OPERATORS OBEYING o«-WEYL’S THEOREM

DRAGAN S. DJORDJEVIC

ABsTrRACT. This article treatises several problems relevant to a-Weyl’s
theorem for bounded operators on Banach spaces. There are presented suf-
ficient conditions for an operator T', such that a-Weyl’s theorem holds for
T. If a-Weyl’s theorem holds for an a-isoloid operator T, and F' is a finite
rank operator commuting with 7', then a-Weyl’s theorem holds for T + F'.
The algebraic view point for a-Weyl’s theorem is considered in the sense of
the spectral mapping theorem for a special part of the spectrum. If T is
a quasihyponormal operator on a Hilbert space, f is a regular function in a
neighbourhood of the spectrum of 7" and f is not constant on the connected
components of its domain, we prove that a-Weyl’s theorem holds for f(T).
The article also contains some related results.

1. Introduction

In this article we only consider bounded operators on a complex infinite-
dimensional Banach space X. We use I to denote the identity operator
on X, and K(X) to denote the ideal of all compact operators on X. For
an arbitrary operator 7" on X, N (T') denotes its kernel and R(T) denotes
its image. We set a(T) = dimN(T) and S(T) = dim X/R(T). Also,
®(X), ¢, (X) and ®_(X) denote the sets of Fredholm and semi-Fredholm
operators on X respectively. For a semi-Fredholm operator T' we define
the index i(T) = «(T) — B(T). Let us consider two classes of operators:
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Oo(T) = {T € ®(X) : i(T) = 0} is the set of Weyl operators on X, and
¢ (X) = {T € &,(X) : i(T) < 0} which is introduced in [11]. It is
well-known that the sets ®(X), &, (X), ®_(X), ®o(X) and ¢, (X) form
multiplicative semigroups in B(X).

For a subset V of an arbitrary topological space, V denotes the closure
of V. Let C denotes the complex plane. If S is a subset of C, then iso.S
denotes the set of all isolated points of S and accS denotes the set of all
points of accumulation of S.

We use o(T) and o,(T") to denote the spectrum and the approximate

point spectrum of T respectively. The Weyl spectrum of T is

ow(T)= () o(T+K)={AeC:T - ¢ dy(X)}.
KeK(X)

The essential approximate point spectrum of 7" is (see [11]):

vea(T)= (] 0aT+K)={AeC:T -\ ¢, (X)}.
KeK(X)

Recall that all of these spectra are compact non-empty subsets of C.
Also, we use the following notation: 7po(7) ={A € C: X € isoo(T) and 0 <
a(T—A) < oo}, meo(T) ={A € C: A€ is00,(T) and 0 < (T —AI) < oo}.
The set moo(T) (respectively m,0(T)), consists of all isolated eigenvalues of
o(T) (04(T)) of finite geometric multiplicity.

A complex function f belongs to the set Hol(T'), if f is regular in a
neighbourhood of ¢(7T') and f is not constant on the connected components
of its domain of definition.

The following terminology may be found in [8],[9],[10], [11] and [13]. We
say that Weyl’s theorem holds for T provided that o, (T) = o(T)\moo(T),
and a-Weyl’s theorem holds for T" provided that .o (1) = 04 (T)\mao(T). If
T obeys a-Weyl’s theorem, then it obeys Weyl’s theorem and the converse

is not true [13].
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The paper is organized as follows.
In Section 2 we set Q(T) = {\ € C : R(T — M) is closed} and find

sufficient conditions for an operator T' such that the next equality holds:
(0a(T)\Oea(T)) NQUT) = oo (T) N QUT).

In Section 3 we prove a perturbation theorem for a-Weyl’s theorem.
Namely, if a-Weyl’s theorem holds for an a-isoloid operator 7', and if F
is a finite rank operator commuting with 7', then we prove that a-Weyl’s
theorem holds for T+ F.

In Section 4 we consider primitive Banach algebras and the R-spectrum
or(t) in the sense of Kordula and Miiler [7]. We prove the spectral mapping
theorem for the set or(t)\mr(t), where mr(t) consists of all isolated points
of or(t) which are eigenvalues of ¢ of finite geometric multiplicity.

