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Approximating common fixed points for
asymptotically quasi-nonexpansive mappings
in the intermediate sense in
convex metric spaces

G. S. Saluja

Abstract

In this paper, we give necessary and sufficient condition for strong con-
vergence of implicit iteration process with errors for approximating common
fixed point for a finite family of asymptotically quasi-nonexpansive mappings
in the intermediate sense in convex metric spaces. The results presented in
this paper extend and improve some known results given in the literature (see,
e.g., [10, 16, 17, 20, 21, 22]).

1 Introduction and Preliminaries
Throughout this paper, we assume that F is a metric space, F(T;) = {x € E :
T;x = x} be the set of all fixed points of the mappings T; (i = 1,2,...,N), D(T)
be the domain of 7" and N is the set of all positive integers. The set of common
fixed points of T} (i = 1,2,..., N) denoted by F, that is, F = NN, F(T;).
Definition 1.1 ([2]): Let T: D(T) C E — E be a mapping.

(1) The mapping T is said to be L-Lipschitzian if there exists a constant L > 0
such that

d(Tz,Ty) < Ld(z,y), Vz,ye€ D(T). (1.1)
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(2) The mapping T is said to be nonexpansive if

d(Tz,Ty) < d(z,y), Va,ye€ D(T). (1.2)

(3) The mapping T is said to be quasi-nonexpansive if F(T') # () and

d(Tz,p) < d(x,p), VaxeD(T), Vpe F(T). (1.3)

(4) The mapping T is said to be asymptotically nonexpansive if there exists a
sequence {ky} C [1,00) with lim,,_,o k,, = 1 such that

d(T"x, T"y) < kpd(z,y), Va,ye D(T), VneN. (1.4)

(5) The mapping T is said to be asymptotically quasi-nonexpansive if F(T') # ()
and there exists a sequence {k,} C [1,00) with lim,_, k, = 1 such that

d(T"z,p) < kpd(xz,p), VYaxeD(T), Vpe F(T), YneN. (1.5)

(6) T is said to be asymptotically nonexpansive type, if

limsup{ sup (d(T”x,T"y)—d(m,y))} < 0. (1.6)

n—00 z,yeD(T)

(7) T is said to be asymptotically quasi-nonexpansive type, if F(T) # @) and

lim sup { sup (d(T"m,p) — d(x,p))} < 0. (1.7)

n—00 zeD(T), peF(T)

Remark 1.1: It is easy to see that if F'(T) is nonempty, then nonexpansive map-
ping, quasi-nonexpansive mapping, asymptotically nonexpansive mapping, asymp-
totically quasi-nonexpansive mapping and asymptotically nonexpansive type map-
ping all are the special cases of asymptotically quasi-nonexpansive type mappings.
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Now, we define asymptotically quasi-nonexpansive in the intermediate sense
mapping in convex metric space.

T is said be asymptotically quasi-nonexpansive in the intermediate sense map-
ping provided that T is uniformly continuous and

lim sup { sup (d(T"m,p) - d(m,p))} < 0. (1.8)

n—00 zeD(T), peF(T)

In 2001, Xu and Ori [21] have introduced the following implicit iteration pro-
cess for common fixed points of a finite family of nonexpansive mappings {7;}¥,
in Hilbert spaces:

Tn = tpTp_1+ (1 —ty)Than, n>1 (1.9)

where T}, = Ty, (modn)- (Here the mod N function takes values in the set {1,2,..., N}).
And they proved the weak convergence of the process (1.9).

In 2003, Sun [17] modified the implicit iteration process of Xu and Ori [21]
and applied the modified averaging iteration process for the approximation of fixed
points of asymptotically quasi-nonexpansive mappings. Sun introduced the follow-
ing implicit iteration process for common fixed points of a finite family of asymp-
totically quasi-nonexpansive mappings {7;}~ ; in Banach spaces:

Tpn = Qpp—1+(1-— an)Tika:n, n>1 (1.10)

where n = (k—1)N +i, i€{1,2,...,N}.

Sun [17] proved the strong convergence of the process (1.10) to a common fixed
point in real uniformly convex Banach spaces, requiring only one member T in the
family {T; : i = 1,2,..., N} to be semi-compact. The result of Sun [17] generalized
and extended the corresponding main results of Wittmann [20] and Xu and Ori [21].

Very recently, Saluja and Nashine [16] study the following implicit iteration pro-

cess for common fixed points of a finite family of asymptotically quasi-nonexpansive
mappings {7;}2, in the setting of convex metric spaces:

Tn = W(mnflaTrTLL(mod N)xnaun;an»ﬁnvvn)a n>1 (111)
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where {u,} is a bounded sequence and {«a,}, {Bn}, {7n} are three sequences in
[0,1] such that a,, + 8, + v, = 1 for n = 1,2,.... They gave the necessary and
sufficient condition for strong convergence of said iteration scheme and mappings.
The result of [16] extends and improves the corresponding result of [17, 20, 21, 22].

