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The anti-reflexive extremal rank solutions of the matrix equation
AX =B
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Abstract. Ann X n complex matrix P is said to be a generalized reflection matrix if P* = Pand P? = I. An
n X n complex matrix A is said to be a anti-reflexive matrix with respect to the generalized reflection matrix
Pif A = —PAP. We in this paper mainly investigate the anti-reflexive maximal and minimal rank solutions
to the matrix equation AX = B. We present necessary and sufficient conditions for the existence of the
maximal and minimal rank solutions with anti-reflexive to the matrix equation AX = B. The expressions
of such solutions to this system are also given when the solvability conditions are satisfied. In addition, in
corresponding the minimal rank solution set to the matrix equation AX = B, the explicit expression of the
nearest matrix to a given matrix in the Frobenius norm has been provided.

1. Introduction

Throughout this paper, let C"™" be the set of all m X n complex matrices, UC™" be the set of all n X n
unitary complex matrices. Denote by I, the identity matrix with order n. For matrix A, A*, ||Allr and r(A)
represent its conjugate transpose, Frobenius norm and rank, respectively. On C"*" we define inner product,
(A, B) = trace(BTA) for all A, B € C"™", then C"" is a Hilbert inner product space and the norm of a matrix
generated by this inner product is Frobenius norm.

Recall that a reflexive (anti-reflexive) matrix was defined in [1,2]: a complex matrix A is reflexive (anti-
reflexive) if A = PAP(A = —PAP), where P is a generalized reflection matrix. By a generalized reflection
matrix, say P, one mean that P satisfies the following two conditions: P* = P and P2 = . In other words, a
generalized reflection matrix is a Hermitian involution matrix.

The reflexive (anti-reflexive) matrix with respect to a generalized reflection matrix P has many special
properties and widely used in engineering and scientific computations(see, e.g. [1-4]).

In matrix theory and applications, many problems are closely related to the ranks of some matrix
expressions with variable entries, and so it is necessary to explicitly characterize the possible ranks of the
matrix expressions concerned. The study on the possible ranks of matrix equations can be traced back
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to the late 1970s (see, e.g. [5-9]). Recently, the extremal ranks, i.e. maximal and minimal ranks, of some
matrix expressions have found many applications in control theory [10,11], statistics, and economics (see,
e.g. [12-14]).

In this paper, we consider the anti-reflexive extremal rank solutions of the matrix equation

AX =B, 1)

where A and B are given matrices in C"*™. In 1987, Uhlig [8] gave the maximal and minimal ranks of
solutions to system (1). By applying the matrix rank method, recently, Tian [15] obtained the minimal
rank of solutions to the matrix equation A = BX + YC. Xiao et al. [16] in 2009 considered the symmetric
minimal rank solution to system (1). The reflexive and anti-reflexive matrices with respect to the generalized
reflection matrix P are two important classes of matrices and have engineering and scientific applications.
The anti-reflexive maximal and minimal rank solutions of the matrix equation (1), however, have not been
considered yet. In this paper, we will discuss this problem.
We also consider the matrix nearness problem

min||X - X|., 2)

XeS,,

where X is a given matrix in C"™" and S,, is the minimal rank solution set of Eq. (1).

The matrix nearness problem (2) is so-called the optimal approximation problem, which has important
application in practice, and has been discussed far and wide (see, e.g., [17-22] and the references therein).

We organize this paper as follows. In Section 2, we first establish a representation for the generalized
reflection matrix P. Then we give necessary and sufficient conditions for the existence of anti-reflexive
solution to (1). We also give the expressions of such solutions when the solvability conditions are satisfied.
We in Section 3 establish formulas of maximal and minimal ranks of anti-reflexive solutions to (1), and
present the anti-reflexive extremal rank solutions to (1). We in Section 4 present the expression of the
optimal approximation solution to the set of the minimal rank solution.

