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Available at: http://www.pmf.ni.ac.yu/faac

Functional Analysis, Approximation and Computation 1:1 (2009), 31–48

APPROXIMATING FIXED POINTS OF NOOR
ITERATION WITH ERRORS FOR ASYMPTOTICALLY

QUASI-NONEXPANSIVE MAPPINGS

G. S. Saluja

Abstract

In this paper, we give the sufficient condition for convergence of fixed point
of Noor iteration with errors for asymptotically quasi nonexpansive mapping
in real Banach space. Also we have proved that (i) strong convergence of
fixed point of Noor iteration with errors for completely continuous uniformly
L-Lipschitzian asymptotically quasi nonexpansive mapping on a nonempty
closed convex subset of a real uniformly convex Banach space and (ii) conver-
gence of fixed point of Noor iteration with errors for (L, α) uniform Lipschitz
asymptotically quasi nonexpansive mapping on a nonempty compact convex
subset of a real uniformly convex Banach space. The results presented in this
paper extend and improve the corresponding results of Xu and Noor [19],
Qihou [10, 11], Rhoades [13] and many others.

——————————————————————-

1 Introduction and preliminaries

Let C be a nonempty subset of a real normed linear space E. Let T be a self
mapping of C. Then T is said to be asymptotically nonexpansive with sequence
{rn} ⊂ [0,∞) if limn→∞ rn = 0 and

‖Tnx− Tny‖ ≤ (1 + rn) ‖x− y‖

for all x, y ∈ C and n ≥ 1; and is said to be asymptotically quasi-nonexpansive with
sequence {rn} ⊂ [0,∞) if F (T ) = {x ∈ C : Tx = x} 6= ∅, limn→∞ rn = 0 and

‖Tnx− x∗‖ ≤ (1 + rn) ‖x− x∗‖
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for all x ∈ C, x∗ ∈ F (T ) and n ≥ 1. It is clear that an asymptotically nonexpan-
sive mapping with a nonempty fixed point set is asymptotically quasi-nonexpansive.
The converse do not hold in general.

The mapping T is called uniformly (L,α) Lipschitzian if there exist constants
L > 0 and α > 0 such that

‖Tnx− Tny‖ ≤ L ‖x− y‖α

for all x, y ∈ C and n ≥ 1.

The class of asymptotically nonexpansive maps was introduced by Goebel and
Kirk [2] as an important generalization of the class of nonexpansive maps. They
established that if K is a nonempty closed convex bounded subset of a uniformly
convex Banach space E and T is an asymptotically nonexpansive self mapping of
K, then T has a fixed point. In [3], they extended this result to the broader class
of uniformly L-Lipschitzian mappings with L < λ, where λ is sufficiently near 1.

Iterative techniques for approximating fixed points of nonexpansive mappings
and their generalizations (asymptotically nonexpansive mappings etc.) have been
studied by a number of authors (see e.g. Chidume [1], Rhoades [13], Schu [15],
Tan and Xu [18]), using the Mann iteration process [7] or the Ishikawa iteration
process [6].

In 2001, Noor [8, 9] have introduced the three-step iterative sequences and he
studied the approximate solutions of variational inequalities in Hilbert space. The
three-step iterative approximation problem were studied extensively by Noor [8, 9],
Glowinski and Le Tallec [4], Haubruge et al [5].

In 2002, Xu and Noor [19] introduced the three-step iterative for asymptotically
nonexpansive mappings and they proved the following strong convergence theorem
in Banach space:

Theorem XN( [19], Theorem 2.1): Let X be a real uniformly convex Banach
space, C be a nonempty closed, bounded convex subset of X. Let T be a completely
continuous asymptotically nonexpansive self-mapping with sequence {kn} satisfying
kn ≥ 1 and

∑∞
n=1(kn−1) < ∞. Let {αn}, {βn} and {γn} be real sequences in [0, 1]

satisfying:

(i) 0 < lim infn→∞ αn ≤ lim supn→∞ αn < 1, and

(ii) 0 < lim infn→∞ βn ≤ lim supn→∞ βn < 1.
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For a given x0 ∈ C, define

zn = γnTnxn + (1− γn)xn

yn = βnTnzn + (1− βn)xn

xn+1 = αnTnyn + (1− αn)xn. (1.0.1)

Then {xn}, {yn} and {zn} converges strongly to a fixed point of T .