In Section 5 we consider quasihyponormal operators on a Hilbert space.
If T* is a quasihyponormal operator, we prove that a-Weyl’ theorem holds
for f(T), provided that f is a regular function in a neighbourhood of o(T)

and f is not constant on the connected components of its domain.

2. Sufficient conditions for a-Weyl’s theorem

We begin with the following useful statement.
Lemma 2.1. If A € 1,0(T') and R(T — X) is closed, then

A€ Oq (T)\Jea (T)

Proof. If A\ € ma0(T), then A € isoo,(T") and 0 < (T — AI) < oo. Since
R(T — A) is closed, we get that T — X\ € &, (X). Also, there exists a
number € > 0, such that for all p € C, if 0 < |\ — p| < € then (T —pl) =0
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and R(T' — ) is closed, so T — pul € & (X). By the continuity of the index,
we get that 7' — A\ € & (X) and X € 0,(T)\0eo(T). O

The next important result will be also used in the proof of our main

theorem.

Theorem 2.2. If X = N(T) ® R(T), then for all complex numbers X\ # 0
we have: X € 04(T') if and only if A € 0,(11), where T is the restriction of

T to its invariant subspace R(T).

Proof. Since X = N(T') ® R(T), then it follows from [6, Satz 72.4 and Satz
101.2] that 0 is the pole of the resolvent of T" of order equal to 1 or 0 ¢ o (7).

Furthermore, if P is the spectral projection corresponding to {0}, then
N(T)=R(P) and R(T)=N(P),

hence R(T) is closed.

If Iy and I are the identity operators on N (T') and R(T) respectively, we
can write T'— A\ = (—=\ly) @ (Th — A1) with respect to the decomposition
X = N(T) @ R(T). We see that N(T — X[) = N(Ty — A1), so T — X
is one-to-one if and only if 77 — Ay is one-to-one. Also, R(T — M) =
N(T) @ R(Ty — AI1). We shall prove that R(T — \I) is closed if and only if
R(T1 — A1) is closed.

Suppose that R(Ty —AI;) is closed and & € R(T — AI). Then there exists
a sequence (x,), ¢, € X, such that lim(7T — A\l)x,, = z. Now, z = u + v,
Ty = Up + Uy, where u,u, € N(T) and v,v, € R(T). Let P be a bounded
projection of X onto N (T'), such that N (P) = R(T). We get

u= Pz =Plim(T — \l)z, = —Alimu,.
Now,

v=o—u=1m(T — )z, + lim(Au,) = Uim(T — A)v,, = im(Ty — AI1)v,.



OPERATORS OBEYING a-WEYL’S THEOREM 5

It follows that there exists a vector z € R(T"), such that (T'— A\)z = (11 —
A1)z = v. Now, (T — M) (—3u® z) = x and we get that R(T — \I) is
closed.

Suppose that R(T — M) is closed and 2 € R(Ty — A1) € R(T). Then
there exists a sequence (z,) in R(T'), such that im(7Ty — A1)z, = z. It
follows that lim(7" — Al)x,, = z, so there exists a vector z € X such that
(T'—=X)z=2=0®x. Wecan find u € N(T) and v € R(T) such that
z=u+v. Now, 0@ x = (T — N)z = —Au@® (Ty — AI1)v. Consequently,
0=—Auand (T3 — A\[1)v =x.

The previous consideration shows that A € o,(7) if and only if A €
o.(Th). O

We say that an operator T is regular (or g-invertible), provided that there
exists an operator S, such that T' = T'ST. It is well-known that 7' is regular if
and only if R(T) is closed and N (T') and R(T') are complemented subspaces
of X. An operator T is simply polar, provided that X = N(T) & R(T) [5].
If T is simply polar, as in the proof of Theorem 2.2 it follows that R(7T') is
closed. Obviously, if T is simply polar, then T is regular.

In the proof of the main Theorem 2.3 we shall also use the essential

Browder approximate point spectrum of 7' (see [12]), defined as follows:

(1) oan(T)= [\ 0T +K)=0ca(T)U accoa(T).

