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Three-step random iterative sequence with Errors
for asymptotically quasi-nonexpansive
in the intermediate sense random operators

G.S. Saluja

Abstract

In this paper, we give a necessary and sufficient condition for strong con-
vergence of three-step random iterative sequence with errors to a common
random fixed point for a finite family of asymptotically quasi-nonexpansive
in the intermediate sense random operators and also prove some strong con-
vergence theorems using condition (C) and semi-compact condition to said
iteration scheme and random operators. The results presented in this paper
extend and improve the corresponding results of I. Beg and M. Abbas [J.
Math. Anal. Appl. 315(1) (2006), 181-201], G.S. Saluja [The Math. Stud.
77(1-4) (2008), 161-176] and many others.

1 Introduction

Random nonlinear analysis is an important mathematical discipline which is
mainly concerned with the study of random nonlinear operators and their properties
and is needed for the study of various classes of random equations. The study
of random fixed point theory was initiated by the Prague school of Probabilities
in the 1950s [15, 16, 30]. Common random fixed point theorems are stochastic
generalization of classical common fixed point theorems. The machinery of random
fixed point theory provides a convenient way of modeling many problems arising
from economic theory (see, e.g.,[22]) and references mentioned therein. Random
methods have revolutionized the financial markets. The survey article by Bharucha-
Reid [11] attracted the attention of several mathematicians and gave wings to the
theory. Itoh [18] extended Spacek’s and Hans’s theorem to multivalued contraction
mappings. Now this theory has become the full fledged research area and various
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ideas associated with random fixed point theory are used to obtain the solution of
nonlinear random system (see [5, 6, 8, 10, 17, 19, 25, 26, 31]).

Papageorgiou [20, 21], Beg [3, 4] studied common random fixed points and ran-
dom coincidence points of a pair of compatible random operators and proved fixed
point theorems for contractive random operators in Polish spaces. Recently, Beg and
Shahzad [9], Choudhury [14] and Badshah and Sayyed [2] used different iteration
processes to obtain random fixed points. More recently, Beg and Abbas [7] studied
common random fixed points of two asymptotically nonexpansive random operators
through strong as well as weak convergence of sequence of measurable functions in
the setup of uniformly convex Banach spaces. Also they construct different random
iterative algorithms for asymptotically quasi-nonexpansive random operators on an
arbitrary Banach space and established their convergence to random fixed point of
the operators.

Recently, Saluja [23] studied three-step random iterative process with errors and
he proved a strong convergence theorem to converge to a random fixed point for
asymptotically quasi-nonexpansive random operator in the framework of uniformly
separable convex Banach space.

The purpose of this paper is to study three-step random iterative sequence with
errors and to give a necessary and sufficient condition for strong convergence of this
iteration process to a common random fixed point of a finite family of asymptotically
quasi-nonexpansive in the intermediate sense random operators in separable Banach
spaces and also prove some strong convergence theorems for said iteration scheme
and operators in uniformly separable convex Banach spaces. The results presented
in this paper extend and improve the corresponding results of Beg and Abbas [6],
Saluja [23] and many other known results given in the literature.

2 Preliminaries

Let (€2, %) be a measurable space (X-sigma algebra) and let C' be a nonempty subset
of a Banach space X. A mapping £: 2 — X is measurable if ¢1(U) € 3, for each
open subset U of X. The mapping T: Q2 x C' — C is a random map if and only if for
each fixed x € C, the mapping T'(.,x): Q@ — C is measurable and it is continuous if
for each w € €, the mapping T'(w,.): C' — X is continuous. A measurable mapping
£: Q) — X is a random fixed point of a random map T: Q x C' — X if and only if
T(w,&(w)) = &(w), for each w € . We denote the set of random fixed points of a
random map T by RF(T).

Let B(xg,r) denote the spherical ball centered at xzy with radius r, defined as
the set {x € X : ||z — zo| <7}

We denote the nth iterate T(w, T (w, T(w, ..., T(w,x)...,))) of T by T"(w,x).
The letter I denotes the random mapping I: Q x C — C defined by I(w,z) =
and 70 = 1.
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Let C be a closed and convex subset of a separable Banach space X and the
sequence of functions {{,} is pointwise convergent, that is, &,(w) — ¢ = &(w).
Then the closedness of C' implies that ¢ is a mapping from Q) to C. Since C is a
subset of separable Banach space X, if T is a continuous random operator then,
by [[1], Lemma 8.2.3], the mapping w — T'(w, f(w)) is a measurable function for
any measurable function f from Q to C. Thus {,} is a sequence of measurable
functions. Hence &: @ — C, being the limit of the sequence of measurable functions,
is also measurable [[6], Remark 2.3].

Let T: Q2 x C — C be a random operator, where C' is a nonempty convex subset
of a separable Banach space X.

