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APPROXIMATING FIXED POINTS OF NOOR
ITERATION WITH ERRORS FOR ASYMPTOTICALLY
QUASI-NONEXPANSIVE MAPPINGS

G. S. Saluja

Abstract

In this paper, we give the sufficient condition for convergence of fixed point
of Noor iteration with errors for asymptotically quasi nonexpansive mapping
in real Banach space. Also we have proved that (i) strong convergence of
fixed point of Noor iteration with errors for completely continuous uniformly
L-Lipschitzian asymptotically quasi nonexpansive mapping on a nonempty
closed convex subset of a real uniformly convex Banach space and (ii) conver-
gence of fixed point of Noor iteration with errors for (L, @) uniform Lipschitz
asymptotically quasi nonexpansive mapping on a nonempty compact convex
subset of a real uniformly convex Banach space. The results presented in this
paper extend and improve the corresponding results of Xu and Noor [19],
Qihou [10, 11], Rhoades [13] and many others.

1 Introduction and preliminaries

Let C be a nonempty subset of a real normed linear space FE. Let T be a self
mapping of C. Then T is said to be asymptotically nonexpansive with sequence
{rn} C [0,00) if lim;,, o 7, = 0 and

[Tz = T"y|| < (1 +74) ||z =yl

for all z,y € C' and n > 1; and is said to be asymptotically quasi-nonexpansive with
sequence {r,} C [0,00) if F(T)={z € C: Tz =2z} # 0, lim,—oo r, =0 and

T2 —2™[| < (L+ ) |z — 27|
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for all z € C, x* € F(T) and n > 1. Tt is clear that an asymptotically nonexpan-
sive mapping with a nonempty fixed point set is asymptotically quasi-nonexpansive.
The converse do not hold in general.

The mapping T is called uniformly (L, «) Lipschitzian if there exist constants
L > 0 and a > 0 such that

17"z — Tyl < Lz — y|*

forall z,y € C and n > 1.

The class of asymptotically nonexpansive maps was introduced by Goebel and
Kirk [2] as an important generalization of the class of nonexpansive maps. They
established that if K is a nonempty closed convex bounded subset of a uniformly
convex Banach space E and T is an asymptotically nonexpansive self mapping of
K, then T has a fixed point. In [3], they extended this result to the broader class
of uniformly L-Lipschitzian mappings with L < A, where X is sufficiently near 1.

Iterative techniques for approximating fixed points of nonexpansive mappings
and their generalizations (asymptotically nonexpansive mappings etc.) have been
studied by a number of authors (see e.g. Chidume [1], Rhoades [13], Schu [15],
Tan and Xu [18]), using the Mann iteration process [7] or the Ishikawa iteration
process [6].

In 2001, Noor [8, 9] have introduced the three-step iterative sequences and he
studied the approximate solutions of variational inequalities in Hilbert space. The
three-step iterative approximation problem were studied extensively by Noor [8, 9],
Glowinski and Le Tallec [4], Haubruge et al [5].

In 2002, Xu and Noor [19] introduced the three-step iterative for asymptotically
nonexpansive mappings and they proved the following strong convergence theorem
in Banach space:

Theorem XN( [19], Theorem 2.1): Let X be a real uniformly convex Banach
space, C' be a nonempty closed, bounded convex subset of X. Let T' be a completely
continuous asymptotically nonexpansive self-mapping with sequence {k, } satisfying
kn, >1and Y 7 (k,—1) < co. Let {a}, {8} and {7, } be real sequences in [0, 1]
satisfying:

(i) 0 < liminf,,,c oy < limsup,,_,. an, < 1, and

(ii) 0 < liminf, o By < limsup,, . On < 1.
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For a given zg € C, define

2y = YpITT, + (1 - ’Yn)xn
Tnt1 = anT"yn + (1 — apn)Tn. (1.0.1)

Then {z,}, {yn} and {z,} converges strongly to a fixed point of T'.