2. Anti-reflexive solution to AX = B

In this section we first introduce some structure properties of the generalized reflection matrix P and
establish the representations of anti-reflexive matrix. Then we give the necessary and sufficient conditions
for the existence of and the expressions for anti-reflexive solution of Eq. (1).

Lemma 2.1. 8 Assume P is a generalized reflection matrix of size n, and let

I,+P I,-P
2 7 2 2

Then Py and P, are orthogonal projection matrices, and satisfied P1 + P, = I,, P1P; = 0.

Pq

Remark 2.2. Assume Py and P, are defined as (3) and r(P1) = r, then v(P,) = n—r, and there exist column orthogonal
matrices Uy € C™, Uy € C™0") sych that

Py = UnU;,, Pr=UpUy, P=UUl -UU], UU,=0.

Let U = [Uj1, Up], From the Remark 2.2, it is easy to verify that U is an unitary matrix and the generalized
reflection matrix P can be expressed as

I, 0 .
P_LI[O _In_r]u, (4)

where the symbols “0” stand for null matrices with associated orders (in the sequel, we always mark them
like this).
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Lemma 2.3. 8 Let A € C™" and a generalized reflection matrix P with the form of (4), then A is the anti-reflexive
matrix if and only if

0o M. .
A:u[N O]U, )

where M € C™"=D N € C"="%" gre arbitrary and U is the same as in (4).

Lemma 2.4. (GSVD)3! Given matrices A, € C"™", By € C"™<?, there exist unitary matrices Uy € UC™", V; €
UCP* and nonsingular matrix My € C™™ such that

Ay =MZa Uy, By =MZp Vi (6)
where
I 0 0 rh—51 0 0 0 r—5
Y, = 0 SA1 0 S1 Y. = 0 531 0 S1
AT 0 0|l k-’ TPTl0 0 I |k-r"
0 0 0] m-Kk 0 0 0] m-Kk

k1 = V([Al,Bl]), r o= T’(Al), S1 = V(Al) + I’(Bl) - T([Al,BlD, SA1 = diag(al,...,asl), SB1 = diﬂg(ﬁl,...,ﬁsl),
O<ag < <a <0< < <fy<la+f=1i=1,...5.

Lemma 2.5. Given matrices A1 € C™", By € C™, the generalized singular value decomposition of the matrix pair
[A1, B1] is given by (6), then matrix equation A1X = By is consistent, if and only if

([A1, B1]) = (A1), ()

and the expression of its general solution is

0 0
X=Uj| 0 S5 |vy, ®)
Y Ym

where Ya1 € COXp=s1) Y3, € CU=r)Xst gre arbitrary.
Proof. With (6) we have
V(Bl - A1X) = r(MlZlB] V1 - MlZlA] U1X) = 7"(21};1 - ZA1 U1XVI)

Let Y = U; XV] and let Y be partitioned as Y = (Yij)ax3, then

Y Y12 -Yi3 71— 81
B | =Sa Y1 Sp,—Sa, Y =S4 Yo 51
Lp —LaY = 0 0 Ip, ky—r ©)
0 0 0 m—ky

Noting that Y;;(i = 1,2, j = 1,2, 3) are arbitrary, then
min#(B; — A1X) = minr(Xp, — X4, Y) = ki — 11 = r(A1, B1) — r(Aq).
A1X = By is solvable in C"? if and only if min 7(B; — A1 X) = 0. Then matrix equation A; X = B; is consistent,

if and only if (7) holds. In this case, from (9) and Y = U; XV7, its general solution can be expressed as (8).
The proof is completed. O



Qingfeng Xiao et al. /FAAC 4:2 (2012), 15-22 18
Assume the given generalized reflection matrix P with the form of (4). Let
Al = [A2/A3]/ BU = [BZI B3]/ (10)

where Ay € C"™", Ay € C"™(=1) By € C"™", By € C"™ ") and the generalized singular value decomposition
of the matrix pairs [Ay, B3], [A3, B2] are, respectively,

Ay = MpXa, Uy, Bz = MpXp, Vo, (11)