Definition 2.1. (1) Mapping T is said to be asymptotically nonexpansive ran-
dom operator if there exists a sequence of measurable mapping h,: Q — [1,00)
with lim h,(w) =1, for each w € Q, such that for z,y € C, we have

n—oo

1T (w,z) = T (w,y)|| < hp(w)]|lz—1y], for each w € Q. (2.1)

(2) T is said to be asymptotically quasi-nonexpansive random operator if for
each w € Q, Gw) = {x € C : z = T(w,z)} # ¢ and there exists a sequence of
measurable mapping h,: Q — [1,00) with lim h,(w) = 1, for each w € Q, such

n—oo

that for z € C and y € G(w), the following inequality holds:

IT"(w,z) —y|]| < hp(w)l|z—yl|, for each w € Q. (2.2)

(3) T is said to be asymptotically quasi-nonexpansive in the intermediate sense
random operator provided that T is uniformly continuous and

limsup  sup (||T”(w,x) —yll — ||z — yH) <0 for each w € Q (2.3)
n—oo zeC, yeG(w)

where G(w) ={r € C: 2 =T(w,z)} # ¢.

Definition 2.2. The modified random Mann iteration scheme is a sequence of
function {&,} defined by

bnriw) = (1 —oap)ép(w) +anT"(w, & (w)), for each w € Q, (2.4)

where 0 < a,, <1,n=1,2,... and &: Q2 — C is an arbitrary measurable mapping.

Since C' is a convex set, it follows that for each n, &, is a mapping from Q to C.
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Definition 2.3. The modified random Ishikawa iteration scheme is the se-
quences of function {&,} and {n,} defined by

§n+1(w) = (1 - O‘n)gn(w) + anTn(w7 nn(w))a
M(w) = (1=70p)én(w)+ BnT" (w, & (w)), for each w € Q, (2.5)
where 0 < a,,0, < 1, n =1,2,... and &: Q — C is an arbitrary measurable

mapping. Also {&,} and {n,} are sequences of functions from 2 to C'.

Very recently, Tian and Yang [29] introduced the following iteration scheme in
convex metric space:

Definition 2.4. Let (E,d, W) be a convex metric space and T;: E — E be a
finite family of uniformly quasi-Lipschitzian mappings with ¢« = 1,2,..., N. Let

{O‘nh}, {Bn}s {mn}s {an}; {bn}, {cn}, {dn}, {en} and {f,} be nine sequences in [0, 1]
wit

an+0Ontm=an+b,+c,=d,+e,+fn=1 n=0,1,2,.... (2.6)

For a given xg € E, define a sequence {z,} as follows:

Tp+1 = W(xansymun;O‘naﬁm’%); n >0,
yn = W(man:2n7vn;anabn7cn)a
Zn = W(xn7Tgxnawn;dn7en7fn)7 (27)

where T3 = TH, 4 ny and {un}, {vn}, {wn} are any given three sequences in
E. Then {x,} is called the Noor-type iterative sequence with errors for a finite
family of uniformly quasi-Lipschitzian mappings {T;}}¥ ;. They gave a necessary
and sufficient condition to approximate a common fixed point for a finite family of
uniformly quasi-Lipschitzian mappings in convex metric spaces.

Motivated and inspired by Tian and Yang [29] and some others we propose the
following random iterative sequence with errors:

Definition 2.5. Let {T; : 1 < i < N} be a family of asymptotically quasi-
nonexpansive in the intermediate sense random operators from Qx C' — C, where C
is a closed, convex subset of a separable Banach space E. Let F = NN RF(T;) # 0,
where RF(T;) is the set of all random fixed points of a random operator T; for each
i€ {1,2,...,N}. Let &: Q — C be any fixed measurable map, and {f,(w)},
{fl, (W)}, {fV(w)} be bounded sequences of measurable functions from Q to C.
Define sequences of functions {(,(w)}, {n.(w)} and {£,(w)} as follows:
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Co(w) = agfn(w) + ﬁng (W, &n(w)) + 'Ygfvlz/(w)’
(W) = 0&n(w) + BT (w, G (w)) + Y fr(w),
gn—i—l(w) = O‘ngn (w) + BnTTTLL(wv 777L(w)) + ’Ynfn (w)a (28)

foreachw € Q,n=0,1,2,..., where T3} = T7, ; ny and {an}, {Ba}, {m}, {a},},
{80}, {7}, {ar}, {81} and {7/} are nine sequences of real numbers in [0, 1] with
Ot ot =ap+ B+ =ap+ B+ =1

In the sequel we need the following lemmas to prove our main results:

Lemma 2.1.(see [28]) Let {pn}, {¢n}, {rn} be three nonnegative sequences of
real numbers satisfying the following conditions:

Prnt1 < (1 + Qn)pn +rn, n>0, Z qn < 00, Zrn < 0. (2'9)

n=0 n=0

Then
(1) limy,, o0 py, exists.
(2) In addition, if liminf,, o p, = 0, then lim, .o p, = 0.