Motivated and inspired by Xu and Noor [19] and many others, we study the
following iteration scheme which we call it Noor iteration with errors as follows:

Noor Iteration With Errors:

Let C be a nonempty subset of normed space X and let T: C' — C be a map-
ping. For a given zg € C, define the sequence {z,} as follows:

Zn = O‘ZTnxn + ﬂgmn + '71/1,un
Yn = afnTnZn + 5:11% + 'Vévn
Tnt1 = T"Yn + Bnn + Ynwny. (1.0.2)

where {an}, {ag}, {ai}, {Bn}, {8}, {87}, {m}, {75} and {r;} are real sequences
in [0,1]) and {un}, {v,} and {w,} are three bounded sequences in C'

It is clear that the Mann and Ishikawa iterations processes are all special case
of the Noor iteration with errors.

In this paper, we will extend the iteration process (1.0.1) to Noor iteration with
errors (1.0.2) for asymptotically quasi-nonexpansive mappings. The purpose of this
paper is to study convergence of fixed point for three-step iterative sequences with
errors for asymptotically quasi-nonexpansive mappings in real uniformly convex
Banach space. The results presented in this paper extend and improve the corre-
sponding results of Xu and Noor [19], Qihou [10, 11], Rhoades [13] and many
other known results.

We need the following result and lemmas to prove our main result:
Theorem LQ [11, Theorem 3]: Let E be a nonempty closed convex subset

of a Banach space, T is an asymptotically quasi-nonexpansive mapping on E, and
F(T) nonempty. Given Y o7, u, < +o0, V1 € E, defined {z,}72, as
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Tn+1 = anTn + bnTnyn + CpMMp,

Yn = GnTp+ 0pT"Ty, + Cplp, Yn € N,

where my,, I, € E, and {||mn]}22, {|ll.l]}52; are bounded, a, + b, + ¢, =1 =
n + bp + G, 0 < apy by Coy Gy b, @ < 1. Then {1,152, converges to some fixed
point p of T if and only if there exists some infinite subsequence {x,, } 7 ; of {x, }52;
which converges to p.

Lemma 1.1[[14] J.Schu’s Lemma]: Let X be a real uniformly convex Banach
space, 0 < o <t,, < B <1, xp,yn € X, limsup,,_, ||zn]| < a, limsup,,_, . ||yn] <
a, and lim, o |[tnzy, + (1 — t)yn|| = @, @ > 0. Then lim,, o ||Zn — ynl| = 0.

Lemma 1.2[11, Lemma 2]: Let nonnegative series {a, }52 1, {5, }521, {rn}521
satisfy a, < (1+ Bp)an + 1, YR € N, and Y 07| B, < +00, Y00 7 < +00; then
lim,, o o exists. Moreover if liminf, . a, =0, then lim, . a, = 0.

Lemma 1.3: Let X be a real Banach space, C' a nonempty closed convex subset
of X. Let T: C' — C be an asymptotically quasi nonexpansive mapping with se-
quence {r,,} C [0,00) such that > > r, < co. For a given zy € C, let {z,,} be the

sequence defined by (1.0.2), where {a, }, {al,}, {a'}, {Bn}, {6,} {81}, {w} {7}
and {~,/} are real sequences in [0,1] and {u,}, {v,} and {w,} are three bounded

sequences in C with the following restrictions
(i) 2;7;1 Yn < OO, 2211 Y < 00, Z?:l Y < 00
(a) Then for each p € F(T), lim,, 0 ||z, — p|| exists.