Motivated and inspired by Xu and Noor [19] and many others, we study the
following iteration scheme which we call it Noor iteration with errors as follows:

Noor Iteration With Errors:

Let C be a nonempty subset of normed space X and let T : C → C be a map-
ping. For a given x0 ∈ C, define the sequence {xn} as follows:

zn = α′′nTnxn + β′′nxn + γ′′nun

yn = α′nTnzn + β′nxn + γ′nvn

xn+1 = αnTnyn + βnxn + γnwn. (1.0.2)

where {αn}, {α′n}, {α′′n}, {βn}, {β′n}, {β′′n}, {γn}, {γ′n} and {γ′′n} are real sequences
in [0, 1] and {un}, {vn} and {wn} are three bounded sequences in C.

It is clear that the Mann and Ishikawa iterations processes are all special case
of the Noor iteration with errors.

In this paper, we will extend the iteration process (1.0.1) to Noor iteration with
errors (1.0.2) for asymptotically quasi-nonexpansive mappings. The purpose of this
paper is to study convergence of fixed point for three-step iterative sequences with
errors for asymptotically quasi-nonexpansive mappings in real uniformly convex
Banach space. The results presented in this paper extend and improve the corre-
sponding results of Xu and Noor [19], Qihou [10, 11], Rhoades [13] and many
other known results.

We need the following result and lemmas to prove our main result:

Theorem LQ [11,Theorem 3]: Let E be a nonempty closed convex subset
of a Banach space, T is an asymptotically quasi-nonexpansive mapping on E, and
F (T ) nonempty. Given

∑∞
n=1 un < +∞, ∀x1 ∈ E, defined {xn}∞n=1 as
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xn+1 = anxn + bnTnyn + cnmn,

yn = ānxn + b̄nTnxn + c̄nln, ∀n ∈ N,

where mn, ln ∈ E, and {‖mn‖}∞n=1, {‖ln‖}∞n=1 are bounded, an + bn + cn = 1 =
ān + b̄n + c̄n, 0 ≤ an, bn, cn, ān, b̄n, c̄n ≤ 1. Then {xn}∞n=1 converges to some fixed
point p of T if and only if there exists some infinite subsequence {xnk

}∞k=1 of {xn}∞n=1

which converges to p.

Lemma 1.1[[14] J.Schu′s Lemma]: Let X be a real uniformly convex Banach
space, 0 < α ≤ tn ≤ β < 1, xn, yn ∈ X, lim supn→∞ ‖xn‖ ≤ a, lim supn→∞ ‖yn‖ ≤
a, and limn→∞ ‖tnxn + (1− tn)yn‖ = a, a ≥ 0. Then limn→∞ ‖xn − yn‖ = 0.

Lemma 1.2[11,Lemma 2]: Let nonnegative series {αn}∞n=1, {βn}∞n=1, {rn}∞n=1

satisfy αn ≤ (1 + βn)αn + rn, ∀n ∈ N , and
∑∞

n=1 βn < +∞,
∑∞

n=1 rn < +∞; then
limn→∞ αn exists. Moreover if lim infn→∞ αn = 0, then limn→∞ αn = 0.

Lemma 1.3: Let X be a real Banach space, C a nonempty closed convex subset
of X. Let T : C → C be an asymptotically quasi nonexpansive mapping with se-
quence {rn} ⊂ [0,∞) such that

∑∞
n=1 rn < ∞. For a given x0 ∈ C, let {xn} be the

sequence defined by (1.0.2), where {αn}, {α′n}, {α′′n}, {βn}, {β′n}, {β′′n}, {γn}, {γ′n}
and {γ′′n} are real sequences in [0, 1] and {un}, {vn} and {wn} are three bounded
sequences in C with the following restrictions

(i)αn + βn + γn = α′n + β′n + γ′n = α′′n + β′′n + γ′′n = 1

(ii)
∑∞

n=1 γn < ∞,
∑∞

n=1 γ′n < ∞,
∑∞

n=1 γ′′n < ∞.

(a) Then for each p ∈ F (T ), limn→∞ ‖xn − p‖ exists.

