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I- convergence in 2- normed spaces
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Abstract. In this paper, we introduce the concept of I’ x —convergence of sequences in 2-normed spaces.
This notion can be regard as an extension of J-convergence of sequences in 2-normed spaces.

1. Introduction

The idea of 7—convergence was informally introduced by Kostyrko et al (2001) and also independently
by Nuray and Ruckle (2000), as a generalization of statistical convergence. Ideal convergence provides a
general framework to study the properties of various types of convergence.
There are several works in recent years on 7 —convergence of sequences (see [4,9,21]).

The notion of linear 2-normed spaces has been investigated by Gahler in1960’s [7,8] and has been de-
veloped extensively in different subjects by others [2,11,18,23]. It seems therefore reasonable to investigate

the concepts of 7 and J*—convergence in 2-normed spaces. Throughout this paper IN will denote the set
of positive integers.

Definition 1.1. Let X be a real linear space of dimension greater than 1, and ||., .|| be a non-negative real-valued
function on X X X satisfying the following conditions:

GDIlx, yll = 0 if and only if x and y are linearly dependent vectors,

G2) llx, yll = lly, x|l for all x,y in X,

G)llax, yll = lalllx, yl| where « is real number,

Ghllx + y, z|l < lIx, zll + |ly, zl| for all x, y, z in X.

II., .Il is called a 2—norm on X and the pair (X, ||., .||) is called a linear 2—normed space.
Every linear 2—normed space (X, ||., .||) of dimension different from one is a locally convex topological vector space. In
fact, for a fixed b € X, py(x) = |Ix, bll, x € X, is a seminorm and the family P = {py, : b € X}of seminorms generates a
locally convex topology on X. In addition, we have the following properties:

DII., .|l is nonnegative.
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2llx, yll = Ilx, y + ax]]

x—yy—zll = llx—y,x -z
for all scalars o and all x,y,z € X. Some of the basic properties of 2—norms studied in [18].
As an example of a 2-normed space we may take X = R? being equipped with the 2-norm ||x, y|| := the area of the
parallelogram spanned by the vectors x and y, which may be given clearly by the formula

I, yll = lx1y2 — 2211l p x = (x1,X2) v = (Y1, ¥2)-

Given a 2-normed space (X, ||.,.|l). One can derive a topology for it via the following definition of the limit of a
sequence: A sequence (X,)nenN in X is said to be convergent to x in X if limy, e ||x, — x, z|| = 0 for all z € X. This can
be written by the formula:

Yz € Y)(Ve > 0)(Ang € N)(Vn > ngp) [lx, = x,z|| <e.

.. II-,-Il
We write it as Xy —5 x

2. Preliminary Notes
We recall the following definition, where Y represents an arbitrary set.

Definition 2.1. A family I C P(Y) of subsets a nonempty set Y is said to be an ideal in Y if:
)0el,

ii)A,Be T implies AlJBeI,

im)AeI,BCA implies Bel,

1 is called a proper ideal if Y ¢ 1 and I is not proper ideal if I = P(Y).

Definition 2.2. The ideal of all finite subsets of a given set Y is called Fin.

Definition 2.3. Let Y # 0. A non empty family F of subsets of Y is said to be a filter in Y provided:
)0 eF

ii)A,BeF implies ANBeF

iii)Ae FACB implies BeF

If T is a nontrivial ideal in Y,Y # O, then the class

FO)=McY:(JAeI)M=Y - A}
is a filter on Y, called the filter associated with 1.
Definition 2.4. A nontrivial ideal T in Y is called admissible if {x} € T for each x € Y.

Definition 2.5. A nontrivial ideal T in IN X IN is called strongly admissible if {i} X IN and IN X {i} belong to I for
alli e IN.
It is evident that a strongly admissible ideal is admissible also.
Let

To={A CINXN: (Im(A) e N)(i,j > m(A) = (i, j) e N x N - A)}.