Lemma 2.2. (Schu [24]) Let E be a uniformly convex Banach space and 0 <
a<t, <b<1foraln>1 Suppose that {z,} and {y,} are sequences in E
satisfying

limsup ||z, || <, lim sup |y, || < r,
n—oo n—oo

lim |[tpan + (1 — tn)ynll =1,
for some r > 0. Then

lim ||z, —yn| = 0.
n—oo

3 Main Results

Theorem 3.1. Let E be a real uniformly separable convex Banach space and C' be
a nonempty closed convex subset of E. Let {T;}}¥, be N uniformly L-Lipschitzian
asymptotically quasi-nonexpansive in the intermediate sense random operators from

Qx CtoC. Let F=nY,RF(T;) # 0. Put
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Go@) = max{ s (7w &) —EW) — In(w) = EW)

§(w)EF, n>0

v
P (I @) = €] = ) - H)v

swp (172w, ) = €@ — 6n(w) — €)1 ) v 0}
(

¢(w)EF, n>0
3.1)

such that > 7 Gp(w) < co. Let {&,(w )} be the sequence defined by (2.8) with

Zn 0Tn < 00, Yool A < 00, Yoo e < oo and {a,} C (s,1 — s) for some
€ (0,1). Then

(a) limy, o0 ||€n(w) — E(w)]| exists for all w € Q.
(b) limy, 00 d(én(w), F) exists, where d(&,(w), F) = infe(yep [[€n(w) — E(w)]]
(¢) im0 |[|€n(w) — TH(w, &n(w))]| = 0, foreachw € Qand foralll =1,2,... N.

Proof. Let {(w) € F, where £ is any measurable mapping from € to C. Since
{fn()}, {fl(w)} and {f/(w)} are bounded sequences of measurable functions from
Q to C, so we can put

Mw) = {( sup [[fu(w) =WV sup [fi(w) = W)V

¢(w)EF, n>0 E(w)eF, n>0

sup[|f(w) — €@ }- (3.2)

E(w)EF, n>0

Using (2.8), (3.1) and (3.2), we have

16n(w) = E(@] loén (@) + B T3 (w, &n (@) + 1 £ (W) =€),

IA I

AR < )||+6” 175 (w,En(w)) = €]
s #16) — €l
< :;nsn(w)—g( M+ @) €]+ alo)
1 [/ (@) = &)
< (a8 1 <> §@) + 81Ga(w)
1 [/ (@) = )|
=« wnfn( >— §@)l + B1Gn(w)
3 [|£7/(@) = g
< [ln(@) = £+ Gn(w) + M (@) (3:3)

and
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111 (@) = &)l

and

1€n+1(w) = E(W)]]

IN IN IN

IN

IN IA IA

IN

[ &n (W) + BT (W, Ca(w)) + 1 fr(w) = E(W)]],

oy, [€n(w) = £ + By, 1T (w, Gn(w)) — E(W)l

+5, || Fr(w) = Ew)|

ay, [1€n(w) = £+ Brlll¢n (W) = EW)| + Gn(w)]

+7 | fn (@) = Ew) |

oy, [1En (W) = E(@)I1 4 By, 16n (W) = &)l

+8,Gn(w) + 7, || fr(w) — Ew)||

ay, 1€n (W) = E(@)I1 4 By, 16n (@) = ()|

+Gn (W) + 7, M (w) (3.4)

l[om&n (w) + BnTy (w; (W) + Ynfrlw) — E(W)Il

o [[€n(w) = &) + B T3 (w, i (w)) — E(W)]

+n ||fn(w) - 5(‘”)”

o [[€n(w) = (W)l + Bulllmm(w) — E(W)| + Gn(w)]

+Yn an(w) - 5((.0)”

o [[En(w) = &) + Bn [l (w) — E(W)]

+6nGn(w) + Tn ||fn(w) - g(“)”

o [[€n(w) = (W)l + B [|Cn(w) — E(W)|

+Gp (W) + v M (w) (3.5)

substituting (3.3) into (3.4), we have

[1n (w) = E(W)]

IN

IN

A

o [160() = €@+ B, 16 (@) — €@

+Gn(@) + UM (@)] + Galw) + 7, M(w)

(0, + 81) (@) = @) + (1 + 5,)Gn(w)

+Bp ¥ M (W) + 7 M (w)

(1= 7)€ (@) =€) + (1+ B)Gn(w)

0 M (W) + 7 M (w)

€ (@) = E@) | + 2Gn(w) + Y M(w) + 7, M (w)
€n(@) = E@)I| +2Gn(@) + (v +WIM(@)  (36)

substituting (3.6) into (3.5), we have
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1€n+1(w) = (W]