(b) There exists a constant M > 0 such that

n+m—1

||xn+m _pH <M ||17n _p” +M Z B,
k=n

Pn«#mfl

for all n,m > 1 and p € F(T), where M = e3 k=n "%,

Proof (a): By the Schauder’s fixed point theorem, we obtain that F(T") # 0.
Let p € F(T), since {un}, {v,} and {w,} are bounded sequences in C, so we put

K = sup ||uy, — p|| Vsup ||v, — p|| V sup |w, — p]| .
n>1 n>1 n>1
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For each n > 1, we note that

Zn+1 — pll
and
lyn — pll
and
l2n —pll =
<
<
<
<

||04nTnyn + Bnxy + TnWn — pH
Qp ||Tnyn _pH + 6n Hxn —PH + In ||wn _pH
Cvn(l + 7‘“) ”yn _pH + Bn ||xn —P|| + K

INIA

| T" 2 + Br@n + Y n — Dl
oy T 20 = p|| + By w0 — pll + 75 llvn — pl|
Oé;L(]‘ + Tn) ”Zn *pH +ﬁ;L Hxn *pH JF’Y;LK

INIA

| Tz + Ben + Yptin — D

o 1Tz — pll + B [len — pll + 7 [lun — pll
apn(L+ 1) [lzn = pll + 67 llzn — pll +7m lun — pll
(o + B) (A +70) 20 — pll + 75 [[un — pll

L=y (L +7n) |z = pll + 75 lun — pll

Lt7p) lzn = pll + 9 K

—~~

substituting (1.0.5) into (1.0.4), we have

lyn —pl <

IN

IA

<

(14 70)[(1 +70) |20 — pll + 7, K]

+65 o0 = pll + 7 K

(1+70)2(y, + B)) lzn — pll + af, (14 70) 70 K
+y K

(14 7rn)*(a, + 8)) 1z — pll + (1 + r) v K
+y K

(1+70)2(1 = v)) llzn = pll + (L+ ro) K (v +v5)
(14 70)? |20 — pll + An

35

(1.0.3)

(1.0.4)

(1.0.5)

(1.0.6)

where A, = (1 + r,)K (7} +7,). Note that > 7, A, < oo, since > o 7, < 00

and by condition (ii).
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Substituting (1.0.6) into (1.0.3), we have

eni1 —pl < an(l+r)[(1+r)? [an —pll + A
+6n ||xn _p” + K

< (1+ Tn)?’(an + Bn) lzn — pll + an(L +70) As
+yn K
< (T4 70) (an + Bn) llzn — pll + (1 +74) An
+7n K
= (471 =) |lzn —pl + A +70) Ap + K
< (L) [Jan = pll + (14 70) (An + 1K)
< (4702 @n = ol + (1 +70)2 K (Y + 4, +72)
= (1+7)%||lzn — pll + Bn (1.0.7)

where B, = (14 r,)2K(vn + 7, 4+ 7)). Since Y07 1y, < 00, Yoo Yn < 00,

S vn < ooand Y 4y < oo, it follows that Y.~ B, < oo, thus by Lemma
1.2, we have lim,,_ ||z, — p|| exists. This completes the proof.

(b) Since 1 + x < e” for all x > 0. Then from (a) it can be obtained that

Hanrm - pH < (1 + rn+m71>3 Hanrmfl _pH + Brym-1
< ermamt |Zntm—1 =PIl + Bnym—1
< eirmime [63T"+m72 | Zntm—2 = pll + Brtm—2] + Brtm—1
< 63(7’n+m—1+m+m—2) ||$n+m—2 - p|| + 63T"'+m_1Bn+m—2 + Bn+m—1
< Brmotriem—2) |Zn+m—2 — pll + edrmamet [Bnt+m—2 + Bniym-1]
<
< ..
m1 Pn+m71 n+m—1
< e k= TE||a, —pl| 4 e k=n TR Z By,
k=n
n+m—1 P
< M|z, —pl| + M Z By, where M =¢® i "%
k=n

This completes the proof.
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2 Main results

Theorem 2.1: Let E be a real Banach space and C' be a nonempty closed convex
subset of . Let T: C — C be an asymptotically quasi nonexpansive mapping
with sequence {r,} C [0,00) such that > 7 r, < co. From an arbitrary z € C,
let {z,} be the sequence defined by (1.0.2), where {a,}, {al,}, {ai}, {6n}, {8},
{8}, {}, {~,} and {v]} are real sequences in [0, 1] with the following restrictions:

(Don + B +vn =y, + By, + v, = + B+, =1

(i) Doty Yn < 00, 2o0ly Vn < 00, 300y Y < 00
Then {x,} converges strongly to a fixed point of T' if and only if liminf,, o

d(xn, F(T)) =0.