KeK(X)
TK=KT

Recall that o45(7) is non-empty compact subset of C for all bounded oper-
ators T on X [12].

Theorem 2.3. Suppose that T is simply polar and suppose that for an ar-
bitrary finite dimensional T-invariant subspace M of R(T) there exists a
closed T-invariant subspace N of R(T), such that M & N = R(T). Then

0a(T)\Oea(T) C mao(T).
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Proof. Suppose that A € 04(T)\oeo(T). We consider two cases:

Case I. If A = 0, then T' € ®(X) and 0 < o(T) < co. We have to
prove that 0 is an isolated point of 0,(7"). By (1) it is enough to prove that
0 ¢ 04(T). Let P be a continuous projection of X onto N(T'), such that
N(P) =R(T). It follows that P € K(X) and we shall prove that TP = PT
and 0 ¢ 0,(T + P). Let © = u+ v, where u € N(T) and v € R(T). Then
TPx =TPu=0= PTz,so P and T mutually commute. If (T + P)x =0,
then w = Pu = —Tv, where u € N(T) and —Tv € R(T), so we get that
v = 0and v = 0. Since T' € ¢ (X), it follows that T'+ P € & (X),
so R(T + P) is closed. Consequently, 0 ¢ o4(T + P), 0 ¢ 04(T) and
0 € iso o, (T). It follows that 0 € 7o (7).

Case II. Now, suppose that A # 0. We get that T'= 0 @ T; with respect
to the decomposition X = N(T) & R(T), where T is the restriction of
T to R(T). Since A\ € 04(T)\vea(T), we get that T — A € &, (X), so
R(T — M) is closed and 0 < (T — M) < oo. By Theorem 2.2 and its
proof we get that A € 0,(71), R(Th — A1) is closed, 0 < a(T} — A1) < oo
and i(T1 — A1) = (T — M) < 0, s0o Ty — M1 € ®(R(T)). There is
a neighbourhood U(A) of A, such that 0 ¢ U(X). So for all p € U(N),
using Theorem 2.2 we get that p € 0,(7T) if and only if u € 0,(T1), so
A € accoy(T) if and only if A € acco,(T1). To prove that A € m,0(T), it
is enough to prove that A\ € isoo,(T), or A € isoo,(Ty). To prove that
A € i800,(T1), it is enough to prove that A ¢ o4, (71).

We shall use the similar method as the one in the Case I. Since N'(T7 —\I;)
is the finite dimensional eigenspace of 17, there exists a closed Ti-invariant
subspace M, such that R(T) = N(Ty — A1) & M. Let Q be the continuous
projection of R(T') onto N (17 — A1), such that N (Q) = M. It is obvious
that @ € K(R(T)). We have to prove that Q77 = T1Q and A ¢ 0,(T1 + Q).

Suppose that = u + v, such that v € N (T; — A1) and v € M. Then

QT = QTiu+ QTiv=QT u=—- ) u=T1Qu+T1Quv =T1Qx.
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The second equality follows from Thv € M = N (Q), and the fourth equality
follows from v € M = N(Q). Since T} — X, € ®(R(T)), it is well-known
that T1 +Q — A1 € @ (R(T)), so R(T1 +Q — AI1) must be closed in R(T).
We only have to prove that 177 —\I1+(@ is one-to-one. Suppose that © = u+wv,
u€eN(Ty — A1), v € M and (Ty — A1 + Q)x = 0. Since (11 — M1)u =0,
Qu = u and Qv = 0, we get that u = —(Ty — Al1)v. Since u € N (T} — A1)
and —(Ty — M1 )v € M, we get that u =0, so v € M NN (Ty — \1), v =0
and z = 0. Consequently A ¢ o,(T1 + Q), A & 04p(T1), S0 X € isoo,(Th),
A€ 18004(T) and X € mo(T). O

Now, following [8], we introduce the next notation: Q(T) = {\ € C :
R(T — AI) is closed}. Note that 7' — AI is assumed to be regular in [8],
which is much stronger condition in Banach spaces. The next corollary

follows from Lemma 2.1 and Theorem 2.3.