IN

n [16(w) = E@)I| + Bu | 1€n(w) — €@)I

+2Gn (@) + (h + YIM()] + Gulw) +7aM (@)

(an + ﬁn) Hgn(w) - §(w)|| + (2671 + 1>Gn(w)

B (Y + V)M (w) + 7 M (w)

= (1= ) [€n(@) = €@ + (280 + )G (w)

+Bn (Y + V)M (w) + 9 M (w)

6 (@) = @) 4 3G (w) + 7 M ()

(o + ¥ M(w)

= 1IEn(@) = €@l +3Gn(®) + (3o + 7 + V)M (@)

= [0 (@) = @) + 3G (w) + 6, M (w) (3.7)

IN

IN

where 0,, = v, + 7}, + 7./. Since by hypothesis > > v, < 00, Y.~ 7, < 0o and
> oV < 00, it follows that Y7 6, < occ.

In (3.7) taking infimum over all £(w) € F, for all w € Q, we have

d(Eni1(@), F) < d(En(w), F) + 3Gn(w) + 0, M(w). (3.8)

Since Y7 Gp(w) < 0o and >_7° 10, < 00, it follows from Lemma 2.1 that

nhﬂngo I€n(w) — &(w)]] and  lim d(&,(w),F) exist.

n—oo

Without loss of generality, we can assume that

lim {|&,(w) = ()| = d, (3.9)

n—oo

where d > 0 is some number. Since {||¢,(w) — £(w)]||} is a convergent sequence and
so {&,(w)} is a bounded sequence in C.

From (3.6), we have
(@) = €Wl < [lgn(w) = §@)]| 4+ 2Gn(w) + (v + 7)) M (w).

Taking limsup,, ... in both sides and using (3.9), we have

IN

lim sup ||, (w) — £(w)| lim sup [||§n(w) — &)l

n—oo n—oo

+2G (W) + (9, + 7)) M (w)
n (3.10)

IN
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Now, note that

lim sup || T3} (w, 7 (w)) = £(W)|| < Timsup IInn(w)—f(w)ll+Gn(w)]

n—oo n—oo

d. (3.11)

IN

Next consider

1T (w, 1 (w)) = £(@) + M (fu(w) =&n()Il < T (W, 0 (w)) = E(W]]
9 | fn(w) = &n (W]

(3.12)

Thus,
lim sup |75 (w, 7 (w)) = @)+ (fa(@) —&u(@))] < d. (3.13)

Also,

1€n(w) = €(@) + M (fa(w) =& @) < [[6n(w) — (W)
9 | fn(w) = &n (@)l
(3.14)
gives that

lim sup [[§n (w) = §(w) + W (fu(w) = &) < d. (3.15)

n—oo

Moreover, we note that

d=lm [[gnr() — @)
= lim_[langn (@) + BuT2 (@, (@) + S (@) = €@)]
= lim_[lanén (@) + BuT3 (@, (@) + A fa(@) — (1= Bu)E() = Bat(@)]
= T |5 [T3 (w0 (@)) =€) + A (Fa() — € ()]
+ (1= B)ln(®) — @) + M (fa() — &) (3.16)

Therefore, from (3.13) - (3.16) and Lemma 2.2, we have
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lim | T3 (w, 1n (w)) = &n(w)]| = 0, (3.17)

for each w € €.

Now, for each n > 0, we have

(@) = €@ < IT (@) = €@l + T3 @, 1 (@) — €]
13 @, (@) = & (@) + ( I (w) = €@) | + G (@)

IN

since G, (w) — 0 as n — oo and using (3.17), we obtain that
d= T () — €@ < lmin [, (@) — @)1 (318)
It follows that

4 < liminf [, (w) — &) < lmsup (@) - €@ < d.

n—oo

This implies that

lim [, (w) = £(W) = d, (3.19)

for each w € Q.

On the other hand, form (3.3), we note that

[Gn (@) =€) < l6n(w) = EW)Il + Gn(w) + 1 M(w)

(3.20)
Taking limsup,,_,., in both sides and using (3.9), we have
limsup || (w) — §(w)[| < limsup [I|§n(w) —&W)ll
G (W) + M ()]
< d (3.21)

and
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lim sup || T (w, (n(w)) = &) < limsup | [[¢n(w) = E(W)]| + Gn(w)

n—oo n—oo

d. (3.22)

IN

Next, we consider

T3 (@, Gn(w)) = €(w) + M (fr(w) = &)l < 1T (W, Gr(w)) — €(w)
Y 1fn (@) = En (@)l

(3.23)
Thus,
limsup |70, Gol)) =€) + 7o) =&l < d. (320
Also,
1€n(w) = EW) + 1 (fr(@) = &) < [l&n(w) = EW)]l
9 1 fn (@) = &a (W)l
(3.25)
gives that
lim sup [|&5 (w) — §(w) + T(fr(w) =&W)I < d (3:26)
Since lim, o |7 (@) — £(w)]| = d, we obtain
d= lim_ {1, (w) = &)l