Proof: By the Schauder’s fixed point theorem, we obtain that F(T') # (. It is
suffices that we only prove the sufficiency. By equation (1.0.7) of Lemma 1.3, we
have

|z =2l < (L470)° on = pll + Ba, Yn € N and p € F(T) (2.0.8)

where B, = (1 + 7,)%[yn + v, + 7K. Since > 00 1 rp < 00, Do Vn < 00,

o v <ooand Yo7yl < oo, thus we know > ° | B, < co. So from equation
(2.0.8), we obtain

d(Tpy1, F(T)) < (1+7,)%d(xn, F(T)) + B, (2.0.9)

Since liminf,, o d(xy, F(T')) = 0 and from Lemma 1.2, we have lim,,_, o d(2y, F(T'))
=0.

Next we will show that {z,} is a Cauchy sequence. For all £; > 0, from Lemma
1.3, it can be known there must exists a constant M > 0 such that

|zntm —pll < M |lzn —pll
n+m—1
+M Y By, Vn,me N, Vpe F(T). (2.0.10)
k=n

Since lim,, o (2, F(T)) = 0 and >_p-, B < oo, then there must exists a con-
stant Ny, such that when n > N;

€1 = €1
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So there must exists p* € F(T), such that

d(an,, F(T)) = |len, = p'll < 577

From ( 2.0.10), it can be obtained that when n > Ny

IN

|Zn+m — Tal| |Zntm — 2| + [[Tn — D7

M |lzy, = p*l + M Jan, —p"| +2M Y By
k=N,

IN

€1 €1 €1

< €1

that is

[Zntm — 2zl <e1.

This shows that {x,,} is a Cauchy sequence and so is convergent since E is complete.
Let lim,, oo , = y*. Then y* € C. It remains to show that y* € F(T). Let e3 > 0
be given. Then there exists a natural number N» such that

. €
||acn—y||<2( 2 Vn> N,

2+’I"1)

Since lim,, o d(2y,, F(T)) = 0, there must exists a natural number N3 > N» such
that for all n > N3, we have

€2
d(x,, F(T)) < ———,
( () 3(241r)
and in particular, we have
d(zy,, F(T)) < ——2—
N3» 3(2 ¥ 7‘1) .
Therefore, there exists z* € F(T) such that
* €2
||Z‘N3 -z || < 2(2 _'_Tl)'

Consequently we have
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1Ty —y*| = [ITy" —2"+2" —an, + 25, — Y7l
< NTy" =21+ 112" — o[l + lzns — v
< @AHr)lly" =2+ 2" = ang |+ llow, — 37|
< A+r)lly" —on Han, =2+ 127 —ane | + long — vl
< @4y =zl + llow, = 271+ 127 — ongll + llon, — 37|l
< @24y —$N3||+(2+7’1)||Z — T ||
€2
< (24 7). 2( - +(2+T1).72(2+r1)
< é&a.

This shows that y* € F(T). Thus {x,} converges strongly to a fixed point of T.
This completes the proof.

Remark 2.2: Theorem 2.1 extends Theorem 1 of [11] to the case of three step
iteration scheme considered here and also it extends Theorem 1 of [10] to the case
of three step iteration scheme with errors considered here.

