and outer
generalized inverse of a. If x satisfies equations ¢, go, ..., ¢, then z is called {q1, q2, ..., ¢n }
inverse of a. The set of all such inverses is denoted by a{qi,qa,...,qn}. For example,
a{1,2,5} = {a#}. We write RV, R# Rt R®, Rg for the set of all regular, group, MP,
core, dual core invertible elements of a ring R respectively. An element a € R is EP if
a* and a' exist and a# = af. We will denote by aR and Ra the right and left ideal
generated by a; aR = {az : x € R} and Ra = {za : € R}. Also aRb = {axb: x € R}.
The right annihilator of a is denoted by a°® and is defined by a® = {z € R : az = 0}.
Similarly, the left annihilator of a is the set °a = {z € R : xza = 0}. Finally, if p,q € R
are idempotents then arbitrary x € R can be written as

r = prq+pr(l—q)+ (1 —-p)zg+ (1 —-p)z(l —q)

or in the matrix form

{551,1 931,2]

T = ,
2,1 P22,
where z11 = pxq, 12 = pr(1—q), 2.1 = (1—-p)zq, 222 = (1—p)z(1—q). f £ = (25 j)pxq
and ¥ = (¥ij)pxq, then € +y = (x;j + ¥i ;)pxq- Moreover, if r € R is idempotent and
z = (2i,j)gxr, then one can use usual matrix rules in order to multiply x and z.
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2. Equivalent definitions and properties of a#, af, a® and ag

In this section we will give several characterizations for group, MP, core and dual core
inverse and obtain some properties. We note that the results stated in Theorems 2.7,
2.8, 2.11, 2.12, 2.14, 2.15, Lemmas 2.9, 2.10, Corollary 2.13 are new even in the case
R=M,.

First we show that considered inverses are reflexive generalized inverses with pre-
scribed range and null space. It is known that A' is reflexive generalized inverse of A
with range R(A*) and null space N'(A*) [2]. We write

AT = AR ey
Also [2],
A% = AR wiay
To find a similar expression for core inverse, recall that A% = A# P, [1]. This means
A® = A# AAT, (2)
so we obtain

R(A) = R(A#*) = R(A#AATAA#) C R(A#AAT) = R(A®)
N(AY) = N(AT) = N(ATAA#* AAT) D N (A#AAT) = N (AD)

N

R(A#)
N (AT).

|}

We see at once that

a2
A® = AL Ny

Similarly,

(1,2
Ag = A A)/\/( )

The definition of A? given in Definition 1.1 does not make sense in rings. So, we need
an equivalent definition.

Lemma 2.1. A matrix X € M, is the core inverse of A € M, if and only if AXA=A,
XM, = AM,, and M, X = M, A*.

Proof. Suppose that X is the core inverse of A. It is clear that XM, C AM,, since
R(X) C R(A). By (2), we see that AXA = A and XA = A¥A, so A = XA?,
hence AM, C XM,. Also, A* = A*(AX)* = A*AX so M,A* C M,X. Fi-
nally, X = A#AAT = A#(A")*A* implies M,, X C M, A*. Conversely, suppose that
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A = AXA, XM, = AM,, and M, X = M,A*. It follows that R(X) C R(A) and
there exist V € M, such that X = VA*. It is now clear that (AX)? = AX, and
X =VA*=VA*X*A* = XX*A*. Therefore AX = AX(AX)* which is self-adjoint, so
AX =Py. O

Similarly, we can show the analogous result for dual core inverse.

Lemma 2.2. A matric X € M, is the dual core inverse of A € M, if and only if
AXA=A, XM, = A*M,, and M, X = M,A.

Now, we can give the extensions of the concepts of the core and dual core inverse
from M,, to R.

Definition 2.3. Let a € R. An element a® € R satisfying

aa®a = a, a®R=aR and Ra® = Ra*
is called core inverse of a.
Definition 2.4. Let a € R. An element ag € R satisfying

aagya = a, agR=a"R and Rag = Ra
is called dual core inverse of a.

In the similar way we can give the characterizations of the group and MP inverse.
First we need some auxiliary lemmas.