(b) There exists a constant M > 0 such that

‖xn+m − p‖ ≤ M ‖xn − p‖+ M

n+m−1∑

k=n

Bk

for all n,m ≥ 1 and p ∈ F (T ), where M = e3
Pn+m−1

k=n rk .

Proof (a): By the Schauder’s fixed point theorem, we obtain that F (T ) 6= ∅.
Let p ∈ F (T ), since {un}, {vn} and {wn} are bounded sequences in C, so we put

K = sup
n≥1

‖un − p‖ ∨ sup
n≥1

‖vn − p‖ ∨ sup
n≥1

‖wn − p‖ .



Approximating fixed points of Noor iteration... 35

For each n ≥ 1, we note that

‖xn+1 − p‖ = ‖αnTnyn + βnxn + γnwn − p‖
≤ αn ‖Tnyn − p‖+ βn ‖xn − p‖+ γn ‖wn − p‖
≤ αn(1 + rn) ‖yn − p‖+ βn ‖xn − p‖+ γnK (1.0.3)

and

‖yn − p‖ = ‖α′nTnzn + β′nxn + γ′nvn − p‖
≤ α′n ‖Tnzn − p‖+ β′n ‖xn − p‖+ γ′n ‖vn − p‖
≤ α′n(1 + rn) ‖zn − p‖+ β′n ‖xn − p‖+ γ′nK (1.0.4)

and

‖zn − p‖ = ‖α′′nTnxn + β′′nxn + γ′′nun − p‖
≤ α′′n ‖Tnxn − p‖+ β′′n ‖xn − p‖+ γ′′n ‖un − p‖
≤ α′′n(1 + rn) ‖xn − p‖+ β′′n ‖xn − p‖+ γ′′n ‖un − p‖
≤ (α′′n + β′′n)(1 + rn) ‖xn − p‖+ γ′′n ‖un − p‖
= (1− γ′′n)(1 + rn) ‖xn − p‖+ γ′′n ‖un − p‖
≤ (1 + rn) ‖xn − p‖+ γ′′nK (1.0.5)

substituting (1.0.5) into (1.0.4), we have

‖yn − p‖ ≤ α′n(1 + rn)[(1 + rn) ‖xn − p‖+ γ′′nK]
+β′n ‖xn − p‖+ γ′nK

≤ (1 + rn)2(α′n + β′n) ‖xn − p‖+ α′n(1 + rn)γ′′nK

+γ′nK

≤ (1 + rn)2(α′n + β′n) ‖xn − p‖+ (1 + rn)γ′′nK

+γ′nK

= (1 + rn)2(1− γ′n) ‖xn − p‖+ (1 + rn)K(γ′′n + γ′n)
≤ (1 + rn)2 ‖xn − p‖+ An (1.0.6)

where An = (1 + rn)K(γ′′n + γ′n). Note that
∑∞

n=1 An < ∞, since
∑∞

n=1 rn < ∞
and by condition (ii).
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Substituting (1.0.6) into (1.0.3), we have

‖xn+1 − p‖ ≤ αn(1 + rn)[(1 + rn)2 ‖xn − p‖+ An]
+βn ‖xn − p‖+ γnK

≤ (1 + rn)3(αn + βn) ‖xn − p‖+ αn(1 + rn)An

+γnK

≤ (1 + rn)3(αn + βn) ‖xn − p‖+ (1 + rn)An

+γnK

= (1 + rn)3(1− γn) ‖xn − p‖+ (1 + rn)An + γnK

≤ (1 + rn)3 ‖xn − p‖+ (1 + rn)(An + γnK)
≤ (1 + rn)3 ‖xn − p‖+ (1 + rn)2K(γn + γ′n + γ′′n)
= (1 + rn)3 ‖xn − p‖+ Bn (1.0.7)

where Bn = (1 + rn)2K(γn + γ′n + γ′′n). Since
∑∞

n=1 rn < ∞,
∑∞

n=1 γn < ∞,
∑∞

n=1 γ′n < ∞ and
∑∞

n=1 γ′′n < ∞, it follows that
∑∞

n=1 Bn < ∞, thus by Lemma
1.2, we have limn→∞ ‖xn − p‖ exists. This completes the proof.