Corollary 2.4. Suppose that the conditions from Theorem 2.3 are valid for
T. Then

(Ua (T)\Jea (T)) N Q(T) = Ta0 (T) N Q(T)

3. Perturbations by a commuting finite rank operator

If a-Weyl’s theorem holds for 7', T is a-isoloid and F' is a finite rank
operator commuting with 7', then we prove that a-Weyl’s theorem holds for
T + F. This problem for Weyl’s theorem is proposed in [10] and solved in

[9]. It is convenient to give the proof of the next statement.
Lemma 3.1. If a(T) =n and dimR(F) = m, then

a(T+F)<n+m,
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where m and n are nonnegative integers.

Proof. We have that X = N (T') & M for a closed subspace M of X. Notice
that the restriction T'|j; is one-to-one. Let W = {v € M : Tv € R(F)}.
Since T'|ps is one-to-one, we get that dim W < m, and dim(N(T) & W) <
n+m. Now, suppose that x € N(T+ F). Then x = u+v, where u € N (T,
v € M and

0=T+F)(u+v)=Tv+ Fx.

It follows that Tv = —Fx € R(F) and v € W. We get that if x € N(T+F),
thenz e N(T) @ W,so a(T+ F)<n+m. O

The next result is very useful.

Theorem 3.2. If F' is an arbitrary finite rank operator on X, such that
FT =TF, then for all u € C:

we accoo(T) if and only if p€ acco,(T + F).

Proof. Firstly, we prove that if T is one-to-one and T'F = FT, then R(F) C
R(T). Since F is a finite rank operator, there exist two systems: a system of
linearly independent vectors (y;)?_;, and a system of non-zero bounded linear
functionals (g;)7; on X, such that for all z € X: F(z) = Y I, gi(2)y;.
Now, we get that TFz = > | gi(x)Ty; and FTz = > | g;(Tx)y;. Since
T is one-to-one, we get that T'yq, ... , Ty, are linearly independent, so we get
that {31, gi(2)Ty; : x € X} = span{yr,...,yn} = span{Ty1,...,Tyn},
and R(F) C R(T'). Similarly, if " — Al is one-to-one for a number A € C,
then R(F) C R(T — \I).

Now, suppose that u ¢ accoy(T). There exists a number € > 0, such
that for all A € C, if 0 < |\ — p| < € then (T — AI) = 0 and R(T — \I)
is closed. Also, there exists a bounded operator 77 : R(T' — AI) — X, such
that (M —T)Ty = Igp—xry and T1 (M — T) = Ix. Notice that R(F) is a
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finite dimensional subspace of a Banach space R(T — AI), so we may find a
closed subspace M, such that R(F) & M = R(T — ).

Suppose that A € o,(T'+ F'). Then there exists a sequence (z,)n, T, € X
and [|z,| = 1 for all n > 1, such that im(7T" + F — A)z,, = 0. We can
assume that lim Fz,, = x € R(F'). Now,

0=1mT (T + F — )z, = lim(x,, + T1 Fx,).

Since the limit lim Ty F'z;,, = Thz exists, we get lim z,, = —T1x. Since ||z, || =
1, it follows that = # 0. We verify that z = lim Fz,, = —FTix € R(F'). Also,
(T'—XN)x=—(T—-MN)FThzx = —Fx and (T'+ F — X\ )z = 0. We get that if
A € 0,(T+F), then ) is an eigenvalue of T+ F. It is known that eigenvectors
corresponding to distinct eigenvalues of T'+ F' are linearly independent. But,
we get that all such eigenvectors are contained in the finite dimensional
subspace R(F'). It follows that o,(7 + F) may contain only finitely many
points A, such that 0 < |\ — u| < e. We get that u ¢ acco,(T + F). The

opposite implication is analogous. [

Definition 3.3. We say that an operator T is a-isoloid, if all isolated points

of 0,(T) are eigenvalues of T'.

Recall that an operator T is isoloid, provided that all isolated points of
o(T) are eigenvalues of T. Now, o,(T") contains all isolated points of (T,
so if T is a-isoloid then it is also isoloid.