Lemma 2.5. Let a,b € R. Then:

(i) If aR C bR then °b C °a.
(ii) Ifb e RW and °b C °a then aR C bR.

Proof. (i): Suppose that aR C bR and ub = 0 for some u € R. There exists € R such
that @ = bz so ua = ubx = 0.

(ii): Suppose now that °b C °a and b)) € b{1}. Since (1 — bb™M)b = 0 we have
(1 —bbM)a =0 so a = bbMa. Therefore, aR C bR. O

Lemma 2.6. Let a,b € R. Then:

(i) If Ra C Rb then b° C a°.
(ii) If b € RY and b° C a° then Ra C Rb.
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Theorem 2.7. Let a,x € R. The following statements are equivalent:

(i) a is group invertible and x = a*.

(ii) aza =a, R = aR and Rr = Ra.
(iii) aza =a, °z ="°a and z° = a°.
)

)

(iv

(v

ara =a, TR C aR and Rx C Ra.
ara =a, °a C °x and a® C x°.

Proof. (i) = (ii): We have @ = aza = aar = zaa and = = zaxr = zra = axx so R = aR
and Rz = Ra.

(ii) = (iii) = (iv) = (v) follows by Lemmas 2.5 and 2.6.

(v) = (i): From aza = a it follows that ax — 1 € °a C °z and 1 — za € a® C 2° so

2 2

(ax — 1)z = 0 and z(1 — za) = 0. Now, x = ax? = z?a, hence ax = az?a = za and

zrar = r?a = . By the uniqueness of the group inverse, z = a. O

Theorem 2.8. Let a,x € R. The following statements are equivalent:

(i) a is MP invertible and z = a'.
(ii) axa = a, R = a*R and Rx = Ra*.

)
)
(iii) axa = a, °x = °(a*) and z° = (a*)°.
)
)

—

(iv

(v

ara =a, tR C a*R and Rx C Ra*.
ara = a, °(a*) C °z and (a*)° C x°.

Proof. (i) = (ii): By the properties of MP inverse we easily obtain a* = zaa* = a*ax
and ¢ = a*z*r = z2"a* so vR = a*R and Rz = Ra*.

(if) = (iii) = (iv) = (v) follows by Lemmas 2.5 and 2.6.

(v) = (i): Since a*z*a* = a*, we see that (1 —z*a*) € (a*)° C z° and (1 —a*z*) €
°(a*) C °z. Therefore, x = xz*a* and x = a*z*z. This yields ax = az(ax)* and
xa = (xza)*za; hence ax and za are self-adjoint. Finally, zar = z(ax)* = za*a* = z. It
follows that = af. O

Definitions 2.3, 2.4 and Theorems 2.7 (ii), 2.8 (ii) show that group, MP, core and dual
core inverses can be defined analogously:
x € R is group inverse of a if and only if aza = a, xR = aR, Rx = Ra,
x € R is MP inverse of a if and only if axa = a, xR = a*R, Rx = Ra™,
x € R is core inverse of a if and only if axa = a, xR = aR, Rx = Ra”,
x € R is dual core inverse of a if and only if aza = a, xR = a*R, Rx = Ra. (3)
As we can see, the four inverses are closely related and it can be said that they form a

certain subclass of the class of all inner inverses. Moreover, we can conclude that core
and dual core inverse are between group and MP inverse.
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We will now show that the existence of considered inverses is closely related with
existence of some idempotents. First, we give some auxiliary results.

Lemma 2.9. If qg1 and g2 are idempotents such that Rqg1 C Rqs and ¢2R C g1 R then
a1 = q2-

Proof. If Rq; C Rqs then q; = ugs for some u € R 50 q1q2 = ug3 = uge = q;. Similarly,
2R C 1 R implies q1g2 = g2. O

Lemma 2.10. Ifp; and ps are self-adjoint idempotents such that Rp1 = Rps orp1R = poR
then p1 = po.