) —
= lim_[[ar,&n(w) + BT (w, 6 () + 7 fr(w) = (W)
= lim [lag8n (@) + 8,75 (w, Cn (W) + 75 fp(w) = (1= B)8(w) = Bré (W)

= lim 8,75 (w, G (w)) = () + 70 (fr(w) = &n(w))]
+ (1= 8,)[En(w) = (W) + 1 (fr(w) = Ea(@)]II (3.27)

Therefore, from (3.24) - (3.27) and Lemma 2.2, we have

Jim[1770,6,(@) = ()] =0, (3.29)
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for each w € €.

Similarly, by using the same arguments as in proof above, we have
lim [T, 60(w)) — ()] = 0. (3.20)

for each w € €.

Moreover, since

[€n+1(w) = &n(@)Il < B [IT3 (@, (W) = &n (W) + n [ fn(w) = En (W)l

(3.30)
hence from (3.17) and using v, — 0 as n — oo, we obtain
1€nt1(w) = &nlw)ll =0, (3.31)
for each w € €2, and so,
lén(w) = &nyj ()] =0, Vj=1,2,...,N. (3.32)

On the other hand, we have

[6n(w) = Tp (&) < [l€n(w) = Enrr (@)l + [[en1(w) = T (W, nga (W)
H T (@, €1 (@) = T (w, En(w)) |
< n(w) = G @)l + [[€ns1(w) = T (W, Ens1(w))]]

+L [[€nt1(w) — En(w)l
= (14D [l6n(w) = Enrr (W)l
+ HgnJrl(w) - Tg+1(wv£n+l(w))“ .
(3.33)

Using (3.29) and (3.31), we have

an(w) — Tﬁ“(w,é‘n(w))H — 0, as n — oo, (3.34)

for each w € €.

Thus using (3.29) and (3.34), we obtain
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1€n(w) = Ta(w. &)l < [|én(w) = T w, &u(w)|| + | T+ (w, €0 (W) — Ta(w, €a (@)
< [lnw) = T (W, ga () || + LT (w, €0 (@) = €a(w)]]
— 0, as n — oo,
which implies that
Jim |60 (@) = To(w, &n (@)l = 0, (3.35)

for each w € Q. Consequently, from (3.32) and (3.37), it follows that, for any
l=1,2,...,N, we have

[6n(w) = Tnyi(w, n (@Il < 6n(w) = &npi(@)I + 1€n+1(w) = Togi(w, Engi(w)) |
T 1(w, En 1 (W) = Tgi(w, & (W)

16n (@) = Enti(W) | + [1€n+1(w) = Tnti(w, Ensi (@)
L [|€n1(w) = En(w)]|

— 0 as n — o0,

IN

for each w € 2, which implies that

{I6n@) = Turs@, &al@ } =0, a5 n— oo (3.36)

J

1C=

Since for each [ = 1,2,..., N, {||§n(w) —Tl(w,gn(w))H}
Ups { 16n(@) = Tty (@, €a(@)) | ], we have

o0
is a subsequence of
n=1

T (@) = Trw,€aw))| =0, (337)

for each w € Q and for all [ =1,2,..., N. This completes the proof.

Theorem 3.2. Let E be a real uniformly separable convex Banach space and
C be a nonempty closed convex subset of E. Let {T;}Y, be N uniformly L-
Lipschitzian asymptotically quasi-nonexpansive in the intermediate sense random
operators as in Theorem 3.1. Let F = N, RF(T;) # (). Put

Gow) = max{ s (ITw &) ~ EW)I - ln(w) — &I ) v

§(w)eF, n>0

sup (T2 (w,ma(@)) = €@ = (@) = E@)I1) v

E(w)eF, n>0

sup (175w, Ga()) = E@)I| = [Ga(w) = E@)I1 ) VO

E(w)EF, n>0
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such that > 7 Gp(w) < co. Let {&,(w)} be the sequence defined by (2.8) with
> 0 < 00, Do o Ve < 00, Yooy < oo and {ay, } be a sequence as in Theorem
3.1. Then the sequence {&,(w)} converges to a common random fixed point of the
random operators {T; : i = 1,2,..., N} if and only if liminf, . d({,(w), F') = 0.

Proof. If for some & € F, lim,_ ||, (w) — £(w)]| = 0 for each w € Q, then
obviously liminf,, . d(§,(w), F) = 0.