Az = M3Xp,Us, By = M3X, V3, (12)

where U, € UC™", V, € UCH"X0=n) 1], ¢ UCH-"*0-1) Vo e UC™, nonsingular matrices M, M3 € C"™",
ky = r([Az, B3]), 2 = 1(A2), 5o = r(A2) + r(B3) — r([A2, Bs]), and ks = r([As, B2]), 13 = 1(A3), s3 = r(A3) + r(Ba) —
r([As, B2]),

[ 1 0 0] T2 — S [ 0 0 0] rp — Sp
Yy, = 0 SAz 0 S> Yo o= 0 533 0 Sy
2710 0 0| k-n' B0 0 I |k-rn'
[0 0 0] m—k (0 0 0] m-k
[ 1 0 0] T3 —S3 [ 0 0 0] r3 — S3
Yy, = 0 SA3 0 S3 Yo o= 0 SBZ 0 S3
ATL0 0 0| k-1’ B0 0 I | k-r"
0 0 0| m—ks [0 0 0] m—ks

Now we can establish the existence theorems as follows.

Theorem 2.6. Let A, B € C"™" and the generalized reflection matrix P of size n be known. Suppose the generalized
reflection matrix P with the form of (4), AU, BU have the partition forms of (10), and the generalized singular value
decompositions of the matrix pairs [Ay, B3] and [As, B,] are given by (11) and (12), respectively. Then the equation
(1) has an anti-reflexive solution X if and only if

1([A2, Bs]) = 1(A2), r([As, B2]) = 1(A3), (13)

and its general solution can be expressed as

0o 0
0 ;| 0 S,Sp |Va
_ VASRAY .
X=U 0 0 u, (14)
Uyl 0 S.iSs |Vs 0
Wi Wa

where Z31 € CU-r2Xn=r=s2) 75, € Cr=r2)¥s2 Wyy € Cl=r=13)X(=3) W, € C=7=70%3 gre arbitrary.

Proof. Suppose the matrix equation (1) has a solution X which is anti-reflexive, then it follows from Lemma
2.3 that there exist M € C™*("="), N € C("=*" gatisfying

0 M .
qu[N 0 }u and AX =B (15)
By (10), that is
0 M
[A2 A3][ N 0 ] = [BZ BB]/ (16)

i.e.

A;M = B;, AsN = B,. (17)
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Therefore by Lemma 2.5, (13) hold, and

0 0 0 0
M=U;| 0 S.'Ss |Vo, N=Us| 0 S;'Ss |V,
Z31  Zxp Wi Wa
where Zz; € CU2Xt=1=2) 7., € Cr=m2xs2 Wy e Cli=r=13)X(r=s3) W3, € C*=7=7)%% are arbitrary. Substituting

(18) into (15) yields that the anti-reflexive solution X of the matrix equation (1) can be represented by (14).
The proof is completed. O

(18)

3. Anti-reflexive extremal rank solutions to AX = B

In this section, we first derive the formulas of the maximal and minimal ranks of anti-reflexive solutions
of (1), then present the expressions of anti-reflexive maximal and minimal rank solutions to (1).

Theorem 3.1. Suppose that the matrix equation (1) has an anti-reflexive solution X and Q is the set of all anti-reflexive
solutions of (1). Then the extreme ranks of X are as follows:
(1) The maximal rank of X is

max r(X) = min{n — r,r — r(Az) + r(B3)} + min{r, n — r — r(A3) + (By)}. (19)
€
The general expression of X satisfying (19) is
[ 0 0
0 ;| 0 S.!'Ss [Va
_ Zyn Iy .
X=U 0 0 us, (20)
Uy| 0 S!Sk |Vs 0
Wa Wi

where Z3y € CU—2X=1=52) "Wy, e C=r=r)X(=53) gy chosen such that r(Zz) = min(r — ry,n — r — $5), r(Ws1) =
min(n —r — 13,7 — 83), Zap € CU72X%2, W3y € CU=r=130%% gre arbitrary.
(2) The minimal rank of X is