Proof. If Rp; = Rp, then, like in previous lemma, p; = pips and ps = pap;. But
p2 = p3 = pip5 = p1p2 = p1. Similarly, p1 R = po R implies p1 = ps. O

Theorem 2.11. Let a € R. The following assertions are equivalent:

(i) a is group invertible.
(ii) There exists an idempotent ¢ € R such that ¢R = aR and Rq = Ra.
(iii) a € RV and there exists idempotent q € R such that °a = °q and a® = ¢°.

If the previous assertions are valid then the assertions (i) and (i) deal with the same
unique idempotent q. Moreover, qa'Mq is invariant under the choice of aV) € a{l} and

a 0 aV 0
A AR il A"
Oquq 0 0

axq

Proof. (i) = (ii): Suppose that a is group invertible and set ¢ = aa® = a#a. Then
a=qa=aq so qR =aR, Rq = Ra.

(ii) = (iii): From gR = aR we have ¢ = ax and a = ¢z for some z,z € R. Therefore,
qa = ¢*>2 = qz = a and ara = qa = a, so a € R, The rest of the proof follows by
Lemma 2.5 (i) and Lemma 2.6 (i).

(iii) = (i): Suppose that a € RW and suppose that there exists an idempotent ¢ such
that a® = ¢° and °a = °q. Let a") € a{1} be arbitrary. Since 1 —aMa € a® C ¢° we
obtain ¢ = gaMa. Also, 1 —q € ¢° C a°, so a = aq. Similarly, ¢ = aaV¢ and a = qa.
Set = ga™Mq. We have x = a#, because

az = agaMq = aaMq = ¢, za = qaWqa = gqaWa = ¢,
ara = qa = a, rar = qr = x.
Now the invariance of ga*)q under the choice of a") € a{1} follows. Note that we have

also proved representations (4) since a = gaq and a# = ga"q. The uniqueness of ¢
follows by Lemma 2.9. 0O
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Theorem 2.12. Let a € R. The following assertions are equivalent:

(i) a is MP invertible.
(ii) There exist self-adjoint idempotents p,r € R such that pR = aR and Rr = Ra.
(iii) a € R and there exist self-adjoint idempotents p,r € R such that °a = °p and
a® =r°.
If the previous assertions are valid then the assertions (ii) and (iii) deal with the same
pair of unique self-adjoint idempotents p and r. Moreover, raVyp is invariant under the
choice of aV) € a{1} and

a O ra® 0
a= { } , at = [ P ] ) (5)
0 0 pxr 0 0 rxp

Proof. (i) = (ii): Suppose that a is MP invertible and set p = aa’ and r = afa. It is
clear that p and r are self-adjoint idempotents. Since a = pa = ar we conclude that
pR = aR and Rr = Ra.

(ii) = (iii): If we use p instead of ¢ then the proof proceeds along the same lines as
the proof of Theorem 2.11 (ii) = (iii).

(iii) = (i): As in the proof of Theorem 2.11 we can show that a = pa = ar, p = aa®p
and r = raMa. Set z = raWp. We have z = a' because

az = araMp = aaMp = p = p*

1)

za =raWpa=raMa=r=1r*

ara =pa=a

rar =rr = X&.

Now the invariance of ra")p under the choice of a(*) € a{1} follows because it is known
that MP inverse is unique when it exists. Note that we have also proved representa-
tions (5) since a = par and a = z = ra(Mp. The uniqueness of p and 7 follows by
Lemma 2.10. O

Recall that a *-ring R is Rickart x-ring if for every a € R there exists self-adjoint
idempotent p such that °a = Rp [3]. The analogous property for right annihilators is
automatically fulfilled in this case. Note that Rp = °(1 — p).

Corollary 2.13. Let a € R where R is Rickart x-ring. Then a is MP invertible if and
only if a is regular.

The analogous characterizations of core and dual core inverses using idempotents and
annihilators are given in the next two theorems. Furthermore, we characterize these
inverses by the set of equations.
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Theorem 2.14. Let a € R. The following assertions are equivalent:

(i) a is core invertible.

o o

(ii) There exists x € R such that aza = a, °x = °a and z° = (a*)°.

(iii) There exists x € R such that
(1) aza=a (2) zax =z (3) (az)* = ax (6) za® =a (7) ax? = z.