The next theorem is the main result in this section.

Theorem 3.4. Suppose that F is an arbitrary finite rank operator and
TF = FT. If T is a-isoloid and a-Weyl’s theorem holds for T, then a-
Weyl’s theorem holds for T + F.

Proof. It is enough to prove that 0 € 0,(T + F)\0eo(T + F) if and only
if 0 € 7a0(T + F). Firstly we prove the implication = . Now, if 0 €
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0o(T 4+ F)\oea(T + F'), then T+ F € & (X) and 0 < (T + F) < oo.
We need to prove that 0 € isoo, (T + F'). It follows that T' € ®(X), so
0 ¢ 0eq(T). It is possible that 0 ¢ o, (7). In this case we get 0 ¢ acco,(T)
and by Theorem 3.2 it follows that 0 ¢ acco,(T + F), so 0 € m(T + F).
The second possibility is that 0 € o,(T"). Since a-Weyl’s theorem holds for
T, we get that 0 ¢ acco,(T) and again 0 € 7o (T + F).

To prove the opposite implication <= , suppose that 0 € 7,0(T + F).
Then 0 € isoo,(T + F) and 0 < a(T + F) < co. By Theorem 3.2 we get
0 ¢ acco,(T) and by Lemma 3.1 it follows that 0 < «(T') < co. Again, we
distinguish two cases. Firstly, if 0 ¢ 04(T), then T'€ ® (X) and T' + F €
@ (X), 500 € 04(T + F)\0ea(T + F). On the other hand, if 0 € o,(7T")
then 0 € isoo,(T). Since T is a-isoloid, we get that 0 < «o(7T) < oo and
0 ¢ 0ea(T). Now, we have T' € & (X), T+ F € ®(X) and 0 € o,(T +
F)\oeo(T+F). O

4. Spectral mapping theorems in Banach algebras

In this section we shall prove a spectral mapping theorem for a part of
the spectrum, which is relevant to Weyl’s theorems. Also, we shall use
the partial case of Theorem 4.4 to prove an important result in Section 5
(Theorem 5.6). Let A be a primitive Banach algebra with the identity 1,
and let Min(.A) be the set of all minimal idempotents in A. If t € A and
e € Min(A) then t" denotes the element in B(Ae) defined as t"(ae) = tae
for all ae € Ae. Notice that we use B(X) to denote the set of all bounded
operators on the Banach space X. The mapping t — t" is called the left
regular representation of the primitive Banach algebra A on the Banach
space Ae. It is well-known that the rank, nullity and defect of ¢" do not
depend on the choice of e € Min(A) (see [1]), so we write a(t) = a(t").
Notice that (ts)* = t"s" and (t — A\)* = t — A\, where I denotes the
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identity operator on Ae. Let A~! denote the set of all invertible elements
in A.
We restate a result which enable us to define the point spectrum of an

element in a primitive Banach algebra A.

Lemma 4.1 ([1, Example F.2.2]). Let X be a Banach space andT € B(X).
Then

op(T) = o (T").

Definition 4.2. If t € A and e € Min(A), then the point spectrum of ¢ is
defined by o, (t) = 0,(t"), where t" € B(Ae).

By [1], Definition 4.2 does not depend on the choice of e € A and by
Lemma 4.1 it coincides with the usual definition of the point spectrum of a
bounded operator on a Banach space. We say that the set o,(t) consists of
eigenvalues of ¢.

Let R # () be a regularity of A (see [7]), i.e. R satisfies the following
conditions:

(a) ifae Aand n € N, then a € R <= a" € R;
(b) if a,b, c,d are mutually commuting elements of A4 and ac + bd = 1,

thenabe R < a€ Rand b€ R.

The R-spectrum of ¢ € A is defined as follows:
or(t)={Ae€C:t—\¢& R}.