Conversely, suppose that liminf,,_ . d(&,(w), F)) = 0, then we have

lim d(&,(w), F) =0, for each w € Q.

n—oo

Thus for any € > 0 there exists a positive integer N7 such that for n > Ny,

d(&,(w), F) < =, for each w € Q. (3.38)

| ™

Again since Y7 Gp(w) < oo and Y > 160, < oo imply that there exist positive
integers Ny and N3 such that

Y Gjw) < 1% Vn > N, (3.39)
j=n
and
> g
;9J<6M(w>, Vn > Nj (3.40)

Let N = max{Ny, N2, N3}. It follows from (3.7), that

11 (@) = @) < N16n(w) — €@ +3Ga(w) + 0 Mw).  (341)

Now, for each m,n > N and each w € (), we have
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[€n(@) =Em@)Il < & (w) = &)l + [[Em(w) = E(W)Il
lén (@) = €@ +3 Y Gilw)+Mw) Y 6

<
Jj=N+1 j=N+1
Hlén @) =@l +3 Y Gilw)+Mw) Y 0
J=N+1 j=N+1
= 2[En (@) —E@)I+6 Y Gilw)+2Mw) Y 6
J=N+1 j=N+1
€ € €
< e (3.42)

This implies that {£,(w)} is a Cauchy sequence for each w € Q. Therefore &, (w) —
p(w) for each w € Q, and p: Q — C, being the limit of the sequence of measurable
function, is also measurable. Now, lim,, o d(&,(w), F') = 0 for each w € £, and the
set F'is closed, we have p(w) € F, that is, p is a common random fixed point of the
random operators {T; : i = 1,2,..., N}. This completes the proof.

Recall that the following:

A mapping T: C — C where C is a subset of a Banach space E with F(T') #
(0 is said to satisfy condition (A) [27] if there exists a nondecreasing function
f:1]0,00) — [0,00) with f(0) =0, f(r) > 0 for all » € (0, c0) such that for all z € C

|z = Tx| = f(d(x, F(T))),

where d(z, F(T)) = inf{||z — p|| : p € F(T)}.

A family {T;}Y, of N self-mappings of C with F = NN, F(T;) # 0 is said to
satisfy

(1) condition (B) on C ([13)]) if there is a nondecreasing function f: [0,1] — [0, 1]
with f(0) =0, f(r) > 0 for all r € (0,00) and all z € C such that

11%112%)5\[{\@—7}3:\\} > f(d(z,F));

(2) condition (C) on C ([12]) if there is a nondecreasing function f: [0,1] — [0, 1]
with f(0) =0, f(r) > 0 for all r € (0,00) and all z € C such that

| = Thx| = f(d(z, F));
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for at least one T, I = 1,2,..., N; or in other words at least one of the T} s satisfies
condition(A).

Condition (B) reduces to condition (A) when all but one of the T/ s are identities.

Also conditions (B) and (C) are equivalent (see [12]).

A random operator T: Q x C — C is said to satisfy condition (A), condition

(B), condition (C), if the map T'(w,.): C — C is so, for each w € .
Let T: Q@ x C' — C be a random map. Then T is said to be

(i) completely continuous random operator if for a sequence of measurable map-
pings &, from  — C such that {£,(w)} is bounded for each w €  then T'(w, &, (w))
has convergent subsequence for each w € Q.

(ii) demicompact random operator if for a sequence of measurable mappings &,
from © — C such that {&,(w) — T(w,&,(w))} converges, there exists a subsequence
say {£n, (w)} of {€n(w)} that converges strongly to some &(w) for each w € Q, where
£ is a measurable mapping from Q to C.

(iil) semi-compact random operator if for a sequence of measurable mappings &,
from 2 — C such that lim, . ||&n(w) — T(w, &n(w))|| — 0, for every w € Q, there
exists a subsequence say {&,,(w)} of {£,(w)} that converges strongly to some &(w)
for each w € 0, where £ is a measurable mapping from 2 to C.

Senter and Dotson [27] established a relation between condition (A) and demi-
compactness. They actually showed that the condition (A) is weaker than demi-
compactness for a nonexpansive mapping.

Every compact operator is demicompact. Since every completely continuous
mapping T: C' — C' is continuous and demicompact, so it satisfies condition (A).

_ Therefore to study strong convergence of {z,,} defined by (2.8) we use condition
(C) instead of the complete continuity of the mappings 71,75, ..., TxN.

Theorem 3.3. Let E be a real uniformly separable convex Banach space and
C be a nonempty closed convex subset of E. Let {T;}», be N uniformly L-
Lipschitzian asymptotically quasi-nonexpansive in the intermediate sense random
operators as in Theorem 3.1 and satisfying condition (C). Let F = NIY., RF(T;) # 0.
Put

Gow) = max{ s (ITHw (@) ~ EW)I - ln(w) — &I ) v

§(w)eF, n>0

sup (T (@, (@) = E@) | = (@) =€) ) v

E(w)EF, n>0

sup (175w, Ga(@)) = @) = lGn(w) = E@)I| ) VO

E(w)EF, n>0
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such that > 7 Gp(w) < co. Let {&,(w)} be the sequence defined by (2.8) with
o o < 00, Yoo e < 00, Yoo yn < oo and {a,} be a sequence as in
Theorem 3.1. Then the sequence {&,(w)} converges to a common random fixed
point of random operators {T; : i =1,2,..., N}.