(iv) There exist self-adjoint idempotent p € R and idempotent ¢ € R such that pR = aR,
qR = aR and Rq = Ra.

(v) a € RY and there exist self-adjoint idempotent p € R and idempotent ¢ € R such
that °a = °p, °a = °q and a° = ¢°.

If the previous assertions are valid then © = a®, a® is unique and the assertions (iv)
and (v) deal with the same pair of unique idempotents p and q. Moreover, qaWMp is
invariant under the choice of aV) € a{1} and

a 0 aVp 0
T L
OOqu 0 qup

Proof. (i) = (ii): Suppose that a is core invertible and let x = a®. By definition,
axa = a, tR = aR and Rr = Ra*. By Lemmas 2.5 and 2.6, it follows that °x = °a and
x° = (a*)°.

(if) = (iii): Suppose that there exists x € R such that aza = a, °z = °a and 2° =
(a*)°. We can follow the proofs of Theorems 2.7 and 2.8 to obtain that

r = ar?, ar = (ax)* and zax = z.

From za — 1 € °z C °a we have

(iii) = (iv): Set p = az and ¢ = za. From aza = a it follows that p and ¢ are
idempotents such that pR = aR and Rq = Ra. Eq. (3) shows that p is self-adjoint. From
a = za® = qa and ¢ = za = ax’a we conclude that gR = aR.

(iv) = (v): The proof is similar to the proof of Theorem 2.11 (ii) = (iii).

(v) = (i): Suppose that a € R(Y) and suppose that there exist self-adjoint idempotent
p € R and idempotent ¢ € R such that °a = °p, °a = °q and a° = ¢°. Fix oV € a{1}.
In the proof of Theorem 2.11 we showed that a = ga = aq and ¢ = qaMa = aaVq.
In the proof of Theorem 2.12 we showed that a = pa and p = aaMp. Let o~ € a{l}
be arbitrary. Then ga~p = qaMaa"aaMp = gaMaaVp = gaMp, so ga~p is invariant
under the choice of a= € a{l}. Set x = qaWp. We have aza = agaPpa = aaVa = a.
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Also, = gaMp = aaMqaWyp and za? = gaMVpa® = gaVaa = qa = a, so R = aR.
Moreover,
z = qaWp* = qaV (aa(l)p)* = qa(l)p(a(l))*a* and
a*az = a*aqaMp = a*aaMp = a*p = (pa)* = a*,
so Rx = Ra*. Tt follows that = a®, i.e. a is core invertible.

The uniqueness of p and ¢ follows by Lemmas 2.10 and 2.9. If x is core inverse of a
then we showed that a has properties given in (ii) and (iii). Suppose that there exist
two elements z and y satisfying equations in (iii). By the proof of (iii) = (iv) and the
uniqueness of p and ¢ we conclude that p = axr = ay and ¢ = za = ya. Therefore,
r = xzar = yay = y. We also proved that if there exists some z satisfying equations
in (iii) then a is core invertible but its core inverse must satisfies equations in (iii) which
uniquely determine z. It follows that = appearing in (ii) and z appearing in (iii) are both
equal to a® and that core inverse of a is unique. Representations (6) follow by a = pagq
and a® =z = qaWMp. DO

The theorem concerning the dual core inverse can be proved similarly.
Theorem 2.15. Let a € R. The following assertions are equivalent:

(i) a is dual core invertible.
(ii) There exists x € R such that aza = a, °z = °(a*) and z° = a°.
(iii) There exists x € R such that

(1) aza =a (2) zax =x (4) (za)* = za (8) a’r =a (9) 2%a = 2.

(iv) There exist self-adjoint idempotent r € R and idempotent ¢ € R such that Rr = Ra,
qR = aR and Rq = Ra.

(v) a € RM and there exist self-adjoint idempotent r € R and idempotent ¢ € R such
that a® =1r°, °a = °q and a® = ¢°.