Theorem 2.3: Let E be a real uniformly convex Banach space and C be a
nonempty closed convex subset of E. Let T: C — C be uniformly L-Lipschitzian
asymptotically quasi nonexpansive mapping with sequence {r,} C [0, 00) such that
S T < co. From an arbitrary zg € C, let {z,} be the sequence defined by

(1.0.2), where {an}, {a} }, {2}, {Bu}s {8L}, {81}, {m}s {74} amd {9/} are real

sequences in [0, 1] with the following restrictions:
(Don + fn +m = o + By + 7 = ap + B+ =1

(i) Zn 1 Vn < 00, Zn 1 Yn < 00, Zn 1Y < 00.
Then lim, o ||zn, — T2y, || = 0.

Proof: By Schauder’s fixed point theorem, we have F(T) # (. By Lemma
1.3(a), we have lim,_., ||z, — p|| exists. Let lim,, o ||z, — p|| = a for some a > 0.

From (1.0.6), we have

lyn = pll < (L+710)% |20 — pll + A, ¥n > 1.

Taking limsup,, ,.. in both sides, we obtain

limsup ||y, — p|| < limsup ||z, — p|| = lim ||z, — p|| = a.
n— 00 n—oo

n—oo

Note that
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limsup || 7"y, — p|| < limsup(1 + ) ||yn — p|| = limsup ||y, — p|| < a.
n—oo n—oo

n—00

Next, consider

1T"Yn — P+ Yn(wn — )| < NT"Yn — Pl + Vn [ wn — Znl| -

Thus,
limsup [|T"yn — p + Yn(wn — 2,)| < a.
n—oo
Also,
n = p+ Y — )| < 50 = Bl + 7 10 — 2l
gives that
limsup ||z, — p + Y (wy — 2p)|| < a,
n—oo
and
a = lim ||z,01 —p|
n—oo

= nILH;o lanT"yn + (1 — an)xn — Yun + Ynwn — (1 — an)p — anp||
= nlggo lan[T"yn — p + Y (wn — 20)] + (1 = an)[zn — p+ Yo (wn — 20)]]| -
By J.Schu’s Lemma [14], we have
lim ||T"y, — x,|| = 0.

Again, note that for each n > 1

|z =Pl < lon = T"yull + [[T"yn — pl|
< o =Tyl + (1 +70) [y — pll -

Since limy,— oo ||T™Yn — x4 || = 0, we obtain that

a= lim ||z, —p| <liminf ||y, — pl.
n—oo n—oo
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It follows that

a < liminf ||y, — p|| < limsup ||y, — p|| < a.
n—00 n—00
This implies that
lim |y, —pl| = a.
n—oo

On the other hand, we note that

”angxn + %'xn + V:L/un - pH

oy [T"xn = pll + By |20 = pll + 75 [lun — pll
(L +70) (|0 = pll + By ll2n — pll + 75 lun — 1|
(ap + B) (L +70) lzn — pll + ) [Jun — pll
(=) +70) lzn = pll + 751 lJun — pll

(L+70) lzn — 2l + ) [Jun = pl|-

Izn = pll

(VAN VAN VAR VAN VAN

Since > 07 | rp < 00 and lim, .o 7)) = 0, we have

limsup ||z, — p|| < limsup ||z, — p|| = a,
n—oo

n—oo

and

limsup ||T"z, — p|| < limsup(1 +7y,) ||zn — pl| = nILH;O Iz — p|| = a.

n—oo n—oo

Next, consider
”Tnzn —-p+ 7;(1% - xn)” < ”Tnzn _p” + 7':1 H’Un - mn” .
Thus

limsup |[T" 2, — p + 7, (vn — 22)|| < a.

n—oo

Also,

|Zn _p+'7;z(vn —zn)|| < lzn —pl + 7’:L lvn — o

41
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gives that
limsup ||z, —p + 7, (vn — z,)]| < @,
n—oo
and
a = lim |y, —pl
n—oo

= lim [|a},T" 2y + Bl 20 + Vo0 — D||
n—oo

= lim [|o, Tz, + (1 = a},)Tn — YZn + Ypvn — (1 — ), )p — o1
n—oo

= lim ”O‘;z[TnZn —-p+ PY;L(Un - xn)] + (1 - O‘;L)[xn —-p+ %lz(vn - xn)“l

n—oo

By J.Schu’s Lemma [14], we have

lim ||T"z, — x| = 0.
n—oo

Again, note that

|Znt1 — znll < an [T Yn — Znll + Yo |lwn — zn]] — 0, as n — co.