Proof. By Theorem 3.1, we know that lim,, . ||€,(w) — &(w)]] and lim,
d(ép(w), F) exist. Let one of T}s, say Ts, s € {1,2,..., N} satisfy condition (A),
also by Theorem 3.1, we have lim, o [|€;(w) — Ts(w, & (w))]| = 0, so we have
lim,, o0 f(d(&n(w), F)) =0, for each w € Q. By the property of f and the fact that
limy, 00 d(&n(w), F) exists, we have lim,_, o d(&,(w), F) = 0 for each w € Q. By
Theorem 3.2, we obtain {&,} converges strongly to a common random fixed point
in F'. This completes the proof.

Theorem 3.4. Let E be a real uniformly separable convex Banach space and
C be a nonempty closed convex subset of E. Let {T;}Y, be N uniformly L-
Lipschitzian asymptotically quasi-nonexpansive in the intermediate sense random
operators as in Theorem 3.1 such that one of the mapping in {71,T5,..., Ty} is
semi-compact. Let F = NN, RF(T;) # (. Put

Gaw) = max{ sup (T &) = &I~ énw) — &) ) v

&(w)eF, n>0
sup (”TZLL(W,nn(W)) —E(w)” — ||17n(w) _g(w)H) vV
¢(w)EF, n>0
su T™(w, G (W) = EW)]| = |G (w) = E(w
o (I, Gue) = 6~ 6 (e) €l ) Vo)

such that > 7 Gp(w) < co. Let {&,(w)} be the sequence defined by (2.8) with
Yo o < 00, Yoo g Yh < 00, Yoo yn < oo and {a,} be a sequence as in
Theorem 3.1. Then the sequence {&,(w)} converges to a common random fixed

point of random operators {T; : i =1,2,..., N}.

Proof. Suppose that T;, is semi-compact for some ig € {1,2,..., N}. By Theo-
rem 3.1, we have lim,, o ||&n(w) — Tj, (w, &n(w)) || = 0. So there exists a subsequence
{&n, (W)} of {£,(w)} such that lim,, . &, (w) = &o(w) for each w € Q. Obviously
&o is measurable mapping from 2 — C. Now again by Theorem 3.1 we have

lim_{|&,; (w) = Ti(w, &, (W) || = 0, (3.43)

for each w € Q and for all [ € {1,2,...,N}. So ||§o(w) — Ti(w, & (w))|| = 0 for all
1 €{1,2,..., N}, which implies that & (w) € F, also liminf, . d(&,(w), F') = 0.

Hence, by Theorem 3.2, we obtain {£,,(w)} converges strongly to a common random
fixed point in F'. This completes the proof.

Remark 3.1. Our results extend and improve the corresponding results of Beg
and Abbas [6] to the case of more general class of asymptotically nonexpansive
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random operator and three-step random iterative sequence with errors for a finite
family of random operators considered in this paper.

Remark 3.2. Our results also extend and improve the corresponding results of
Saluja [23] to the case of more general class of asymptotically quasi-nonexpansive
random operator and three-step random iterative sequence with errors for a finite
family of random operators considered in this paper.

Remark 3.3. Theorem 3.2 is a stochastic version of Theorem 2.2 of Tian and
Yang [29] for more general class of uniformly quasi-Lipschitzian mappings.

References

[1] J.P. Aubin and H. Frankowska, Set- Valued Analysis, Birkhduser, Boston, 1990.

[2] V.H. Badshah and F. Sayyed, Common random fized points of random multi-
valued operators on polish spaces, Indian J. Pure Appl. Math. 33 (2002), no. 4,
573-582.

[3] I. Beg, Random fized points of random operators satisfying semicontractivity
conditions, Math. Japn. 46 (1997), no. 1, 151-155.

[4] L. Beg, Approximation of random fized points in normed spaces, Nonlinear Anal.
51 (2002), no. 8, 1363-1372.

[5] I. Beg and M. Abbas, Fquivalence and stability of random fixed point iterative
procedures, J. Appl. Math. Stoch. Anal. (2006), Article ID 23297, 19 pages.

[6] I. Beg and M. Abbas, Iterative procedures for solutions of random operator
equations in Banach spaces, J. Math. Anal. Appl. 315 (2006), no. 1, 181-201.