If the previous assertions are valid then x = ag, ag is unique and the assertions (iv)
and (v) deal with the same pair of unique idempotents r and q. Moreover, raMyq is

invariant under the choice of aV) € a{1} and

[a 0} [ra(l)q O}
a = , a@ = .
0 0 gxr 0 0 rxq

We will use ¢4, p, and r, for the idempotents associated with a € R, given in The-
orems 2.11, 2.12, 2.14, 2.15. We will write ¢, p and r instead of ¢,, p, and r, when no

confusion can arise.
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Let us look at the equations in Theorems 2.14 (iii) and 2.15 (iii) that characterize
core and dual core inverse respectively. Note that these equations are combinations of
equations that characterize group inverse and equations that characterize MP inverse.
To see that it is enough to check that the following sets of equations are equivalent:

(i) aza = a, zax = x, ax = xa;

(ii) ara = a, zar = z, va® = a, a’x = a;

(ili) aza = a, rax =z, 2%a = v, ar® = x.

It is clear that (i) implies (ii) and (iii). If aza = a, rax = z, za® = a, a®>x = a then

ax = za’x = za, so (ii) implies (i). Similarly, (iii) implies (i).

Remark 2.16. In Theorems 2.11, 2.12, 2.14, 2.15 the connection between the generalized
invertibility of a and the existence of idempotents p = p,, ¢ = ¢, and r = r, with
given properties is provided. It follows that a is both group and MP invertible if and
only if a is both core and dual core invertible. If a is core or dual core invertible then
a is group invertible. In other words, R# N R = R® n Rg and R® U Rg C R#.
It should be noted that inner invertibility of a (there exists x such that aza = a)
implies MP invertibility of a in the case when R is C*-algebra (see [7]) or Rickart *-ring
(Corollary 2.13).

Remark 2.17. The statements (ii) and (iii) in Theorem 2.14 and the statements (ii)
and (iii) of Theorem 2.15 can be used as equivalent definitions of core inverse and dual
core inverse, respectively.

Suppose that a € R# N Rf. By Theorems 2.11 and 2.12, it follows that there exist
unique idempotent ¢ = ¢, and unique self-adjoint idempotents p = p, and r = r, with
given properties. By the uniqueness, we conclude that these idempotents are the same
as idempotents in Theorems 2.14 and 2.15. Therefore,

q:aa# :a#a:a@a:aa@
p= aaT = aa@

r=a'a=aga. (7)
Now, it is easy to show that
pg=q, gp=p, Tg=T, qr=gq. (8)

Moreover,

*

p=(pq)" =q", pq* = (qp)" = p, q¢'r=(rq)" =r, rqg" =(qr)" =q". (9)
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We also proved in Theorems 2.11, 2.12, 2.14, 2.15 that

a = qaq = paq = qar = par, a# = qa(l)Qa
at =raWp, a® = qaWp, ag = raWyq, (10)

where a!) € a{1} is arbitrary. By (8) (10), it follows that

[a 0} [a 0] {a 0} [a 0}
a = = = =
_O O qgxq 0 O pXq O 0 gxr O O pPXT

2 [a? 0} [a# 0] {a# 0] {a# 0]
a = = = =
L0 O axq 0 0 pXq 0 0 gxr 0 0 X
: ral 0} [cﬁ 0} [aT 0] [aT 0}
a' = = = =
L0 0 rxp 0 O a*xp 0 O rxq* 0 O 0 xq*
@ ra® 0} [a@ 0} {a@ 0] [a@ 0}
a = = = =
L 0 O gxp 0 O pXp 0 O axq* 0 O pXq*
[a 0 a 0 a 0 a 0
e I A I B ol R
L 0 0 rXq 0 O q*Xq 0 0 rXTr 0 0 q*Xr

The elements in upper left corners in (11) belong to the sets of the forms py Rps, where
p1 and po are idempotents. When p; # ps we cannot consider the invertibility of the

corner element in p; Rps . but it has some similar property. Let us look, for example, the
T 8l oer
that za® = ¢* and a®z = ¢. Namely, = = ¢*ag. The analogous property can be shown
for all corner elements in (11). The proof is left to the reader.