Thus,
[T — | [Tz — Tyl + 1 T"yn — 24|
(L4 73) (|20 = ynll + [ T"yn — 24|
(1+ rn)[a;l |20 —T" 2z, || + ’Y’:L lvn = zp ] + | T"Yn — 25|

— 0 as n — oo.

IAINCIA

Now, we have

[#n = Tanl| < [[Zpr — @l + Hxn—&-l - TnJrlmn-i—lH
+ || T gy = T || + [T 2y — Ty |

Since T is uniformly L-Lipschitzian, we obtain that

|lzn — Tyl < |Tny1 — 2l + ||xn+1 - Tn+1$n+1||
+L||xpt1 — znl| + LT @0 — 0|
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using the above inequality, we obtain

lim ||, — Tz,| = 0.
n—oo

This completes the proof.

Theorem 2.4: Let E be a real uniformly convex Banach space and C be a
nonempty closed convex subset of E. Let T: C' — C be completely continuous uni-
formly L-Lipschitzian asymptotically quasi nonexpansive mapping with sequence
{rn} C [0,00) such that > 7, 7, < co. From an arbitrary zo € C, let {x,,} be the

sequence defined by (1.0.2), where {a, }, {al,}, {2/}, {Bn}, {8,}, {81}, {w} {L}
and {7/} are real sequences in [0, 1] with the following restrictions:

an +Bn+m =y, + 8, +v, = + 6+, =1

(ii) 220:1 In < 09, EZO:I ’Y;z < 00, ZZO:I ’YZ < 0.

Then {x,}, {yn} and {z,} converges strongly to a fixed point of T

Proof: By Lemma 1.3(a), {z,} is bounded. It follows by our assumption that
T is completely continuous, there exists a subsequence {Tx,, } of {Tx,} such that
Tzp, — p € C as k — oco. Moreover, by Theorem 2.3, we have ||Tx,, —zp,|| — 0
as k — oo which implies that x,, — p as k — co. Again by Theorem 2.3, we have

lp—Tpl = lim |z, —Tan,| =0.
k—oo

It follows that p € F(T'). Furthermore, since lim, . ||z, — p| exists. Therefore
lim, o0 ||Zn, — p|| = 0, that is {z,,} converges to some fixed point of T'.

Now, we have

Yn — zn| < a’lﬂ 1T" 2 — |l + '741 [vn = 2nll — 0 as n — oo,

and

[2n = @nll < & 1T 20 — 2l + 7, lun — @all — 0 as n — oo.

Therefore lim,,—oo ¥ = p = lim, oo 2. Thus {z,}, {y.} and {z,} converges
strongly to some fixed point of T'. This completes the proof.

Remark 2.5: Theorem 2.4 extend Theorem 2 and 3 of Rhoades [13] and Theo-
rem 1.5 of Schu [15] to the case of more general class of asymptotically nonexpansive
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mapping and three step iteration scheme with errors considered here and no bound-
edness condition imposed on C.

Theorem 2.6: Let E be a real uniformly convex Banach space and C' be a
nonempty compact subset of E. Let T: C — C be (L,«) uniformly Lipschitz

asymptotically quasi nonexpansive mapping with sequence {r,,} C [0, 00) such that
> rn < co. From an arbitrary zg € C, let {z,} be the sequence defined by

n=1

(1.0.2), where {a}, {an}, {an}, {Bn}, {8} {60} {7}, {73} and {5} are real

sequences in [0, 1] with the following restrictions:
Don + o+ =l + G+ =an+ 07+, =1

(1) Y00 v < 00, Doy Yh <00, Yoo e < oo and lim, . af, = 0.
Then {z,} converges strongly to some fixed point of 7.

