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Note on stable perturbation of bounded linear
operators on Hilbert spaces

Fapeng Du and Yifeng Xue

Abstract

In this paper, we investigate the equivalence conditions of stable pertur-
bation and characterize (I +T76T) ™! by the range and null spaces of T and
T. As applications, we give the representations of the Moore-Penrose inverse
of the perturbed operator under stable perturbation on Hilbert spaces and
certain 2 X 2 operator matrices.

1 Introduction

Let H, K be Hilbert spaces and let B(H, K) denote the set of all bounded linear
operators from H to K. Put B(H) = B(H, H). For an operator T € B(H, K), let
R(T) and N(T) denote the range and the null space of T', respectively. Denote the
adjoint operator of T by T* (in B(K, H)). Let T € B(H, K). Consider an operator
X € B(K, H) which satisfies following equations:

1) TXT=T  (2) XTX=X
(3) (TX)"=TX (4) (XT)" =XT.

Then we call X is the Moore—Penrose inverse of T, denoted by 7. If X only
satisfies (1) and (2), we call X is the generalized inverse of T', denoted by T.;.
we note that T is unique and Tér 1 is not unique. It is well-known that 7" has a
generalized inverse or the Moore—Penrose inverse iff R(T') is closed. When R(T) is
closed, we have (T1)* = (T*)* and

R(T") = R(T™), N(I'") = N(T*), R(T")") = R(T), N((T")") = N(T)

and TT" = Pgry, TTT = I — Pn(r), where Py (resp. Py(r)) is an orthogonal
projection from K (resp. H) onto R(T) (resp. N(T)) (cf. [1], [5])-

The rank—preserving perturbation of the matrix plays an important role in the
perturbation analysis of least square solution, Moore—Penrose inverses and Drazin
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inverse. There are a lot of results concerning the rank—preserving perturbation of
the matrix. Many of them can be found in [10, 11, 12].

The notation so—called the stable perturbation of an operator on Hilbert spaces
and Banach spaces is introduced by G. Chen and the second author in [2, 3]. When
Hilbert spaces or Banach spaces are of finite dimensional, the stable perturbation
and the rank-—preserving perturbation are the same. Later this notation is gen-
eralized to the set of Banach algebras by second author in [16] and to the set of
Hilbert C*~module by Xu, Wei and Gu in [13]. Using this notation, we give the
estimation of upper bounds about the perturbation of Moore—Penrose inverses and
Drazin inverses in second author’ series of work [2, 3, 4, 14, 15, 16].

In this paper, we continue to study stable perturbation of an operator on Hilbert
spaces. Our aim is to give the representation of the Moore—Penrose inverse of
the perturbed operator under stable perturbation, that is, for 67, T € B(H, K)
with R(T) closed and I + 76T invertible in B(H), we will give the expression of
(T 4+ 6T)* when R(T + 6T) N R(T)* = {0} and explicit representations of Moore—
Penrose inverses of certain operator matrices on Hilbert spaces.

2 Stable perturbation

Let T = T+6T,T € B(H, K). Recall that T is called to be the stable perturbation of
T if R(T)NR(T)* = {0}. We have known that if R(T) is closed, R(T)NR(T)* = {0}
and [T*[[|6T'] <1, then

I T —TH| _14+v5 T
= 1T+ ler” [T = 2 I |77

T <
17+ < 7

(cf. [4, 15]). The above results generalize Stewart’s corresponding work on matrices.
But if we need not require the condition | TF||||67|| < 1. What is the result under
the hypothesis I + TTdT is invertible in B(H)? we have the following

Proposition 2.1. Let T = T+6T,T € B(H, K) with R(T) closed and I+T+0T
invertible. Then following conditions are equivalent.