Then I is a nontrivial strongly admissible ideal and clearly an ideal 1 is strongly admissible if and only if Ty C T
[3].

Definition 2.6. Let Y # 0 be a set and K be an idealon Y. Let M C Y, M = 0. KM :={ANB: A € K} is called
trace of K on M and K|M is an ideal on Y.

Definition 2.7. Let I C P(IN) be a nontrivial ideal in IN. The sequence (x,)nen in X is said to be I-convergent to
x € X, if for each € > 0, the set A(e)={n € N : ||x, — x|| > €} belongs to I [1,12,14].
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3. I'’X- convergence in 2-normed spaces

In [9,14,21], the concepts of 7 and I*-convergence introduced in 2-normed space. We extend this
concepts and introduce the 7% -convergence for sequences in 2-normed spaces.
First, we introduce the definition of 7 and 7*-convergence by the other manner.

Definition 3.1. Let (X, ., .||) be a 2—normed space and I be an ideal on a set A. The function f : A — X is said to
be I-convergent to x € X if for all non zero z in X and for all £ > 0, we have:

Ale)=facA:||f(a)—x,zll>€e}eT.

We write it as
I -limf=ux

Remark 3.2. If A = N, we obtain the usual definition J-convergent of sequence (x,),en to x € X in 2-normed
space X [9].

Lemma 3.3. Let X, Y be two 2-normed spaces and let A be a non empty setand I, I, I be ideals on A. Then
i) if I is not proper ideal, then every function f : A — X is 7 —convergent to each point of X.
ii) If I; C I, then for every function f : A — X, we have

L —limf=x = L —lim f = x.

Proof: i) Let x be arbitrary element of X, then
Vze X)(Ve > 0)A(e) ={ac A:||f(a) —x,zl| = €} € P(S) = L
ii) Let I € I, I; — lim f = x. Then we have
VzeX)(Ve>0A(e)=fac A:l|f(a) —x,zll > e} €], C L.
Hence I, — lim f = x.

Definition 3.4. Let (X, I, .|[) be a 2-normed space and I be an ideal on IN. The sequence (x,)neN in X is said to be
I*-convergent to a point | € X, if there exists a set M € F(I') such that

LNy (on  M).

n

We write it as
I —limx, =1

We introduce the definition of 7% -convergence, we simply replace the ideal Fin by an arbitrary ideal on the
set A.

Definition 3.5. Let (X, ||.,.|) be 2-normed space and let K and I be ideals on IN, we say that a sequence (X,)neN it
X is IT%- convergent to x € X if:
there exists a set Ml € F (I') and the sequence (Yu)nen given by

| xy ifneM
Yn=1 «x ifngM

such that K — lim y, = x.
We write it as
I —limx, = x.
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Remark 3.6. The definition of 7%— convergence can be reformulated in the form of decomposition. A
sequence (X,)nen is 1 K_ convergence if and only if (X,)ieNn = (Yn)neN + (Zn)nen, Where (Yy)nenw is K-
convergent and (z,)sen is non-zero only on a set from J.

Remark 3.7. Another definition of 7X- convergence can be the form below: The sequence (x,)qeN is I K.
convergent if there exists M € #(I) such that the sequence x,|p = (Xn)nem is KIM -convergent to x. These
two definitions are equivalent but definition 3.5 is simpler.

We give some examples of ideals and corresponding 7€ - convergence.

Example 3.8. (i) Put 7, = K, = {0}. 7, is the minimal ideal in IN.

A sequence (X )nen is 1 Z(°— convergent if and only if it is constant.

(ii) Let @ # M c IN, M # N. Put K = P(M), i.e. K is a proper ideal in IN. Let 7 = {0}. A sequence (x,)eN is
I convergent if and only if it is constant on N \ M.

(iif) Let K be an admissible ideal in IN and 7 be a arbitrary ideal.

A sequence (X,)neN is 1 K_ convergent if there exists a set M € ¥ (J) and the sequence (y,).en given by
definition such that the sequence v, is the usual converges.