It is clear that (a#)# = a and (af) = a. The expressions for (A®)" and (A®)®,
where A € M, are given in [1]. We give expressions for other “double” inverses.

representation a® = € qRq*. There exists unique element = € ¢*Rq such

Theorem 2.18. Let a € R# N R'. Then:
(i) Pa# = Pas Qu# = Qas Ta# = Ta and
@) =a (@) =rap.,  (@*)® =ap, (a*) g = raa.
(i) Pat =Tas dat =G5, Tat = Pa and
(@) =qag,  ()'=a  (@)P=ga (g =

(i) p,@ = 2,@® =7,® = Pa and
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(V) Pagy = dag = Tag =Ta and

)#

(a)” = (1g)' = (a@)® = (ag)@ = raa.

Proof. We give the proof only for the statement (iii); the other statements may be proved
in the same manner. Since a®R = aR = p,R and Ra® = Ra* = (aR)* = (poR)* = Rpa,
we conclude that

P& =4,® =",@® = Pa-

By (10), we obtain

[pa apg 0 } [ apg 0 }
= = . O
0 0 0 01, 4

Pa XPa

From Theorem 2.18 it follows that a® and ag are EP. The properties of core inverse

given in the following theorem are a generalization of the case R = M,, (see [1]) to the
case of arbitrary #-ring.

Theorem 2.19. Let a € R® and n € N. Then:

aag, al = a@aa@, a® = a”aa, ag = ataa”.
Proof. Since a € R® we have the existence of a#, ¢, and p,.

(i): By Theorem 2.14 (iii) and (7), we have a® = a®aa® = a#aa® = a#p,.
(ii): (a@)Za = Q@Qa (2 a#paqa (i> G#Qa =a”.
(iii): Since a = a™(a”)"~! = (a#)""la" we conclude that Ra® = Ra = Rg, and
a"R = aR = q.R = p,R. Using a(a®)? = a® we see that a"(a®)" = aa® so
a(a®)a"™ = aa®Pa” = a", ie. (a®)" € a™{1}. By Theorem 2.14, we obtain

(")® = (@) Vpe = 0a(a®)"po = (a®)".
(iv): By the proof of (iii) of Theorem 2.18, we obtain

((a®)®)® = a®p,g = a®p, = a®.
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(v): If a € RT then, by (7), a¥ = a*aa” = a@aa@7 a = ataa® = a@@a@7 a® =
a®aa® = a*aa’ and ag = agaag = a'aa®. O

The analogous result for dual core inverse of a € Rg is valid. The expressions in (v)
in Theorem 2.19 perhaps best illustrate the connection between the group, MP, core and
dual core inverse. Once again, we see that the core and dual core inverse are between
group and MP inverse and vice versa.

3. Characterizations of EP elements

In this section, we consider the equivalent conditions for EP-ness of a € R. Recall
that @ € R is EP if a € R N R' and a# = af. EP matrices and EP operators have
been extensively studied. Recently, the EP elements are investigated in the context of
rings with involution. For a recent account of the theory see, for example, [5,11] and the
references given there.

Theorem 3.1. Let a € R. The following assertions are equivalent:

(i) a is EP, i.e. a € R* N R' and a¥ = af.
(ii) @ € R" and p, = 74.
(iii) @ € R® and p, = qa.
(iv) a € Rg and vy = qq.
(v) a € R® and a* = a®.
(vi) a € Rg and a¥ = ag.
(vii) @ € R* N RY and af = a®.
(viii) @ € R¥ N R and a' = ag.
(ix) a € R* N R and o® = ag .

Proof. (i) = (ii)—(ix): If a is EP then
pa = aa’ = aa? = q, = aa=aTa =r,.

By (10),

a?* =al —a@:a@—q aWMq,.

(ii) or (iii) or (iv) = (i): Suppose that p, = r,. We have p,R = aR and Rp, = Rr, =
Ra so there exists ¢, and p, = ¢4 = 7. Hence, a € R# and aa' = p, = ¢, = aa®. Hence,
aa# = a*a is self-adjoint, so af = a#. Similarly, p, = ¢q or 74 = o IMPly Pa = re = qa
and we can proceed as before.

(v) = (i): Suppose that a € R® and a® = o#. Multiplying both sides by a from the
left, we obtain p, = aa® = aa# = q,. From the previous part of the proof, it follows
that a is EP.