The purpose of this paper to extends the results of Saluja and Nashine [16]
for a finite family of asymptotically quasi-nonexpansive in the intermediate sense
mappings.

For the sake of convenience, we first recall some definitions and notations.

In 1970, Takahashi [18] introduced the concept of convexity in a metric space
and the properties of the space.

Definition 1.2( [18]): Let (F, D) be a metric space and I = [0,1]. A map-
ping W: E x E x I — FE is said to be a convex structure on FE if for each
(z,y,\) EEXExTand u€ E,

d(uv W(l’,y, )‘)) < )\d(u,x) + (1 - /\)d(uay)

E together with a convex structure W is called a convexr metric space, denoted
it by (E,d,W). A nonempty subset K of E is said to be conver if W(z,y,\) € K
for all (z,y,\) € K x K x I.

Remark 1.2: Every normed space is a convex metric space, where a convex

structure W(z,y, z; «, 8,7) = ax + By + vz, for all z,y,z € E and «, 8,7 € I with
a+ B+~ =1. In fact,

d(u, W(z,y, 2,0, 3,7))

|u — (x4 By + ~v2)||
allu— x| + Bllu—yll + v [lu— 2|
ad(u, z) + fd(u,y) +vd(u, 2), (1.12)

IA

for all u € E. But there exists some convex metric spaces which can not be embed-
ded into normed space.

Example 1.1: Let X = {(x1,72,23) € R3 : 2y > 0,75 > 0,73 > 0}. For

x = (x1,22,23),y = (y1,y2,y3) € X and «, 8,7 € I with a + 8+ v = 1, we define
a mapping W: X3 x I¥ — X by

W(z,y,z;0,8,v) = (ax1+ Byr + vz, a2 + By + 722, axs + Bys + v23),
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and define a metric d: X x X — [0,00) by

d(z,y) = |T1y1 + T2y2 + T3Y3].

Then we can show that (X, d, W) is a convex metric space, but it is not a normed
space.

Definition 1.3: Let (E, d, W) be a convex metric space with a convex structure
W and let T1,75,...,Tn: X — X be N asymptotically quasi-nonexpansive in the
intermediate sense mappings. For any given zy € E, the iteration process {z,}
defined by

z1 = W(zxo, Ther,ur; o1, B1,m),
ze = W(z1,Toxa, us; g, B2,72),
ey = W(rn-1,Tven,un;an, By, TN),
2 )
ryt1 = W(n, Tren1, un+1; a8 11, BN 1, YN +1),
2 )
zon = Wl(ran-1,Txxan, van; 2N, BN, Van ),
3 )
Ton+1 = W(xan, T Tan+1,UaN+1; C2N+1, B2N+15 V2N+1),

which can be written in the following compact form:
Tn = W(@n—1, T} (moan)Tn, Uni O, Bnsyn), 1 2>1 (1.13)

where {u,} is a bounded sequence in E, {ay,}, {fn}, {7n} are three sequences in
[0,1] such that ay, + B + v =1 for n=1,2,.... Iteration process (1.13) is called
the implicit iteration process with errors for a finite family of mappings {T}} .

If u, = 0in (1.13) then,
zn = W(xn—1, T moan)Tni O, Bn), n =1 (1.14)

where {ay, }, {8, } be two sequences in in [0, 1] such that a,, +8, = L forn =1,2,....
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Iteration process (1.14) is called the implicit iteration process a finite family of map-
pings {T;}Y,.

In order to prove our main result of this paper, we need the following lemma.

Lemma 1.1(see [13]): Let {p,}, {gn}, {rn} be three nonnegative sequences of
real numbers satisfying the following conditions:

D1 < (14 qn)pn +7n, n>0, an < o0, Zrn < 00. (1.15)

n=0 n=0
Then
(1) lim,, o0 py, exists.

(2) In addition, if liminf,,_, o, p, = 0, then lim,,_,, p, = 0.

2 Main Results

Now we state and prove our main results of this paper.
Theorem 2.1: Let (E, d, W) be a complete convex metric space. Let T;: E — E

be a finite family of asymptotically quasi-nonexpansive in the intermediate sense
mappings for i = 1,2,..., N such that F = NY, F(T;) # 0. Put

G, = maX{O, sup (d(Tg(modN):cn,p)d(:cn,p)>}. (2.1)
peF, n>1

Assume that > ° | G,, < 00, >0 | v, < oo and {a,,} C (s,1—s) for some s € (0,1).
Then the sequence {z,} defined by (1.13) has the following conclusions:

(1) limy,— o0 d(p,, F) exists;

(2) the sequence {z,,} converges strongly to a common fixed point p of the map-
pings {7}, if and only if

liminf d(z,, F) =0,

where d(z, F') = inf,cp d(z, p).

Proof: We divide the proof of Theorem 2.1 into two steps.
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(I) First, we prove the conclusion (1).