Corollary 3.9. Let (X, ||.,.||) be a 2-normed space, and let (x,),en be a convergent sequencein Xand /1, [, € X.
If 7% —limx, = l; and 7% — limx, = I, then l; = L.
Proof: Suppose I; # l. Hence there exists z € X such that I; — I,(# 0) and z are linearly independent. Put

Il = I, z|| = 2¢, with e>0.

Since 7X —limx, = 1. By the definition, there exists My, M, € ¥ (1) such that the sequences (V,)neN, (Zn)neN
given by

| ox, ifneM; | ox, ifneM;
Y= 1 ifne¢M "I\ L ifngM,

have the following properties
(Ve > 0)(Vz € X) meN:|ly,—h,zll zele K
(Ve > 0)(Vz € X) (nelN:|z, -,z =€ € K.
Put M = M; N M,. We have
2e = Il = xp + X0 = I, 2l < lxn = I 2l + llxn = L, 2l = Ny — I 2l + llzn = L2, 2]

Therefor (n e M : ||z, — I, zll < e} S{neM:|ly, —11,zll 2 €} € K. Hence {n € M : ||z, — I, z|| < €} € K that is
contradict with 7 # ¢.

Corollary 3.10. If (x,)nen, (¥n)ren be sequences in 2-normed space (X, ||., .||) and IX_limx, =a, 7% -lim Yn =
b, then

)% —limx, +y, =a+b,

i) 7% — lim ax, = aa.

Proof: (i) Let 7% —limx, = a, 7% — lim Yn = b. By the definition, there exist M, M, € ¥ (J) such that the

sequences (z,)neN, (tn)nen given by

| oxy ifnebM P ifne M,
=Y a4 ifng M "I\ b ifng M,
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has the following properties K — limz, = a, and K —lim¢t, = b.
Now, we put M = M; N M, € F(7) and define the sequence {p,} by

) xpty, ifneM
Pr=1 a+b ifneM,

we have K —limz, +t, = K -limz, + K —limt, = a+b (see [21]). By the definition, IX _limx, + Yn=a+b.
The proof of (ii) is similar to (i).

In the next lemma, we show easily from the definitions that K- convergence implies the 7% - convergence.

Lemma 3.11. Let K and 7 be ideals on a set IN. If (X, ||, .]|) be a 2-normed space and (x,),en be a sequence
in X such that K — lim x,, = x, then
I% —limx, = x.

Lemma 3.12. Let (X, |[.,.|[) be a 2-normed space and let 7, 75, 1», K, K and K, be ideals on a set N such
that 71 € 7, and K; C K. Then for every sequence (x,),eN in X, we have:

i) IZ‘ —limx, = x implies IZ( —limx, =x,

if) 7% —limx, = x implies 7% —limx, = x.

Proof: i) Suppose 1 Z( —limx, = x, by definition, there exists M € ¥ (1) such that the sequence (y,)neN
given by

| oxy ifneM
Y=\ x ifne¢M

has the following condition
(Ve > 0)(Vze X)A(e) ={ne N : |ly, —x,z|| = €} € K.

On the other hand since 77 C 15, then M € ¥ (Z1)C ¥ (I;) and by the definition (3.5), IZ< —limx, = x.
ii) Let 7% — lim x,, = x. By definition, there exists M € ¥ () such that the sequence (y,)nen given by

) ox, ifneM
Yn = x ifn¢M

has the following property
(Ve >0)(Vze X)A(e) ={neN: |ly, —x,z|| = €} € KG € K>.
Hence A(e) € K, and the proof is complete.

In the next theorem, we prove the relationship between the 7-convergence and 7% convergence.

Theorem 3.1: Let (X, |l.,.|[) be a 2-normed space and let K and let I be two ideals in IN. Let (x,)nen be a
sequence in X.

)If I ~limx, = x implies J —lim x, = x holds for some x € X, which has at least one neighborhood
different from X, then K C 7.

iIfKcr then (X —limx, = x implies I —limx, = x).