It is well known that if a € A~! and ab = ba, then ab € R if and only if b € R,
and A~! C R. Also, the spectral mapping theorem f(or(t)) = or(f(t))
holds for all ¢ € A and f € Hol(t). We shall always assume that R is an
open regularity of A, so og(t) is (possibly empty) compact subset of o(t)

7).
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Consider the set mr(t) ={A € C: X € isoog(t) and 0 < a(t — \) < oo}.
The set mr(t) consists of all isolated points of or(t) which are eigenvalues
of t of finite geometric multiplicity. Now, we introduce a general definition

inspired by Definition 3.3.

Definition 4.3. We say that ¢t € A is R-isoloid, provided that isoor(t) C

op(t), i.e. all isolated points of o (t) are eigenvalues of .

We shall prove the spectral mapping theorem for the set o (t)\mg(t). If
T is a bounded operator on a Banach space, the analogous problem for the

set o(T)\moo(T) and polynomials is considered in [10].

Theorem 4.4. Let R be an open regularity of A, such that og(t) # 0 for
allt € A. If t € A is R-isoloid and f € Hol(t) is arbitrary, then

or(f(O\Tr(f (1) = f(or(E)\TR(L))-

Proof. To prove the inclusion C, let us take A\ € or(f(¢))\7r(f(t)) C
f(or(t)) and distinguish three cases.

Case I. If X\ is a limit point of or(f(t)), then A is also a limit point
of f(ogr(t)), so there is a sequence (u,) in og(t), such that f(u,) — A
Now, og(t) is compact, so we can take that u, — u € ogr(t). We get that
A= f(u) € flor(W)\TR()).

Case II. Now, let A\ be an isolated point of ¢, but a(t — X\) = 0. We have
that

(2) J@) = X=(t—p1)-(t— pn)g(t),

where p1, ..., uy € o(t), elements on the right side of (2) mutually commute
and ¢(t) is invertible. Since A € f(or(t)), we know that some p;, belongs to
or(t). Since X is not an eigenvalue of f(¢)", it follows that non of u1, ..., un

can be an eigenvalue of t". Therefore A = f(u;,) € f(or(t)\7r(t)).
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Case III. Let A be an isolated eigenvalue of f(¢) of infinite geometric
multiplicity. Notice that (2) also holds. Since A is an eigenvalue of f(t)" of
infinite multiplicity, there exists an pu;,, such that p;, is an eigenvalue of t"
of infinite multiplicity. We get that A = f(u;,) € f(or(t)\7r(t)).

To prove the inclusion D, let us take A € f(or(t)\mr(t)) C or(f(t)).
Suppose that A € mr(f(t)). Then A is isolated in or(f(¢)) and (2) holds. If
some ; is in or(t), then p; is isolated in o (t) and it must be an eigenvalue
of t, since t is R-isoloid. Now, A is an eigenvalue of f(t) of finite multiplicity,
so all u; € ogr(t) are eigenvalues of ¢ of finite multiplicities. We get that all

wi € or(t) are also in wg(t). This is in contradiction with the assumption
A€ For(t)\ma(). O

Remark 4.4. Notice that we can prove the inclusion C in Theorem 4.3 as-
suming that R is an open subset of A, which satisfies the following;:

(c) A7t C R;

(d) if a,b € R and ab = ba, then ab € R.
Namely, if R satisfies (c¢) and (d), then the inclusion or(f(t)) C f(or(t))
holds for all ¢t € A and f € Hol(¢). In this partial case ¢t need not to be
R-isoloid.

In the rest of this section we shall consider a generalization of the Browder
spectrum. This part of the paper is not the main object of our investigation,
but Theorem 4.7 plays an important role in the Fredholm theory. Till the
end of this section we can assume that A is an arbitrary complex Banach
algebra with the identity 1.

Let J be any closed two-sided ideal of A. If t € A and A € isoo(t), let
p = p(\, t) denote the spectral idempotent of ¢, corresponding to A. Define
the set of all isolated points of finite algebraic multiplicity (with respect to
J) as:

mo(t) ={A € C: X € isoo(t) and p(\,t) € J}.
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We shall prove the spectral mapping theorem for the set o(¢)\mo(t).