(b) Since 1 + x ≤ ex for all x > 0. Then from (a) it can be obtained that

‖xn+m − p‖ ≤ (1 + rn+m−1)3 ‖xn+m−1 − p‖+ Bn+m−1

≤ e3rn+m−1 ‖xn+m−1 − p‖+ Bn+m−1

≤ e3rn+m−1 [e3rn+m−2 ‖xn+m−2 − p‖+ Bn+m−2] + Bn+m−1

≤ e3(rn+m−1+rn+m−2) ‖xn+m−2 − p‖+ e3rn+m−1Bn+m−2 + Bn+m−1

≤ e3(rn+m−1+rn+m−2) ‖xn+m−2 − p‖+ e3rn+m−1 [Bn+m−2 + Bn+m−1]
≤ . . . . . . . . .

≤ . . . . . . . . .

≤ e3
Pn+m−1

k=n rk . ‖xn − p‖+ e3
Pn+m−1

k=n rk .

n+m−1∑

k=n

Bk

≤ M ‖xn − p‖+ M

n+m−1∑

k=n

Bk, where M = e3
Pn+m−1

k=n rk .

This completes the proof.
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2 Main results

Theorem 2.1: Let E be a real Banach space and C be a nonempty closed convex
subset of E. Let T : C → C be an asymptotically quasi nonexpansive mapping
with sequence {rn} ⊂ [0,∞) such that

∑∞
n=1 rn < ∞. From an arbitrary x0 ∈ C,

let {xn} be the sequence defined by (1.0.2), where {αn}, {α′n}, {α′′n}, {βn}, {β′n},
{β′′n}, {γn}, {γ′n} and {γ′′n} are real sequences in [0, 1] with the following restrictions:

(i)αn + βn + γn = α′n + β′n + γ′n = α′′n + β′′n + γ′′n = 1

(ii)
∑∞

n=1 γn < ∞,
∑∞

n=1 γ′n < ∞,
∑∞

n=1 γ′′n < ∞.

Then {xn} converges strongly to a fixed point of T if and only if lim infn→∞
d(xn, F (T )) = 0.

Proof : By the Schauder’s fixed point theorem, we obtain that F (T ) 6= ∅. It is
suffices that we only prove the sufficiency. By equation (1.0.7) of Lemma 1.3, we
have

‖xn+1 − p‖ ≤ (1 + rn)3 ‖xn − p‖+ Bn, ∀n ∈ N and p ∈ F (T ) (2.0.8)

where Bn = (1 + rn)2[γn + γ′n + γ′′n]K. Since
∑∞

n=1 rn < ∞,
∑∞

n=1 γn < ∞,
∑∞

n=1 γ′n < ∞ and
∑∞

n=1 γ′′n < ∞, thus we know
∑∞

n=1 Bn < ∞. So from equation
(2.0.8), we obtain

d(xn+1, F (T )) ≤ (1 + rn)3d(xn, F (T )) + Bn (2.0.9)

Since lim infn→∞ d(xn, F (T )) = 0 and from Lemma 1.2, we have limn→∞ d(xn, F (T ))
= 0.

Next we will show that {xn} is a Cauchy sequence. For all ε1 > 0, from Lemma
1.3, it can be known there must exists a constant M > 0 such that

‖xn+m − p‖ ≤ M ‖xn − p‖

+M

n+m−1∑

k=n

Bk, ∀n, m ∈ N, ∀p ∈ F (T ). (2.0.10)

Since limn→∞ d(xn, F (T )) = 0 and
∑∞

k=n Bk < ∞, then there must exists a con-
stant N1, such that when n ≥ N1

d(xn, F (T )) <
ε1

3M
, and

∞∑

k=n

Bk <
ε1

6M
.
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So there must exists p∗ ∈ F (T ), such that

d(xN1 , F (T )) = ‖xN1 − p∗‖ <
ε1

3M
.

From ( 2.0.10), it can be obtained that when n ≥ N1

‖xn+m − xn‖ ≤ ‖xn+m − p∗‖+ ‖xn − p∗‖

≤ M ‖xN1 − p∗‖+ M ‖xN1 − p∗‖+ 2M

∞∑

k=N1

Bk

< M.
ε1

3M
+ M.

ε1

3M
+ 2M.

ε1

6M
< ε1

that is

‖xn+m − xn‖ < ε1.