Proof:
i) Suppose that K is not subset of 7. Then there exists a set A € K such that A ¢ 7. Let x € X has a
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neighborhood U C X such that U # X and y € X \ UL
We define a sequence {y,} on X by

_Jy ifneA
=1 % ifneA
Clearly, K — limx, = x. Thus by Lemma 3.11, we obtain 1 K —limx, = x. By the definition, {n € IN :
llyn —x,zll > €} = A ¢ 1. Hence the sequence (x,)nen is not 7-convergent to x.

ii) Let (X, |l., .I[) be a 2-normed space and x € X and let (x,,),en be a sequenceon X. Let K C 7, I*_limx, = x.
By the definition of 7%~ convergence, there exists M € ¥ (I) such that the sequence (y,).en given by

) x, ifneM
Yn=1 x ifngM

has the condition
(Ve > 0)(Vz e X)A(e) ={n e N : |ly, — x,z|| > €}

={neM:|x,—xz| =€}

Hence A(e) N M € K C I. Consequently,
meN:|x, —xzll 2} S(X\M)UAE)NM) e T
and thus 7 — limx,, = x.

Example 3.13. Let N = U2, D; be a decomposition of IN (i.e. D; N D; # (). Assume that D; i=12---)
are infinite sets (we can choose D; = {3""1(2t) : t € N} fori = 1,2, - -). Denote by I the class of all A € N such
that A intersects only a finite numbers of D;. Let K be the family of all finite subsets of IN. Define (x,)seN
as follows: For n € D;, we put x,, = % (i=1,2,---). Obviously that 7 —limx, = 0. Now we show that
I —limx, # 0. Assume that 7% — limx,, = 0. Then there exists M € ¥ (I) such that the sequence (V,)neN
given by

| oxy ifneM
Yn 0 ifn¢M,

satisfying K —limy, = 0, i.elimy, = 0. Since M € ¥ (J), then there exists A € 7 such that M = IN \ A. By
the definition of 7, there exists an [ € IN such that

AcDyU---UD,.
Then M contains the set D;,; and x,, = % for infinitely many n's in M. This contradicts

lim y, = lim x,, = 0.
n—oo n—o00

(neM)

The concept of 7, and I3-convergence of double sequences in 2-normed spaces was introduced in

[19,21]. Now, we show that 7%-convergence is a correct the generalization of I;-convergence for double
sequences in 2-normed spaces.

Definition 3.14. Let x = (xjx);xen be a double sequence in 2-normed space (X, ||., .|1). A double sequence x=(x ) ;ren
is said to be convergent to | € X in Pringsheim’s sense if
(Vz € X)(Ye > 0)(AN € N)(Vj, k = N) llxj — 1zl < e.

We write it as

Il--llx
x]'k -/



M. Eshaghi Gordji, S . Sarabadan, F. Amouei Arani /FAAC 4:1 (2012), 1-7 7

Definition 3.15. A double sequence x=(xjx)jken in 2-normed space (X, ||., .|) is said to be I,-convergent to | € X, if
forall € > 0 and nonzero z € X,
A(e) ={(, 0 : llxjx — L zll = €} € I

In this case we write it as
Iz - li'r]{lxjk =1
Jr

The Pringsheim’s ideal 7, on IN X IN whose dual filter ¥ (1) is given by the filter base
B, = {[n, 0] x [, 00];n € N}.

Definition 3.16. A double sequence x=(xjx)jken in 2-normed space (X, ||., .|) is said to be I’-convergent to | € X, if
there exists a set M € F (1) (i.e.N X N\M € 1) such that lim,, , X,,=I (m, n) € M and we write it as

Iz - hjrknxjk =1

Remark 3.17. The I*-convergence of double sequences is the same as 772-convergence in N X IN. Hence
the notion of the 7 —convergence is a correct generalization of 7 and I*-convergence.
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