min (X) = r(B,) + r(B3). (21)
XeQ
The general expression of X satisfying (20) is
0 0
0 Uy| 0 S.!Ss, |V,
_ 0 Z3 .
X=U 0 0 u, (22)
Us| 0SS5 | Vs 0
0 Ws
where Zzy € CU-2%%2 W3y € CO1719%% gre arbitrary.
Proof. (1) By (14),
0 0 0 0
_ -1 -1
max r(X) = n}gx rf 0 5,58 [+ r%?lxr 0 5,58 |, (23)
Z31 Z32 W31 W32
0 0
maxr| O 521533 = S +min{r—r,n—r—s} (24)
Z3 2
Znn  Zzp
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= min{n —r,r—ry + s} = min{n —r,r — r(Az) + r(B3)},

and
0 0
r%?lx r|[ O S;QSBZ = s3+min{n—r—r;,7r—s3} (25)
) Wiz Wa

= min{r,n —r—r3+s3} = min{r,n —r — r(Asz) + r(By)}.

Taking (24) and (25) into (23) yields (19).
According to the general expression of the solution in theorem 2.6, it is easy to verify the rest of part in

@.

(2) By (14),
0 0 0 0
. . -1 . -1
min rX) = rrZ1311nr 0 SA2533 + r%;nr 0 SA3532 , (26)
Znn  Zxp Wz Ws
0 0
rrzﬁnr 0 S,'Sp |=s2=r(Bs) (27)
Y Zn Zn
and
0 0
minr| 0 S, 55 |=s3=r(By). (28)
Tl W Wap

Taking (27) and (28) into (26) yields (21).
According to the general expression of the solution in theorem 2.6, it is easy to verify the rest of part in
(2). The proof is completed. O

4. The expression of the optimal approximation solution to the set of the minimal rank solution

From (22), When the solution set S,, = {X | AX = B,X = —PXP,r(X) = 1’11/‘1151 r(Y)} is nonempty, it is easy
€
to verify that S,, is a closed convex set, therefore there exists a unique solution X to the matrix nearness

Problem (2).

Theorem 4.1. Given matrix X, and the other given notations and conditions are the same as in Theorem 2.6. Let

UXu = [ o ] Xip € C70N, Koy € Co0, (29)
X X»
and we denote
. Zn Zn ) Wi Wiz ]
WUpXoVy=| Znn Zy;o |, WsXnVy=| W Wn |. (30)
VASRAY Wi Wy |
If S, is nonempty, then Problem (2) has a unique X which can be represented as
0 0
0 Uy| 0 S.Ss |Va
o 0 Zsp .
X=U 0 0 u, (31)
Us| 0 S3Ss |Vs 0
0 Ws
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where Z3y, Ws, are the same as in (4.2).

21

Proof. When S, is nonempty;, it is easy to verify from (22) that S,, is a closed convex set. Since C™" is a
uniformly convex Banach space under Frobenius norm, there exists a unique solution for Problem (2). By
theorem 3.1, for any X € S,,, X can be expressed as

[ 0 0
0 Uy| 0 S.'Sp, |V
X=u| [, o oo , (32)
Uy| 0 S.'Ss, |V3 0
0 Ws
where Z3, € CU72%52, W3, € C'=r=73)% are arbitrary.
Using the invariance of the Frobenius norm under unitary transformations, we have
0 0 | ?
0 uy| 0 S;!Ss |Va
IX - XI2 = 0 o 0 —uxu
Ul 0 S,!'Sp, |Vs 0
0 W32 ] r
= 11252 = Zaal + [Wo2 = Wl + |53, = Zao; + 5315, = Wl
%l + %aall 120l + 12l + 1221 + 2l
M2 e 12 e 12 e 12
+ W[+ [Waally + [1Wen [+ [ W
Therefore, ||X — X||r reaches its minimum if and only if
Zy =73, Wa =Ws. (33)

Substituting (33) into (32) yields (31). The proof is completed. [
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