Proof: By Schauder’s fixed point theorem, we obtain F(T') # () and by Lemma
1.3(a), we have lim,_,« ||z, — p|| exists. Let lim,, o ||z, — p|| = a for some a > 0.

From (1.0.6), we have

lyn = pll < 1+ 70)* lon = pll + An, ¥n > 1.

Taking limsup,,_, ., in both sides, we obtain

limsup ||y, — p|| < limsup ||z, — p|| = lim |z, —p| = a.
n— oo n—oo n—oo

Note that

limsup ||T"y, — p|| < limsup(1 + r,,) ||yn — p|| = limsup ||y, — p|| < a.
n—oo

n—oo n—o0

Next, consider
1T yn — 0+ n(wn — )|l < T yn — Pl + Y0 lwn — 20| -
Thus,

limsup [|T"yn — p + Yn(wn — 2,)| < a.

n—oo

Also,

Zn — P+ Y (wn — 20)[| < |20 — 2l + 90 lwn — 20l
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gives that
limsup (|zn, —p + Yo (wn — 2)|| < a,
n—oo
and
a = lim Hxn+1 _pH
n—oo

= lim ||, T"Yn + BnZn + Ynwn — ||
n—oo

= nILH;O HanTnyn + (1 - an)xn — YnTn + YnWn — (1 - an)p - anp”

= lim [|on[T"yn —p + m(wn — z0)] + (1 = o) [zn — p+ Y (wy — z0)]| -

n—oo

By J.Schu’s Lemma [14], we have
nlgrolo IT"yn — x| = 0.

Since E is compact, {z,}52; has a convergent subsequence {z,, }32 .
Let

lim z,, =p.
k—oo

Then from equation (2.0.11) and lim,,—,~ ¥, = 0, we have

||'rnk+1 - xnk” < Qny, ”Tnkynk = Tny, H + Yy, ||wnk — Ty, H

— 0 as k — oo.
Note that lim,_,« o), = 0, lim,_,« 7/, = 0, therefore we have

lyn — 2nll < a;z 1T" 2 — xn| + 7’;7, lvn — @

— 0 as n — oo.
Thus from (2.0.11) and (2.0.12), we have

lim T"*y,, =p.

k—o0
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(2.0.11)

(2.0.12)

(2.0.13)

(2.0.14)

(2.0.15)
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Thus limg_ 0 pn,+1 = p. Similarly, limg_. o Tpn,+2 = p, and

lim 7™y, 1 =p. (2.0.16)

k—oo

From (2.0.11) - (2.0.16), we have

0< |lp—"Tpll
= lp = T gy 1 + Ty 1 = Ty 0 + T g,
— Tty Ty ey ety Tl
< p =T ypera |+ 1T yn = T g |+ 1T argyn = Ty, ||
AT gy, = Ty || 4 [T = T
<lp- Tnk+1ynk+1|| + LllYni+1 — Ty |* + Ll|zn 11 — 20, |
+ Ll#n, = yn|* + LIT™ yn, — pI|*

— 0.

This shows that p is a fixed point of T'. Since the subsequence {z,, }3°; of {x,}5%;
converges to p from (2.0.12), we have lim,, o 2, = p from Theorem LQ [11]. Thus
{z,} converges strongly to some fixed point p of T'. This completes the proof.

Remark 2.7: (i) Theorem 2.6 extends the corresponding result of Xu and Noor
[19] to the case of more general class of asymptotically nonexpansive mapping and
three step iteration scheme with errors considered here.

(ii) Theorem 2.6 also extends the corresponding result of Qihou [12] to the case
of three step iteration scheme considered here.

(iii) Theorem 2.6 also extends corollary 3.6 of Shahzad and Udomene [17] to the
case of more general class of continuous asymptotically quasi nonexpansive mapping
and three step iteration scheme with errors considered here.
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