This shows that {xn} is a Cauchy sequence and so is convergent since E is complete.
Let limn→∞ xn = y∗. Then y∗ ∈ C. It remains to show that y∗ ∈ F (T ). Let ε2 > 0
be given. Then there exists a natural number N2 such that

‖xn − y∗‖ <
ε2

2(2 + r1)
, ∀n ≥ N2.

Since limn→∞ d(xn, F (T )) = 0, there must exists a natural number N3 ≥ N2 such
that for all n ≥ N3, we have

d(xn, F (T )) <
ε2

3(2 + r1)
,

and in particular, we have

d(xN3 , F (T )) <
ε2

3(2 + r1)
.

Therefore, there exists z∗ ∈ F (T ) such that

‖xN3 − z∗‖ <
ε2

2(2 + r1)
.

Consequently we have
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‖Ty∗ − y∗‖ = ‖Ty∗ − z∗ + z∗ − xN3 + xN3 − y∗‖
≤ ‖Ty∗ − z∗‖+ ‖z∗ − xN3‖+ ‖xN3 − y∗‖
≤ (1 + r1) ‖y∗ − z∗‖+ ‖z∗ − xN3‖+ ‖xN3 − y∗‖
≤ (1 + r1) ‖y∗ − xN3 + xN3 − z∗‖+ ‖z∗ − xN3‖+ ‖xN3 − y∗‖
≤ (1 + r1)[‖y∗ − xN3‖+ ‖xN3 − z∗‖] + ‖z∗ − xN3‖+ ‖xN3 − y∗‖
≤ (2 + r1) ‖y∗ − xN3‖+ (2 + r1) ‖z∗ − xN3‖
< (2 + r1).

ε2

2(2 + r1)
+ (2 + r1).

ε2

2(2 + r1)
< ε2.

This shows that y∗ ∈ F (T ). Thus {xn} converges strongly to a fixed point of T .
This completes the proof.

Remark 2.2: Theorem 2.1 extends Theorem 1 of [11] to the case of three step
iteration scheme considered here and also it extends Theorem 1 of [10] to the case
of three step iteration scheme with errors considered here.

Theorem 2.3: Let E be a real uniformly convex Banach space and C be a
nonempty closed convex subset of E. Let T : C → C be uniformly L-Lipschitzian
asymptotically quasi nonexpansive mapping with sequence {rn} ⊂ [0,∞) such that∑∞

n=1 rn < ∞. From an arbitrary x0 ∈ C, let {xn} be the sequence defined by
(1.0.2), where {αn}, {α′n}, {α′′n}, {βn}, {β′n}, {β′′n}, {γn}, {γ′n} and {γ′′n} are real
sequences in [0, 1] with the following restrictions:

(i)αn + βn + γn = α′n + β′n + γ′n = α′′n + β′′n + γ′′n = 1

(ii)
∑∞

n=1 γn < ∞,
∑∞

n=1 γ′n < ∞,
∑∞

n=1 γ′′n < ∞.

Then limn→∞ ‖xn − Txn‖ = 0.

Proof : By Schauder’s fixed point theorem, we have F (T ) 6= ∅. By Lemma
1.3(a), we have limn→∞ ‖xn − p‖ exists. Let limn→∞ ‖xn − p‖ = a for some a ≥ 0.
From (1.0.6), we have

‖yn − p‖ ≤ (1 + rn)2 ‖xn − p‖+ An, ∀n ≥ 1.

Taking lim supn→∞ in both sides, we obtain

lim sup
n→∞

‖yn − p‖ ≤ lim sup
n→∞

‖xn − p‖ = lim
n→∞

‖xn − p‖ = a.

Note that
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lim sup
n→∞

‖Tnyn − p‖ ≤ lim sup
n→∞

(1 + rn) ‖yn − p‖ = lim sup
n→∞

‖yn − p‖ ≤ a.

Next, consider

‖Tnyn − p + γn(wn − xn)‖ ≤ ‖Tnyn − p‖+ γn ‖wn − xn‖ .

Thus,

lim sup
n→∞

‖Tnyn − p + γn(wn − xn)‖ ≤ a.