If T is a bounded operator on a Banach space X, A = B(X) is the Banach
algebra of all bounded operators on X, and J = K(X) is the ideal of all
compact operators on X, then o(T)\m(7T) is the Browder spectrum of 7.
Recall that a projection is a compact operator if and only if it is a finite
rank operator. So, we may call the set o(t)\mo(¢) the Browder spectrum of
an element ¢ in a Banach algebra A. Other generalizations of the Browder
spectrum may be found in [1], [5] and [7].

We shall need the following result of Dunford and Schwartz [3, Theorem
19, p. 574] (interpreted for elements of an arbitrary Banach algebra).

Theorem 4.5. Let t € A, f is a reqular function in neighbourhood of o(t),
and let k be a spectral set of o(f(t)). Then o(t)N f~1(k) is a spectral set of
o(t) and

Pl £(1)) = p(F~ (). 1)

Also, we shall use the next statement.

Lemma 4.6. Let A be an algebra and let J be a two-sided ideal of A. If
a,b are idempotents in A, such that a +b € J and ab = ba, then a,b € J.

Proof. Since ab = ba, we get (a + b)> = a+2ab+b € J and ab € J. Now
ala+b)=a+abe Jandae J. O

We prove the spectral mapping theorem for the Browder spectrum.

Theorem 4.7. Ifa € A and f € Hol(a), then
o(f(a))\mo(f(a)) = f(o(a)\mo(a)).

Proof. Let XA € o(f(a))\mo(f(a)) C f(o(a)). We distinguish two cases.



OPERATORS OBEYING a-WEYL’S THEOREM 15

Case I. Suppose that A is not an isolated point of o(f(a)). Then there
exists a sequence (i), pn € o(a), such that f(u,) — A and p, — po. Now
A= F(1o) € F(o(a)\mo(a)).

Case II. Suppose that A is an isolated point of o(f(a)), but p(A, f(a)) & J.
We have

(3) fla) =A=(a—p)--(a—pn)g(a),

where g(a) is invertible and all p; are isolated points of o(a). By Theorem
4.5, it follows that

(4) p(\ f(a@) =p({u1, .- i} a) = plur,a) + - + p(pin, a).

If 1 is not a point of accumulation of o(a), then it is well-known that
p(p,a) = 0 if and only if p ¢ o(a). If all idempotents on the right side
of (4) are in J, then p(\, f(a)) € J also. So there exists an u; € o(a), such
that p(us, a) ¢ J and A= f(:) € f(o(a)\mola).

We prove the opposite inclusion. Let A € f(o(a)\mo(a)) C o(f(a)). Sup-
pose that A € mo(f(a)). Then A is isolated in o(f(a)) and we get again (3)
and (4). It is well-known that idempotents on the right side of (4) are mutu-
ally orthogonal. Since p(\, f(a)) € J, by Lemma 4.6 we get p(u;,a) € J for
all . So if A = f(u) and pu € o(a), then pu € mp(a). This is in contradiction
with the assumption A € f(o(a)\mo(a)). O

Remark 4.8. Notice that the spectral mapping theorem for the Browder
spectrum holds for bounded operators on Banach spaces. Constructions in
[1], [5] and [7] also imply the spectral mapping theorem for the Browder

spectrum.
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5. Quasihyponormal operators

Throughout this section H denotes a complex infinite-dimensional Hilbert
space and T is always a bounded operator on H. We say that an operator
T on a Hilbert space H is hyponormal, provided that ||T*z| < ||Tz| holds
for all z € H. T is quasihyponormal, provided that || T*Tz| < ||T?z|| for all
x € H. Obviously, if T is hyponormal, then it is quasihyponormal. If T* is a
quasihyponormal operator, we prove that a-Weyl’s theorem holds for f(T'),
provided that f is a regular function in a neighbourhood of ¢(7") and f is
not constant on the connected components of its domain. This problem for
Weyl’s theorem and hyponormal operators is partially proposed in [10] and
solved in [9]. A general solution for Weyl’s theorem may be found in [15].

The next lemma is proved in the Erovenko’s paper [4].

Lemma 5.1. Let T be a quasihyponormal operator on H. If X € C\{0},
then a(T — X)) < (T — ANI)*. If a(T) < 00 or B(T) < oo, then a(T) <
a(T*).