1) R(T) is closed and T, = TH(I + 0TTT)~t = (I +TH6T)~'T+
R(T)N R(T)+ = {0}
N(T)*nN(T) = {0}

1)
(2)
3)
(4) T(I+T+5T)~"(I -T*T) =0
()
(6)
(7)
(8)

3
5) (I —TTH(I +6TTT)"'T =0
6

7

(

(I +8TTH)™IT maps N(T) into R(T)

(I = TTH)T( — T+T) = (I — TTH)ST(I + T+6T)" " T*+3T(I — T*T)
(

8) (I +0TT+)~'R(T) = R(T)
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(9) (I +T+6T)"*N(T) = N(T)

(10) (I — T+T)N(T) = N(T).

Proof. Using similar methods appeared in [4, 14, 15, 16], we can obtain the equiv-
alence from (1) to (7).

(9)=(4) is clear for R(I — T*T) = N(T).

(4)=(9) TU+T*6T) 1 (I-T*+T) = 0 implies that (I+T76T)"'N(T) c N(T).
Now let ¢ € N(T). Then

(I +T T+ (I+TTT)E=0

and hence £ = (I +T+0T)~ (I — T*T)E, that is, N(T) C (I +T6T) "' N(T).
(5)=(8) Condition (5) indicates that (I + éTT+)"1R(T) C R(T). Since

(I +0TTH) ' TTTT = (I +0TTH) M (I+0TTHT =T,

we have (I + 6TTT) 1 R(T) D R(T). The assertion follows.
(9)=(10) Note that (I — T+T)(I + T+6T)~" = I — T*+T. Thus,

NT)=(I-T*"T)NT)= (I -T*T)I +T6T)"'N(T) = (I - TTT)N(T).
(10)=(4) (I = T*T)N(T) = N(T) implies that for any & € N(T), there is
n € N(T) such that § = (I — T*T)n. From n € N(T), we have Ty = —6Tn and
consequently, & = (I + T6T)n. Therefore, T(I +TT6T)~1¢ = 0. O

Corollary 2.2. Let T =T+ 0T, T € B(H, K) with R(T) closed and I +T*6T
invertible. If dim N(T') = dim N(T) < +oo or dim R(T) = dim R(T") < +oo or
dim N(T*) = dim N(T*) < 400, then T is the stable perturbation of T.

Proof. Let £ € N(T). Then 6T¢ = —T¢. Thus,
(I+T*0T)¢=(I—-T*T)¢ € N(T),

i.e., N(T) C (I +T*5T)"'N(T). We conclude that N(T) = (I + T*6T)"'N(T)
when dim N(T) = dim N(T) < +oc. So, R(T) N R(T)* = {0} by Proposition 2.1.

We have known that (I 4+ 6TT+)"'R(T) D R(T) in the proof of (5)=(8) of
Proposition 2.1. So dim R(T) = dim R(T') < +oc implies that (I+6TTT)"'R(T) =
R(T) and hence R(T) N R(T)* = {0} by Proposition 2.1.

We have R(T*)NR(T*)* = {0} when dim N(T*) = dim N(T*) < +oco by above
argument. Thus, R(T*) is closed by Proposition 2.1. Since R(T*) = N(T)* and
R(T*) = N(T)*, it follows from Proposition 2.1 that R(T) N R(T)*+ = {0}. O

Proposition 2.3. Let T = T+6T,T € B(H, K) with R(T) closed and I+T+6T
invertible. Suppose that R(T) N R(T)* = {0}, then T+ exist and
1+V5
2

1T < I +THen)~HITE, T -T%) < I(Z+T*0T) =17+ |7 |07 |
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Proof. Since I +T*0T is invertible in B(H) and R(T) N R(T)*+ = {0}, it follows
from Proposition 2.1 that R(T) is closed and (I — T*T)N(T) = N(T). Note that
I +T*6T is invertible in B(H) implies that N(T')* N N(T) = {0} by Proposition
2.4. So (I =T*T)|y(ry : N(T) — N(T) is a bijective bounded linear operator. By
the proof of [7] (I-theorem 6.34)
I =TTT) = (I =TT = || - (I -TTT))(I = T7T)|
=10 = (I - +T))(I )|
< O(N(T),N(T)) < |T*|[oT|

or

IT7T = TTT| < 6(N(T), N(T) < ||T*|[[|8T|

Thus o -
|TT —T7T|| < min{ | TF(|[|6T||, | T (|67} -

Similarly, we also have
ITT* =TT < min{||T*|[l6T|, [T+ [|6T1|}

Then using the proof of Proposition 7 in [15],we have

_ 1
7 =74 < Ly oy

1+f

< (2 +THT) M| |16 |

O

From Proposition 2.1 and 2.3 we see that the invertibility of I + 1T is very
important. How to characterize it? We have the following propositions:

Proposition 2.4. Let T =T + 0T,T € B(H, K) with R(T) closed.
(1) If I +T+8T is invertible in B(H). Then N(T)* N N(T) = {0} and R(T)* N
R(T) = {0}
(2) If R(T)NR(T)* = {0} and N(T): N N(T) = {0}, then N(I +T+6T) = {O}
(3) If R(T)- N R(T) = {0} and N(T) N N(T)*+ = {0}, then R(I + T+0T) =
Proof. (1) Let x € N(T)* N N(T), then Tz =0, and T*Tx = z. Since
0=T"Te=(T"T+T 6Tz =TT —-I+I1+T"6T)x=I+T"0T)x

we have z = 0.

I + THT is invertible implies that I 4+ (67)*(T*)* is invertible. So by above
argument, we get that N(T*) NN(T*) = {0}. Consequently, R(T)*NR(T) = {0}
for R(T) = N(T*)*, R(T)*+ = N(T*).
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(2) Let x € N(I +T*6T), i.e., x + TT0Tx = 0. Thus
0=T"Tz+T 6Tx+ (I -T T)x =T " Tx+ (I —-T"T)z.
This indicates that TtT2z = 0 and (I — TTT)z = 0 since R(T) N R(T)* = {0}
and Tx € N(TT) = R(T)* . We have Tz = 0, i.e. * € N(T). It follows from

x=T+Tx and N(T)* N N(T) = {0} that = = 0.
Let x € N(I +0TT*) and put x; =TTV, 20 = (I — TT+)z € R(T)*, then

(T + 5T)T+.’E1 +xo =21 + 22 + (5TT+[L'1 =0

and hence TT Tz = x5 = 0 for R(T)* N R(T) = {0}. Then from Tz, € N(T) N
N(T)* = {0} and z; = TT*z;, we have z = 0.

(3) To prove R(I + T+0T) = H, it need only to show that N (I + (6T)*(T*)*) =
{0}. By the above argument, we need check that

R(T*) N R(T*)* = {0}, N(T*)* N N(T*) = {0}.

But this can be deduced from R(T*) ¢ N(T)*, R(T*)* = N(T), N(T*)* = R(T)
and N(T*) = R(T)*. 0

Let V be a subspace in H and Py be the orthogonal projection from H onto V.

Proposition 2.5. LetT,T € B(H,K). Setn(T,T) = I=Pny—Pnry, 7(T, T)
=1- PR(T) — PR(T)' Then

(1) N(n(T,T)) = {0} iff N(T)* N N(T) = {0} and N(T)* NN(T) = {0};
(2) N(r(T,T)) = {0} iff R(T)* N R(T) = {0} and R(T)* N R(T) = {0}.

Proof. We only prove (1) since the proof of (2) is the same as of (1).
If N(n(T,T)) = {0}, then Vo € N(T)*+ n N(T),

Wy € N(T)* 0 N(T),
(I = Pyry — Pyry)y = Pneryry — Pninyy = 0=y =0

Thus we have N(T)L N N(T) = {0}, N(T)* n N(T) = {0}.
Conversely, if N(T)* N N(T) = {0}, N(T)* N N(T) = {0}, then

(I = Pn(ry — Py(ry)® = 0= Py(pyra = Pyeryz € N(T)" N N(T) = {0}

hence B
Pyyrw = Pyryz =0=z € N(T)" N N(T) = {0}.