Also,

‖xn − p + γn(wn − xn)‖ ≤ ‖xn − p‖+ γn ‖wn − xn‖ ,

gives that

lim sup
n→∞

‖xn − p + γn(wn − xn)‖ ≤ a,

and

a = lim
n→∞

‖xn+1 − p‖
= lim

n→∞
‖αnTnyn + βnxn + γnwn − p‖

= lim
n→∞

‖αnTnyn + (1− αn)xn − γnxn + γnwn − (1− αn)p− αnp‖
= lim

n→∞
‖αn[Tnyn − p + γn(wn − xn)] + (1− αn)[xn − p + γn(wn − xn)]‖ .

By J.Schu’s Lemma [14], we have

lim
n→∞

‖Tnyn − xn‖ = 0.

Again, note that for each n ≥ 1

‖xn − p‖ ≤ ‖xn − Tnyn‖+ ‖Tnyn − p‖
≤ ‖xn − Tnyn‖+ (1 + rn) ‖yn − p‖ .

Since limn→∞ ‖Tnyn − xn‖ = 0, we obtain that

a = lim
n→∞

‖xn − p‖ ≤ lim inf
n→∞

‖yn − p‖ .
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It follows that

a ≤ lim inf
n→∞

‖yn − p‖ ≤ lim sup
n→∞

‖yn − p‖ ≤ a.

This implies that

lim
n→∞

‖yn − p‖ = a.

On the other hand, we note that

‖zn − p‖ = ‖α′′nTnxn + β′′nxn + γ′′nun − p‖
≤ α′′n ‖Tnxn − p‖+ β′′n ‖xn − p‖+ γ′′n ‖un − p‖
≤ α′′n(1 + rn) ‖xn − p‖+ β′′n ‖xn − p‖+ γ′′n ‖un − p‖
≤ (α′′n + β′′n)(1 + rn) ‖xn − p‖+ γ′′n ‖un − p‖
≤ (1− γ′′n)(1 + rn) ‖xn − p‖+ γ′′n ‖un − p‖
≤ (1 + rn) ‖xn − p‖+ γ′′n ‖un − p‖ .

Since
∑∞

n=1 rn < ∞ and limn→∞ γ′′n = 0, we have

lim sup
n→∞

‖zn − p‖ ≤ lim sup
n→∞

‖xn − p‖ = a,

and

lim sup
n→∞

‖Tnzn − p‖ ≤ lim sup
n→∞

(1 + rn) ‖zn − p‖ = lim
n→∞

‖zn − p‖ = a.

Next, consider

‖Tnzn − p + γ′n(vn − xn)‖ ≤ ‖Tnzn − p‖+ γ′n ‖vn − xn‖ .

Thus

lim sup
n→∞

‖Tnzn − p + γ′n(vn − xn)‖ ≤ a.

Also,

‖xn − p + γ′n(vn − xn)‖ ≤ ‖xn − p‖+ γ′n ‖vn − xn‖
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gives that

lim sup
n→∞

‖xn − p + γ′n(vn − xn)‖ ≤ a,

and

a = lim
n→∞

‖yn − p‖
= lim

n→∞
‖α′nTnzn + β′nxn + γ′nvn − p‖

= lim
n→∞

‖α′nTnzn + (1− α′n)xn − γ′nxn + γ′nvn − (1− α′n)p− α′np‖
= lim

n→∞
‖α′n[Tnzn − p + γ′n(vn − xn)] + (1− α′n)[xn − p + γ′n(vn − xn)]‖

By J.Schu’s Lemma [14], we have

lim
n→∞

‖Tnzn − xn‖ = 0.

Again, note that

‖xn+1 − xn‖ ≤ αn ‖Tnyn − xn‖+ γn ‖wn − xn‖ → 0, as n →∞.

Thus,

‖Tnxn − xn‖ ≤ ‖Tnxn − Tnyn‖+ ‖Tnyn − xn‖
≤ (1 + rn) ‖xn − yn‖+ ‖Tnyn − xn‖
≤ (1 + rn)[α′n ‖xn − Tnzn‖+ γ′n ‖vn − xn‖] + ‖Tnyn − xn‖

→ 0 as n →∞.

Now, we have

‖xn − Txn‖ ≤ ‖xn+1 − xn‖+
∥∥xn+1 − Tn+1xn+1

∥∥
+

∥∥Tn+1xn+1 − Tn+1xn

∥∥ +
∥∥Tn+1xn − Txn

∥∥ .