If f is an arbitrary regular function in a neighbourhood of o(T'), then it is
well-known that o.,(f(T")) C f(0ea(T)) [12]. This inclusion may be proper
even if f is a polynomial [11]. For the class of quasihyponormal operators
we have the more precise result.

We use the notation &, (T) = {A € C: \[ =T € &,(X)}. Recall the
notation [14]

Si(X)={TeB(X):iAM[-T)<O0forall A € &, (7),
or i(Al—T)>0forall A € &,(T)}.
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Theorem 5.2. If T* is a quasihyponormal operator, f € Hol(T), then

Uea(f(T)) = f(aea(T))'

Proof. If T* is quasihyponormal, A € C and A\ — T € &, (X), then i(A] —
T) > 0, by Lemma 5.1. From [14, Theorem 2] it follows that

Uea(f(T)) = f(aea(T))

for all f € Hol(T), since T' € S1(X). O

Also, we shall use the next result (see [2]).

Theorem 5.3. If T™* is quasihyponormal, then a-Weyl’s theorem holds for
T.

The next theorem is a generalization of the Oberai’s theorem [10].

Theorem 5.4. Let T be a-isoloid and let T obey a-Weyl’s theorem. If
[ € Hol(T), then f(T) obeys a-Weyl’s theorem if and only if f(oea(T)) =
oea(f(T)).

Proof. We shall use Theorem 4.4 assuming that the regularity R is the set of

all operators on H, which are one-to-one with closed range. Now the proof

follows from

f(aa(T)\ﬂ—aO(T)) = Ua(f<T))\7Ta0(f(T))' U

Now, the next statement is expected.
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Theorem 5.5. If T* is quasihyponormal, then T is a-isoloid.

Proof. Suppose that A € isoo,(T). Then there exists a number € > 0, such
that for all p € C, if 0 < |A — pu| < € then a(T — pl) = 0 and R(T — ul)
is closed. By Lemma 5.1 it follows that (T — pI)* = 0, so T — ul and
(T — uI)* are invertible. It follows that X is an isolated point of o(T*). It is
well-known that the quasihyponormal operator T* is isoloid, i.e. all isolated
points of o(T*) are eigenvalues of T* (see the comment in [4,Teopema 5]).
We get that 0 < a(T — A)* < a(T — M), so A is an eigenvalue of . [

We are able to prove the following general result.

Theorem 5.6. Let T € B(X) be a-isoloid and let T' obey a-Weyl’s theorem.
Then the following assertions are equivalent:

(1) T e 8.(X);

(2) for each f € Hol(T) a-Weyl’s theorem holds for f(T);

(3) for each non-constant polynomial p a-Weyl’s theorem holds for p(T).

Proof. (1) = (2) Let T € S+(X). In [14, Theorem 2] it is proved that
Oea(f(T)) = f(0ea(T)) for all f € Hol(T). From Theorem 4.4 we get
GulF(T)\ Ta0(f(T)) = F(0u(T) \ mo(T)) for all f € Hol(T). Since a-
Weyl’s theorem holds for T, it follows that a-Weyl’s theorem holds for f(7")
for all f € Hol(T).

(2) = (3) Obvious.

(3) = (1) Suppose that 7" ¢ S;(X). In [14, Theorem 2] Schmoeger
constructed a non-constant polynomial p, such that oe,(p(T)) # p(0ea(T)).
From Theorem 4.4 we still have o,(p(T)) \ mao(p(T)) = p(0a(T') \ 7ao(T)).
Since a-Weyl’s theorem holds for 7', it follows that a-Weyl’s theorem does
not hold for p(T"). O

The analogous result for Weyl’s theorem is considered in [15, Theorem 1].
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Now, the next statement is very general and considered in [9], [10], [15].

Corollary 5.7. If T* is a quasihyponormal operator, f is a regular func-

tion in a neighbourhood of o(T) and f is not constant on the connected

components of its domain, then a-Weyl’s theorem holds for f(T).

Proof. This proof follows from Theorems 5.2 — 5.6. [
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