So N(n(T,T)) = {0}. O
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Remark 2.6. If H, K are finite dimensional Hilbert spaces, then
N(T)* N N(T) = {0}, N(T)* nN(T) = {0}
if and only if I — Pn(1) — Py 1s invertible.
Corollary 2.7. Let T =T + 6T,T € B(H,K) with R(T) closed. Assume that

8T is a compact operator. If both n(T,T) and v(T,T) are injective, then I +T+T
is invertible in B(H).

Proof. By proposition 2.4 and proposition 2.5, N(n(T,T)) = {0} and N(r(T,T)) =
{0} imply that N(I +7T+6T) = {0} and R(I + T+6T) = H. Since 6T is a compact
operator, it follows from [8, Theorem 4.23] that R(I + T+T) is closed. Thus,
I+ T*6T is invertible in B(H). O

Corollary 2.8. Let H, K be finite dimensional Hilbert spaces and let T =
T+ 6T, T € B(H,K). Then I +T*0T is invertible and rank (T) = rank (T) iff
R(T)NR(T)* = {0}, N(T)* N N(T) = {0}.
Proof. If [ +T%6T is invertible and rank (T') = rank (T'), then R(T)NR(T)* = {0}
by Corollary 2.2. By Proposition 2.4 (1), that I + T+4T is invertible means that
N(T)* N N(T) = {0}.
Conversely, assume that
R(T)NR(T)* = {0}, N(T)* n N(T) = {0}.
Then by Proposition 2.4 (2), N(I+T%6T) = {0} and so that I +7§T is invertible

since H is finite dimensional. Thus, (I+TF6T) ' N(T) = N(T') by Proposition 2.1
and consequently, rank (T') = rank (7). O

3 Some representations of the Moore—Penrose in-
verses of operators

Lemma 3.1. Let A € B(H,K). Suppose that there is B € B(K, H) such that
ABA = B and BAB = B. Then At = —(I — P - P*)"'B(I — Q — Q*)~ ', where
P=1—BA and Q = AB.

Proof. 1t is easy to check that P and ) are idempotent operators with R(P) = N(A)
and R(Q) = R(A). By [4, Lemma 3], the orthogonal projections from H onto N(A)
and K onto R(A) are

O(P)=-P(I-P-P 7!, 0@ =-QI-Q-Q)"
respectively. Moreover, by [4, Lemma 4],

AT =(I-0(P)BO@Q)=~(I+P(I~-P—-P) " )BQU-Q~-Q")"
= -PY-P-P)'BI-Q-Q)"
=(P+P —I)"'(I-P)BI-Q-Q")"
=P+P -1)"'BI-Q-Q") "
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O
Let T € B(H, K) with R(T') closed. Put
K, = (TTY)K, Ky = (I - TTY)K,
H, = (T*T)H, Hy = (I — T*T)H,
8§ = TTHSTT+T, 8, = TTH6T(I — T+T),

3= -TT"STTT'T, Sa=(I—-TTHT(I -T*T).
Then 61, d2, 03, 04 can be regarded as operators in B(H1, K1), B(Hs, K1), B(Hy, K2)

01 0 Put

and B(Ha, K3) respectively, and §T can be expressed as 6T = 5 5
3 04

Ty =T|g,. Then Ty € B(Hy, K;) with Tfl € B(K4, Hy). Moreover,

[Ty 0 L (T 0
= (30 (5.

For convenience, let I; (resp. Is) denote the identity operator on H; and K;
(resp. Hs and K3). Thus, from

—1
[+THT = <11+T1 0 0)

0 I
we get that I + TH6T is invertible in B(H) iff I 4+ Ty '8, is invertible in B(H;).
Theorem 3.2. Let T =T+ 6T, T € B(H, K) with R(T) closed and I +T*6T
invertible in B(H). Suppose that R(T) N R(T)* = {0}. Then R(T) is closed
and Tt has the form Tt = <§1 §2>, where Ay = 63(I1 + Ty 160) ' T Y, Ay =
(I + T, 16,) "' T 165 and
Ty =(I + Ao AS) NI + Ty H60) M (I + ATA)
Ty =(I1 + Ao A3) M (11 + T—l(sl)*lT—lA*(I2 + A AT
=(I + A5A) TTAS (L + Ty or) T (I + ATA) T
Ty =(Io + A3A) P AS (I + Ty '61)~ 1T1 YA (I + A A7)
Proof. By Proposition 2.1, R(T) N R(T)* = {0} implies that R(T) is closed and

