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BILIPSCHITZ MAPPINGS BETWEEN SECTORS
IN PLANES AND QUASI-CONFORMALITY

Vesna Manojlovié

Abstract

‘We consider bilipschitz properties of conformal and quasiconformal map-
pings between sectors with respect to j-metric. Special attention is paid to
the behaviour of the bilipschitz constant as the qc-constant K tends to 1.

1 Introduction

Quasiconformal mappings were introduced by H Grétzsch in 1928. Quasiconformal
mappings in R™ are natural generalization of conformal functions of one complex
variable. Their systematic study was begun by F. W. Gehring [1] and J. Viisila
[2] in 1961. Since then the theory has been actively studied [3, 4]. Quasiconformal
mappings are characterized by the property that there exists a constant C' > 1
such that the infinitesimally small spheres are mapped onto infinitesimally small
ellipsoids with the ratio of the larger ”semiaxis” to the smaller one bounded from
above by C.

Quasiconformal mappings have a special subclass, so called bilipschitz maps.

Definition 1. A homeomoprhism f : G — fG satisfying

[z —yl/L < [f(x) = fy)| < Llz —y|

for all z, y € G is called L—Dbilipschitz.

The distance ratio metric or jg-metric in a proper subdomain G of the Euclidean
space R™, n > 2, is defined by

. B |z —y
ja(z,y) = log (1 + m)
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where d(z) is the Euclidean distance between z and dG. This metric was first
introduced by F. W. Gehring and B. G. Osgood [5] and in the above form by M.
Vuorinen [6].

The quasihyperbolic metric was introduced by F. W. Gehring and B. P. Palka [7].

For a domain G C R™, n > 2 we define the quasihyperbolic length of a rectifiable
arc v C G by

_ |dz|
Lk () _[yd(z,é)G)’

where d(z, 0G) is the Euclidean distance between z and 9G, and the quasihyperbolic
metric by

where the infimum is taken over all rectifiable curves in G joining = and y. By
definition of jg and kg metrics it is easy to see that boundary OG defines the
distances kg (x,y) and jo(z,y) for z,y € G. F. W. Gehring and B. P. Palka showed
[7] that

jG(‘Tvy) < kG(I7y)
for all domains G C R™ and z,y € G.

Definition 2. A domain G C R" is said to be uniform, if there exists a number
A > 1 such that

kG($7y) <A jG(xay)
for all z,y € G.

Therefore on uniform domains we have the existence of a two-sided linear estimate
of the quasihyperbolic metric in terms of the js-metric, so we can say that they are
equivalent [8].

Note that the inverse of K —quasiconformal mapping is also K —quasiconformal
mapping.

However, if f : G — G’ is harmonic and K —quasiconformal mapping, it does not
follow that f~!: G — G is harmonic.

This fact explains why two-sided estimates are more difficult to prove for such
mappings. We have the following theorem [9].

Theorem 1.1. Suppose G and G’ are proper domains in R>. If f : G — G’ is
K —quasiconformal and harmonic, then it is bilipschitz with respect to quasihyper-
bolic metrics on G and G'.
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2 Mappings between plane sectors

Here the main result is obtained for the plane sectors:

S(a)={z: 0<arg z < a}

Since sector is uniform domain and j and k are equivalent on S(a), the following
theorem is a consequence of Theorem 1.1.

Theorem 2.1. Any harmonic K —quasiconformal mapping ¢ : S(a) — S(b) is
bilipschitz also with respect to j metric. (Conformal mapping is a special case).

Note that the problem of characterizing bilipschitz mappings for several classes of
mappings and domains was suggested in [10, pp.322-323] for many different metrics
including the distance ratio metric. Hence it is of interest to study the sharpness
of the above result. Here we are interested in the following question:

Conjecture 1. For a, b € (0,7) and K > 1 there exists a constant C' such that
C — 1 when a — b and K — 1 and for every K—quasiconformal mapping f :
S(a) — S(b) we have

Jsw)(f(a), f(b)) <C-jswya,b).

We will show below that this plausible conjecture is in fact false.
In some special cases one can get an explicit constant C'.
We note here that map w : S(a) — S(B) given by w(z) = z*, k = 3/a, satisfies

IsW(a),w(z)) [1

- —,C|, C=C(a,
Js(a) (21, 22) C } (. )

if |21] = |22]-

We choose two points in S(a) which are at the same distance from zero (on the
same arc): z; = re?t and zy = 7“6292, we can suppose that 0 < 6; < 6 < . Then
we have w(z;) = r¥e™% and w(ze) = r¥e*%2. Let 6; = 61 and §; = o — 6, then we
have:

r|ei91 _ ei92 |

Is(@)(21,22) = log(1 +a), a min{rsin 1,7 sin d3 }

rk|eikor _ gikoz)|

Is)(wlzr),w(zz)) = log(l +0), b man{rk sin kdy, r* sin kds }

Without loss of generality suppose d; < d2. Then §; < % and also kd; < g Then
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|60 — ¢i% | |eik01 _ ¢ikba)
sin §; ’ sin kd;
First notice that
|e?k01 — k02| < k|01 — 92| (Lagrange’s theorem). (1)
((z%) = kzF=1 |(2*)'| < k in unit disc).
Further, function ®(z) = S;innk; is strictly positive for 0 < = < % (for k£ > 1

function ® is decreasing) and by prolongation by continuity ®(0) = k, so on that
interval attains strictly positive minimum C' = C(k). In the case k > 1

T 1
min(®) 2k Sin—7T

2k
So, ®(z) > C, i.e.
sin k51 Z C’-sinél. (2)

=

Since kd; < 5 < T (8 < m) we can suppose that 0 < d; < %

Combining (1) and (2) we have

[\)

k k
b<Za (b —=a, k>1).

c sin —

2k

_ log(1 + tx)
~ log(1+x)
We see that U(z) is strictly positive on (0,4+00) and has finite and strictly positive
limits at points 0 and +-oc0:

Now we apply similar argument to a function ¥(z) , > 0.

W(0) =t and ¥U(4+00) = 1, so it attains its infimum which is strictly positive, denote
it by m = m(t). So, we have

log(1 + tz) < mlog(1l + x).

k
For £k > 1, t = — > 1, so we can apply Bernoulli’s inequality log (1 +
. . Sin %
7 9:) < ——log(l +2)
sin o sin. o
Finally,

k

s @(z1), w(z2)) = log(1+ 1) < log(1 + 2a) < m( &)y (21, 22)
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where for k£ > 1 m(ﬁ) = Lﬂ.
C sin —

2k
If we apply this proof for function w=1(g) = g*/* we will get

Jspy(w(z1),w(z2)) 11
Js(a) (21, 22) © [ 7m}

For k > 1 we have

.
SN —-

Js(a)(w(z1),w(22)) [ 2k
’ € )
J5(a) (21, 22) k

k
Sin;;}

™
sin (—) _1
So, in this special case we get C'(k) = [TQk} , but only under additional
assumption |z1| = |z2|, with k = §/a.

However, the conjecture is not true in general, due to the following counterexample:

Example 2.1. Let S = S(n/2) and let ¢ be the inversion of s with respect to unit
2 V2

circle C = {z| |z| = 1}. Let z; = (%, g) and zy = (V/3,1),w1 = @(21) = 21 and
wa = olzz) = (@ o

2= =)
Then a simple calculation shows that

J(21, 22) # jwi,w2).

Note that ¢ is harmonic and anticonformal, so Rop : S(g) — S(g) 1s a conformal

map, where R is reflection with respect to the line x = y.

Of course j(z1, 22) # j(Row(z1), Rop(z2)) which shows that our conjecture is false.
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