Since T is uniformly L-Lipschitzian, we obtain that

‖xn − Txn‖ ≤ ‖xn+1 − xn‖+
∥∥xn+1 − Tn+1xn+1

∥∥
+L ‖xn+1 − xn‖+ L ‖Tnxn − xn‖
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using the above inequality, we obtain

lim
n→∞

‖xn − Txn‖ = 0.

This completes the proof.

Theorem 2.4: Let E be a real uniformly convex Banach space and C be a
nonempty closed convex subset of E. Let T : C → C be completely continuous uni-
formly L-Lipschitzian asymptotically quasi nonexpansive mapping with sequence
{rn} ⊂ [0,∞) such that

∑∞
n=1 rn < ∞. From an arbitrary x0 ∈ C, let {xn} be the

sequence defined by (1.0.2), where {αn}, {α′n}, {α′′n}, {βn}, {β′n}, {β′′n}, {γn}, {γ′n}
and {γ′′n} are real sequences in [0, 1] with the following restrictions:

(i)αn + βn + γn = α′n + β′n + γ′n = α′′n + β′′n + γ′′n = 1

(ii)
∑∞

n=1 γn < ∞,
∑∞

n=1 γ′n < ∞,
∑∞

n=1 γ′′n < ∞.

Then {xn}, {yn} and {zn} converges strongly to a fixed point of T .

Proof : By Lemma 1.3(a), {xn} is bounded. It follows by our assumption that
T is completely continuous, there exists a subsequence {Txnk

} of {Txn} such that
Txnk

→ p ∈ C as k → ∞. Moreover, by Theorem 2.3, we have ‖Txnk
− xnk

‖ → 0
as k →∞ which implies that xnk

→ p as k →∞. Again by Theorem 2.3, we have

‖p− Tp‖ = lim
k→∞

‖xnk
− Txnk

‖ = 0.

It follows that p ∈ F (T ). Furthermore, since limn→∞ ‖xn − p‖ exists. Therefore
limn→∞ ‖xn − p‖ = 0, that is {xn} converges to some fixed point of T .

Now, we have

‖yn − xn‖ ≤ α′n ‖Tnzn − xn‖+ γ′n ‖vn − xn‖ → 0 as n →∞,

and

‖zn − xn‖ ≤ α′′n ‖Tnxn − xn‖+ γ′′n ‖un − xn‖ → 0 as n →∞.

Therefore limn→∞ yn = p = limn→∞ zn. Thus {xn}, {yn} and {zn} converges
strongly to some fixed point of T . This completes the proof.

Remark 2.5: Theorem 2.4 extend Theorem 2 and 3 of Rhoades [13] and Theo-
rem 1.5 of Schu [15] to the case of more general class of asymptotically nonexpansive
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mapping and three step iteration scheme with errors considered here and no bound-
edness condition imposed on C.

Theorem 2.6: Let E be a real uniformly convex Banach space and C be a
nonempty compact subset of E. Let T : C → C be (L, α) uniformly Lipschitz
asymptotically quasi nonexpansive mapping with sequence {rn} ⊂ [0,∞) such that∑∞

n=1 rn < ∞. From an arbitrary x0 ∈ C, let {xn} be the sequence defined by
(1.0.2), where {αn}, {α′n}, {α′′n}, {βn}, {β′n}, {β′′n}, {γn}, {γ′n} and {γ′′n} are real
sequences in [0, 1] with the following restrictions:

(i)αn + βn + γn = α′n + β′n + γ′n = α′′n + β′′n + γ′′n = 1

(ii)
∑∞

n=1 γn < ∞,
∑∞

n=1 γ′n < ∞,
∑∞

n=1 γ′′n < ∞ and limn→∞ α′n = 0.

Then {xn} converges strongly to some fixed point of T .

Proof : By Schauder’s fixed point theorem, we obtain F (T ) 6= ∅ and by Lemma
1.3(a), we have limn→∞ ‖xn − p‖ exists. Let limn→∞ ‖xn − p‖ = a for some a ≥ 0.
From (1.0.6), we have

‖yn − p‖ ≤ (1 + rn)2 ‖xn − p‖+ An, ∀n ≥ 1.