I+ Tttt 0)

= +THoT)'Tt = << 0 0

Set Q = T4, — @1 8) P—I-T§T= (8 ‘0A2> . Then

Il—FA Al A’{(IQ—FAlAI)_l
IQ + Ay A 1A1 —(IQ + AlAT)il ’

Il +A2A* A2(12 +A;A2)71
IQ+A*A2 1A* 7([2+A;A2)71 )
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Thus, Using the expression T+ = (P+P*—I)7'T4,(I-Q—Q*)~! given in Lemma
3.1, we can get the result. O

Theorem 3.3. Let T = é g) be operator matriz from H = Hi®Hy to K =

K1 ® K with R(A) and R(D) closed, where A € B(Hy,K1), B € B(Hs,K,), C €
B(H1,K3), D € B(Hy,Ks). If I — DYCATB is invertible and (I — AAT)B =

0, (I —DD*")C =0, then Tt = (%1 %z) here
A=(I-D'CATB)™!
O = (Py; — P1aPy' Pyy) !
Py =1-(I+AYBADTC)(I - AYA)— (I - ATA)(I+ ATBAD'O)*
Piy = ATBA(I — DTD) + (I — ATA)(ADTC)*
Py = ADYC(I — ATA) + (I — DT D)(ATBA)*
Pyy=1—-A(I-D'D)~(I-D"D)A*
T1, = O(AT + ATBADTCAY) + P15 Py ADTC AT
Tis = —OATBAD' — OP;, Py,  ADT
Ty = —Pyy' Poy©O(AT + ATBADTCAY) — (Pyy!' + Py Po©OP1o Py YADTC AT
Toy = Py, Pyy©@ATBAD™ + (Py,' + Pyy' P1©OP2 Py, )AD™

A0 0 B
=i p) o= (e )

then T =T + 6T. Clearly,

At 0 I AtB
+ + _
ro (A 0), rerver= (1o 47P)

Proof. Let

Since

I 0\( I A'B\ (I ATB
-ptc 1)\pt¢ 1 )~ \0 I-DtCATB

then I4+T*0T is invertible when I — D*CA* B is invertible. It is easy to check that
R(T)NR(T)* = R(T)NN(T*+) = {0} when (I — AAT)B =0, (I - DD")C =0.
So, by Proposition 2.1,
- _ AT+ AYBADYCAT —AYBADT
+ _ + It _
T, =I+T76T)"'T —< _AD+YC A+ AD+ )a
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where A = (I — DYCATB)™!. Let Q =TT/, and P=1—T/,T. Then

o1 (I—2AA% 0
(I_Q_Q)lz( 0 12DD+)

P <(1 + A*BADYC)(I — AtA) ATBA(DYD — 1))

ADTC(ATA-1T) A(I — DT D)
-1
Py P
I_ P_P* —1 — 11 12
( ) (le Pay
_ I 0\ [((Pi1 — PiaPyy' Poy)™t 0 I —PiyPy,
—Pp' Py I 0 Pp')\0 I

_ ( S} —OPy Pyt )
—Py'Py1® Pyl + Py PyiOP Pyt )
where
O = (P — P12P2_21P21)71

Py =1—-(+A"BADTC)(I - AYA)— (I — ATA)(I+ ATBADTC)*
Py = ATBA(I — DTD) + (I — AYA)(AD*0O)*

Py = ADVYC(I — ATA) + (I — DYD)(ATBA)*
Pyy=I—-A(I—-D"D)— (I —D'D)A*.

Thus, by using Lemma 3.1, we can obtain the assertion. O
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