For any p € F = NI, F(T;), using (1.13) and (2.1), we have

d(mn»p) d(W(fﬂn—th(modN)l"mun;Oémﬂm%),p)

< and(@p-1,p) + Brd(T3 moan) Tns P) + Ynd(tn, p)

< and(Tn-1,p) + Bald(Tn,p) + Gn] + Ynd(un, p)

< and(@p-1,p) + Bnd(Tn, p) + BnGn + Ynd(un,p)

= anpd(zp-1,p) + (1 — an — yn)d(@n, ) + BnGn + Ynd(tn, p)
< apd(xn-1,p) + (1 — an)d(xn, p) + Gn + Yud(un, p),

which on simplifying, we have

1 n
d(zp,p) < d@n1,p) + —Cn + Ld(ttn, p)
Qi le’

n

IN

1 M
d(xn—lap) + 7Gn + —Vn>
[0 7% [0 7%

where M = sup,,~; d(un,p), since {u,} is bounded sequence in E.

Since 0 < s < ayy, < 1 — s < 1, it follows from (2.3) that

1 M
d(x"’p) < d(xn—lap)+ {SGn+S’Yn}.

Since, by hypothesis,
o0 oo
ZGn<oo and Z’yn<oo,
n=1 n=1

we have
1 o M &
{E Gn—I—fE ’yn}<oo.
s s
n=1 n=1
In (2.4) taking infimum over all p € F, we have

1 M
d(zn, F) < d(xn—laF)+{SGn+87n}.

39

(2.2)

(2.3)
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It follows from Lemma 1.1 that

lim d(x,, F) exists. (2.6)

n—oo

The conclusion (1) is proved.
(IT) The proof of conclusion (2).
Necessity

If {x,,} converges strongly to some common fixed point p € F, then, we have

liminf d(z,, F) = 0. (2.7

n—oo

Sufficiency

If liminf, o d(x,, F) = 0, then from Lemma 1.1(2), we have lim,,
d(xn, F) = 0.

Thus for any € > 0 there exists a positive integer N7 such that for n > Ny,

d(xn, F) < (2.8)

™

Again since Y~ | G, < oo and Y 2 | v, < co imply that there exist positive inte-
gers No and N3 such that

o0
ZGj < %{5, Vn > Ny (29)
j=n
and
> se
;lyj <gp =N (2.10)

Let N = max{Ny, N2, N3}. Tt follows from (2.4), that

1 M
d(l‘n,p) S d(l‘n_l,p) + an + ?VH' (211)
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Now, for each m,n > N, we have

d(xmxm) < d(xn,p)—f—d(xm,p)

d(xn,p +*ZG Z’Yj

<
j=N+1 j*N+1
+d(xn,p Z G -‘r-f Z Y
_7 N+1 j=N+1
< 2d(zn,p Z G M Z i
] =N+1 j=N+1
9 € n 2 se 4 2M 2M  se
6 s 6 s 6M
€. (2.12)

This implies that {x,} is a Cauchy sequence in E. Thus, the completeness of E
implies that {x,} must be convergent. Assume that lim, . z, = p*. Now, we
have to show that p* is a common fixed point of the mappings {T;}},. Indeed,
we know that the set F' = N, F(T;) is closed. From the continuity of d(x, F) = 0
with lim, . d(z,, F) = 0 and lim,,—, o x, = p*, we get

d(p*,F) =0, (2.13)

and so p* € F, that is, p* is a common fixed point of the mappings {T;}}¥ ;. This
completes the proof.

If up, =0, in Theorem 2.1, we can easily obtain the following theorem.

Theorem 2.2: Let (E, d, W) be a complete convex metric space. Let T;: E — E
be a finite family of asymptotically quasi-nonexpansive in the intermediate sense
mappings for i = 1,2,..., N such that F =n¥, F(T;) # 0. Put

G, = max {0, sup (d(Tﬁ(modN)xmp) — d(xn,p)> } .
peEF, n>1

Assume that > 2 | G, < oo and {a,} C (s,1 — s) for some s € (0,1). Then the
sequence {x,} defined by (1.14) converges strongly to a common fixed point p of
the mappings {T;}Y, if and only if

liminf d(z,, F) = 0.

n—oo
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Remark 2.1: Our results extend and improve the corresponding results of Sun
[17], Wittmann [20] and Xu and Ori [21] to the case of more general class of non-
expansive and asymptotically quasi-nonexpansive mappings and implicit iteration
process with errors considered in this paper.

Remark 2.2: Our results also extend the corresponding results of Kim et. al.
[10] and Saluja and Nashine [16] to the case of more general class of asymptotically
quasi-nonexpansive mappings considered in this paper.

Remark 2.3: Our results also extend the corresponding results of Zhou and
Chang [22] to the case of more general class of asymptotically nonexpansive map-
pings considered in this paper.

Remark 2.4: The main result of this paper is also an extension and improve-
ment of the well-known corresponding results in [1]-[9] and [12]-[15].
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