Taking lim supn→∞ in both sides, we obtain

lim sup
n→∞

‖yn − p‖ ≤ lim sup
n→∞

‖xn − p‖ = lim
n→∞

‖xn − p‖ = a.

Note that

lim sup
n→∞

‖Tnyn − p‖ ≤ lim sup
n→∞

(1 + rn) ‖yn − p‖ = lim sup
n→∞

‖yn − p‖ ≤ a.

Next, consider

‖Tnyn − p + γn(wn − xn)‖ ≤ ‖Tnyn − p‖+ γn ‖wn − xn‖ .

Thus,

lim sup
n→∞

‖Tnyn − p + γn(wn − xn)‖ ≤ a.

Also,

‖xn − p + γn(wn − xn)‖ ≤ ‖xn − p‖+ γn ‖wn − xn‖ ,
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gives that

lim sup
n→∞

‖xn − p + γn(wn − xn)‖ ≤ a,

and

a = lim
n→∞

‖xn+1 − p‖
= lim

n→∞
‖αnTnyn + βnxn + γnwn − p‖

= lim
n→∞

‖αnTnyn + (1− αn)xn − γnxn + γnwn − (1− αn)p− αnp‖
= lim

n→∞
‖αn[Tnyn − p + γn(wn − xn)] + (1− αn)[xn − p + γn(wn − xn)]‖ .

By J.Schu’s Lemma [14], we have

lim
n→∞

‖Tnyn − xn‖ = 0. (2.0.11)

Since E is compact, {xn}∞n=1 has a convergent subsequence {xnk
}∞k=1.

Let

lim
k→∞

xnk
= p. (2.0.12)

Then from equation (2.0.11) and limn→∞ γn = 0, we have

‖xnk+1 − xnk
‖ ≤ αnk

‖Tnkynk
− xnk

‖+ γnk
‖wnk

− xnk
‖

→ 0 as k →∞. (2.0.13)

Note that limn→∞ α′n = 0, limn→∞ γ′n = 0, therefore we have

‖yn − xn‖ ≤ α′n ‖Tnzn − xn‖+ γ′n ‖vn − xn‖
→ 0 as n →∞. (2.0.14)

Thus from (2.0.11) and (2.0.12), we have

lim
k→∞

Tnkynk
= p. (2.0.15)
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Thus limk→∞ xnk+1 = p. Similarly, limk→∞ xnk+2 = p, and

lim
k→∞

Tnk+1ynk+1 = p. (2.0.16)

From (2.0.11) - (2.0.16), we have

0 ≤ ‖p− Tp‖
= ‖p− Tnk+1ynk+1 + Tnk+1ynk+1 − Tnk+1xnk+1 + Tnk+1xnk+1

− Tnk+1xnk
+ Tnk+1xnk

− Tnk+1ynk
+ Tnk+1ynk

− Tp‖
≤ ‖p− Tnk+1ynk+1‖+ ‖Tnk+1ynk+1 − Tnk+1xnk+1‖+ ‖Tnk+1xnk+1 − Tnk+1xnk

‖
+ ‖Tnk+1xnk

− Tnk+1ynk
‖+ ‖Tnk+1ynk

− Tp‖
≤ ‖p− Tnk+1ynk+1‖+ L‖ynk+1 − xnk+1‖α + L‖xnk+1 − xnk

‖α

+ L‖xnk
− ynk

‖α + L‖Tnkynk
− p‖α

→ 0.

This shows that p is a fixed point of T . Since the subsequence {xnk
}∞k=1 of {xn}∞n=1

converges to p from (2.0.12), we have limn→∞ xn = p from Theorem LQ [11]. Thus
{xn} converges strongly to some fixed point p of T . This completes the proof.

Remark 2.7: (i) Theorem 2.6 extends the corresponding result of Xu and Noor
[19] to the case of more general class of asymptotically nonexpansive mapping and
three step iteration scheme with errors considered here.

(ii) Theorem 2.6 also extends the corresponding result of Qihou [12] to the case
of three step iteration scheme considered here.

(iii) Theorem 2.6 also extends corollary 3.6 of Shahzad and Udomene [17] to the
case of more general class of continuous asymptotically quasi nonexpansive mapping
and three step iteration scheme with errors considered here.
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