The remaining implications may be shown similarly. 0O
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Thus, a is EP if and only if « € R#* N R and o# = af = a® = agy. Some charac-
terizations in the next theorem involve only group and MP inverse. Note that some of
these characterizations are known. We give them for completeness. For =,y € R we write

[z,y] = 2y — ya.
Theorem 3.2. Let a € R N R#. Then the following assertions are equivalent:

(i) a is EP.
(ii) At least one (any) element of the set

{[a.a'], [0,a%]. [0, ag], [a¥, a'], [a¥, o], [, agp ]}

is equal to zero.
(iii) At least one (any) element of the set

* * * *
{apav Taa, Taapav qaa7 G‘Qaﬂ qaa’(IG}

is equal to a.
) ap, = raa.

) TaQPaq = Ta.
(Vi) Taapa = apq.
i) gza=apa.

) aq =r.a.

Proof. Write p = p,, ¢ = q, and r = r,.

(i) = (ii)—(ix): If a is EP then by Theorem 3.1, a# = af = a® = ag and ¢ = p =
r = ¢*. Now, the proofs easily follow.

For the proofs of converse implications we use (7)-(10) and Theorem 3.1 or one of the
preceding already establish conditions.

(ii) = (i): We need to show that if there exists some element from the set which is
equal to zero then a is EP. If aa® = a®q then p = ¢. By Theorem 3.1, a is EP. Suppose
that [a#,a®] = 0, that is a#a® = a®a#. Multiplying both sides from the left by a
we obtain qa® = pa#. By (10), a® = a#, so a is EP. Suppose that a#a’ = afa?.
Multiplying both sides from the left by a we obtain «® = pa# = a#, so a is EP. Other
cases ([a,a'] =0, [a,ag] =0, [a¥, ag] = 0) may be proved similarly.

(iii) = (i): If ap = a then, multiplying both sides from the left by a*, we obtain
qp = q, hence, p = q. Therefore, a is EP. If ra = a then ¢ = aa” = raa” = rq = r, thus
ais EP. If rap = a then a = gqa = qrap = qap = ap. If ¢*a = a then a = ¢*a = r¢*a = ra.
If ag* = a then a = aq® = aq¢*p = ap. Finally, if ¢*aq¢* = a then a = ¢*aq™p = ap.

(iv) = (i): Suppose that ap = ra. Since gr = q we have a = ga = qra = gap = ap. By
the previous part of the proof, we conclude that a is EP.

(v) = (i): If rap = ra then a = ga = qra = qrap = qap = ap.

(vi) = (i): If rap = ap then a = aqg = apq = rapq = raq = ra.
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(vii) = (i): Suppose that ¢*a = ap. Since pg* = p we obtain a = pa = pg*a = pap =
ap. By the part (iii) = (i) it follows that a is EP.

(viii) = (i): As ¢*r = r we conclude that a¢* = ra implies a = ar = a¢*r = rar = ra,
soais EP. O

Combining Theorem 2.18 with Theorem 3.2, we can generalize results from [1] and
obtain a large number of new characterizations of EP-ness of a.

4. Connection with some classes of generalized inverses

In this section we will show that group, MP, core and dual core inverse belong to some
specific classes of generalized inverses. Recently, Mary introduced in [9] a new generalized
inverse in semigroup S called the inverse along an element. We consider the case when
S is a x-ring R. For a,b € R, pre-order relation # is defined in [9] by

a<yb <= RaCRb and aR CbR.

Definition 4.1. (See [9].) Let a,d € R. We say that € R is an inverse of a along d if it
satisfies

rzad =d=dax and =z <y d.

It is proved that if an inverse of a along d exists, it is unique and it is outer generalized
inverse of a. Mary proved in Theorem 11 in [9] that @ € R is group invertible if and only
if it is invertible along a in which case the inverse of a along a coincides with the group
inverse of a. Also, a € R is MP invertible if and only if it is invertible along a* in which
case the inverse of a along a* coincides with the MP inverse of a.

Recently, Drazin independently defined in [6] a new outer generalized inverse in semi-
group S that is actually similar to the inverse along an element. We consider the case
when S is a *-ring R.