[7] 1. Beg and M. Abbas, Convergence of iterative algorithms to common random
fized points of random operators, J. Appl. Math. Stoch. Anal. (2006), Article
ID 89213, pages 1-16.

[8] I. Beg and M. Abbas, Random fized point theorems for a random opera-
tor on an unbounded subset of a Banach space, Appl. Math. Lett. (2007),
doi:10.1016/j.aml1.2007.10.015.

[9] I. Beg and N. Shahzad, Common random fized points of random multivalued
operators on metric spaces, Boll. della Unione Math. Ital. 9 (1995), no. 3, 493—
503.

[10] A.T. Bharucha-Reid, Random Integral equations, Mathematics in Science and
Engineering, vol. 96, Academic Press, New York, 1972.

[11] A.T. Bharucha-Reid, Fized point theorems in Probabilistic analysis, Bull.
Amer. Math. Soc. 82 (1976), no. 5, 641-657.



Three-step random iterative sequence with errors for asymptotically quasi- 45

[12]

[20]

[21]

[22]

C.E. Chidume and Bashir Ali, Weak and strong convergence theorems for finite
families of asymptotically nonexpansive mappings in Banach spaces, J. Math.
Anal. Appl. (2006), doi:10.1016/j.jmaa.2006.07.060.

C.E. Chidume and N. Shahzad, Strong convergence of an implicit iteration
process for a finite family of nonexpansive mappings, Nonlinear Anal. 62 (2005),
1149-1156.

B.S. Choudhury, Convergence of a random iteration scheme to a random fized
point, J. Appl. Math. Stocha. Anal. 8 (1995), no. 2, 139-142.

O. Hans, Reduzierende zufallige transformationen, Czech. Maths. Jour. 7(82)
(1957), 154-158.

O. Hans, Random operator equations, Proceeding of the 4th Berkeley Sympo-
sium on Mathematical Statistics and Probability, Vol. II, University of Califor-
nia Press, California, 1961, pp. 185-202.

C.J. Himmelberg, Measurable relations, Fundam. Mathe. 87 (1975), 53-72.

S. Itoh, Random fized point theorems with an application to random differential
equations in Banach spaces, J. Math. Anal. Appl. 67 (1979), no. 2, 261-273.

T.C. Lin, Random approxzimations and random fized point theorems for con-
tinuous 1-set contractive random maps, Proc. Amer. math. Soc. 123 (1995),
1167-1176.

N.S. Papageorgiou, Random fixed point theorems for measurable multifunctions
in Banach spaces, Proc. Amer. Math. Soc. 97 (1986), no. 3, 507-514.

N.S. Papageorgiou, On measurable multifunctions with stochastic domain, J.
Austra. Math. Soc. Series A 45 (1988), no. 2, 204-216.

R. Penaloza, A characterization of remegotiation proof contracts via random
fizxed points in Banach spaces, working paper 269, Department of Economics,
University of Brasilia, Brasilia, December 2002.

G.S. Saluja, Random fixed point of three-step random iterative process with er-
rors for asymptotically quasi-nonexpansive random operator, The Math. Stud.
77(1-4) (2008), 161-176.

J. Schu, Weak and strong convergence theorems to fized points of asymptotically
nonezpansive mappings, Bull. Austral. Math. Soc. 43 (1991), 153-159.

V.M. Sehgal and S.P. Singh, On random approximations and a random fized
point theorem for set valued mappings, Proc. Amer. Math. Soc. 95 (1985), no.
1, 91-94.

N. Shahzad, Random fized points of pseudo-contractive random operators, J.

Math. Anal. Appl. 296 (2004), 302-308.



46 G. S. Saluja

[27] H.F. Senter and W.G. Dotson,Jr., Approzimating fixved points of nonexpansive
mappings, Proc. Amer. Math. Soc. 44 (1974), 375-380.

[28] K.K. Tan and H.K. Xu, Approzimating fized points of nonexpansive mappings
by the Ishikawa iteration process, J. Math. Anal. Appl. 178 (1993), 301-308.

[29] Y.-X. Tian and Chun-de Yang, Convergence theorems of three-step iterative
scheme for a finite family of uniformly quasi-Lipschitzian mappings in convex
metric spaces, Fixed Point Theory Appl. (2009), Article ID 891965, 12 pages,
doi:10.1155/2009/891965.

[30] D.H. Wagner, Survey of measurable selection theorem, SIAM J. Contr. Optim.
15 (1977), no. 5, 859-903.

[31] H.K. Xu, Some random fized point theorems for condensing and nonexpansive
operators, Proc. Amer. Math. Soc. 100 (1990), 103-123.

Address

G. S. Saluja:
Department of Mathematics and Information Technology,
Govt. Nagarjuna P.G. College of Science,
Raipur - 492010 (C.G.), India.

E-mail: saluja_19630@rediffmail.com, salujal963@gmail.com