Definition 4.2. (See [6].) Let a, b, ¢,z € R. Then we shall call  a (b, ¢)-inverse of a if both:

(1) z € (bRx) N (zRc) and
(2) zab=b, cax = c.

It is proved that there can be at most one (b, ¢)-inverse z of a and zax = x. Drazin
proved in [6] that a” is (a, a)-inverse of a and that a' is (a*,a*) inverse of a.

Our aim is to connect the core and dual core inverse of a with generalized inverses
given in Definitions 4.1 and 4.2.

Theorem 4.3. Let a € RY. Then:

(i) a is core invertible if and only if it is invertible along aa®. In this case the inverse
along aa™ coincides with core inverse of a.
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(ii) a is dual core invertible if and only if it is invertible along a*a. In this case the
inverse along a*a coincides with dual core inverse of a.

Proof. (i): Suppose that a € Rf N R# and let us prove that z = a® is inverse of a along
d = aa*. Recall that xa? = a and (az)* = az, by Theorem 2.14. We see at once that

zad = zaaa® = aa* =d and
dax = aa*ax = aa*(az)* = a(aza)* = aa™ = d.
We proceed with following observation. Let z = (af)*af. Then
aa*z = aa* (aT)*cfr = a(cffa)*cfr =aa'aa’ = aa’ and
zaa* = (aT)*aTaa* = (aT)*(aTa)*a* = (aaTaaT)* = (aaT)* =aa'. (12)
Since ax? = z, zar = z and ax = aa’ we have

r=az? =aa'r = aa*zx = dzx  and
r = zar = raa' = rzaa* = z2d.

It follows that x € dR and z € Rd so xR C dR and Rx C Rd; hence xz <4 d. By
Definition 4.1, we conclude that a® is inverse of a along aa*.

Conversely, suppose that there exists inverse of a € R along aa*, denote it by z, and
let us show that a € R® and z = a®. By Definition 4.1 we have that

ra’a* = aa* = aa*ax (13)
and there exists w € R such that
x = aa*w. (14)

It is sufficient to show that x satisfies the equations given in Theorem 2.14 (iii). By (12),

we have
— aatar = * oy — * _ aql
ax = aa'ax = zaa*ax = zaa™ = aa’,
so (ax)* = ax. Now, ara = aa'a = a. Also,
* * (13) * *
za®> = zaaa'a = za® (aTa) = za’a* (aT) =" aa” (aT) = a(aTa) =a (15)
(14)
az® =" azaa*w = aa*w = x
L (a5 L (14)
rar = zaea*w = ad’w = T

The proof is complete.
(ii): This statement may be proved in the same manner as (i). O
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Theorem 4.4. Let a € R. Then:

(i) a is core invertible if and only if (a, a™)-inverse of a exists. In this case (a, a*)-inverse
of a coincides with core inverse of a.

(ii) a is dual core invertible if and only if (a*,a)-inverse of a exists. In this case
(a*, a)-inverse of a coincides with dual core inverse of a.

Proof. We will only show the statement (i) because the statement (ii) may be proved
similarly. Suppose that a € R® and let 2 = a®, b = a and ¢ = a*. By the properties of
core inverse we obtain

rab=ra®> =a=1b
car = a*ax = a*(azx)" = (axa)* =a* =c¢

x = zax = ax’ax = br’ax € bRx

x = zar = z(azx)” = zz*a” = zx"c € zRe.

Therefore, by Definition 4.2, z = a® is (a, a*)-inverse of a.
Conversely, suppose that (a,a*)-inverse of a exists, denote it by x, and let us show
that x satisfies equations given in Theorem 2.14 (iii). By Definition 4.2,

xa® = a, a*ax = a (16)

and there exists w € R such that

T = awz. (17)
We obtain
az ‘2 (a*ax)*x = (ax)*ax,
so (ax)* = az. Also,
« % « (16) S\ *
ara = (az)'a= (a*az)” = (a*) =a (18)
2 (17) (18) _
ax® =" azawxr = aqwx =x
() ae)
rar = raawr = awr = ZI.

The proof of the theorem is complete. O
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