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Abstract. In this paper, we give a necessary and sufficient condition for strong convergence of general
composite implicit iteration process to a common fixed point for a finite family of asymptotically quasi-
nonexpansive mappings in the framework of Banach spaces. Also we establish some strong convergence
theorems by using condition (C) and semi-compactness in the framework of uniformly convex Banach
spaces.

1. Introduction

Let C be a nonempty subset of a real Banach space E. Let T : C→ C be a mapping. We use F(T) to denote
the set of fixed points of T, that is, F(T) = {x ∈ C : Tx = x}. Recall that a mapping T : C→ C is said to be:

(1) asymptotically nonexpansive if there exists a sequence {hn} ⊂ [1,∞) with limn→∞ hn = 1 such that
∥∥∥Tnx − Tny

∥∥∥ ≤ hn

∥∥∥x − y
∥∥∥ (1.1)

for all x, y ∈ C and n ≥ 1.

(2) asymptotically quasi-nonexpansive if F(T) , ∅ and there exists a sequence {hn} ⊂ [1,∞) with
limn→∞ hn = 1 such that

∥∥∥Tnx − p
∥∥∥ ≤ hn

∥∥∥x − p
∥∥∥ (1.2)

for all x ∈ C, p ∈ F(T) and n ≥ 1.

The class of asymptotically nonexpansive mappings which is an important generalization of that of
nonexpansive mappings was introduced by Goebel and Kirk [4] who proved that every asymptotically
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nonexpansive self-mapping of nonempty closed bounded and convex subset of a uniformly convex Banach
space has fixed point. In 1973, Petryshyn and Williamson [11] gave necessary and sufficient conditions for
Mann iterative sequence [9] to converge to fixed points of quasi-nonexpansive mappings. In 1997, Ghosh
and Debnath [3] extended the results of Petryshyn and Williamson [11] and gave necessary and sufficient
conditions for Ishikawa [5] iterative sequence to converge to fixed points for quasi-nonexpansive mappings.

Liu [8] extended the results of [3, 11] and gave necessary and sufficient conditions for Ishikawa iterative
sequence with errors to converge to fixed point of asymptotically quasi-nonexpansive mappings.

In 2001, Xu and Ori [20] have introduced an implicit iteration process for a finite family of nonexpansive
mappings in a Hilbert space H. Let C be a nonempty subset of H. Let T1,T2, . . . ,TN be self-mappings of
C and suppose that F =

⋂N
i=1 F(Ti) , ∅, the set of common fixed points of Ti, i = 1, 2, . . . ,N. An implicit

iteration process for a finite family of nonexpansive mappings is defined as follows, with {tn} a real sequence
in (0, 1), x0 ∈ C:

x1 = t1x0 + (1 − t1)T1x1,

x2 = t2x1 + (1 − t2)T2x2,
...

xN = tNxN−1 + (1 − tN)TNxN,

xN+1 = tN+1xN + (1 − tN+1)T1xN+1,
...

which can be written in the following compact form:

xn = tnxn−1 + (1 − tn)Tnxn, n ≥ 1 (1.3)

where Tk = Tk mod N. (Here the mod N function takes values in {1, 2, . . . ,N}). And they proved the weak
convergence of the process (1.3).

The aim of this paper is to propose modified general composite implicit iteration process and to prove
necessary and sufficient conditions for strong convergence of the iteration process to a common fixed point
of a finite family of asymptotically quasi-nonexpansive mappings.

2. Preliminaries

Let C be a closed convex subset of a real Banach space E. Let T : C→ C be a mapping.

Definition 2.1. The modified Mann iteration scheme {xn} is defined by

x1 ∈ C,

xn+1 = (1 − αn)xn + αnTnxn, n ≥ 1 (2.1)

where {αn} is a suitable sequence in [0, 1].

Definition 2.2. The modified Ishikawa iteration scheme {xn} is defined by

yn = (1 − βn)xn + βnTnxn, n ≥ 1
xn+1 = (1 − αn)xn + αnTnyn, n ≥ 1 (2.2)

where {αn} and {βn} are some suitable sequences in [0, 1].
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Definition 2.3. Let {T1,T2, . . . ,TN} be a family of asymptotically quasi-nonexpansive self mappings of C into itself.
Let F = ∩N

i=1F(Ti) , ∅ is the set of all fixed points of Ti for each i ∈ {1, 2, . . . ,N}. Let {αn} a real sequence in (0, 1)
and x0 ∈ C, then the iterative sequence {xn} defined by

x1 = α1x0 + (1 − α1)T1x1,

x2 = α2x1 + (1 − α2)T2x2,
...

xN = αNxN−1 + (1 − αN)TNxN,

xN+1 = αN+1xN + (1 − αN+1)T2
1xN+1, (2.3)

...

x2N = α2Nx2N−1 + (1 − α2N)T2
Nx2N,

x2N+1 = α2N+1x2N + (1 − α2N+1)T3
1x2N+1,

...

is called the modified implicit iteration process for a finite family of asymptotically quasi-nonexpansive mappings
{T1,T2, . . . ,TN}.

Since each n ≥ 1 can be written as n = (k − 1)N + i, where i = i(n) ∈ {1, 2, . . . ,N}, k = k(n) ≥ 1 is a positive
integer and k(n)→∞ as n→∞. Hence the above iteration process can be written in the following compact
form:

xn = αnxn−1 + (1 − αn)Tk(n)
i(n) xn, ∀n ≥ 1. (2.4)

Now, we define a new modified general composite implicit iteration process as follows:

Definition 2.4. Let {T1,T2, . . . ,TN} be a family of asymptotically quasi-nonexpansive self mappings of C into itself
where C is a closed, convex subset of a real Banach space E with F = ∩N

i=1F(Ti) , ∅. Let x0 ∈ C be a given point, then
the iterative sequence {xn} defined by

xn = αnxn−1 + (1 − αn)Tk(n)
i(n) yn, ∀n ≥ 1

yn = anxn + bnxn−1 + cnTk(n)
i(n) xn + dnTk(n)

i(n) xn−1, ∀n ≥ 1 (2.5)

where {αn}, {an}, {bn}, {cn}, {dn} ∈ [0, 1], an + bn + cn + dn = 1 and n = (k − 1)N + i, where i = i(n) ∈ {1, 2, . . . ,N},
k = k(n) ≥ 1 is a positive integer and k(n)→∞ as n→∞.

Remark 2.5. By proper selection of the sequences {an}, {bn}, {cn} and {dn} it can be seen that the modified Mann
iteration scheme, modified Ishikawa iteration scheme, and modified implicit iteration process can easily be obtained
from (2.5).

In the sequel we need the following lemmas to prove our main results.

Lemma 2.6. (see [18]) Let {an}, {bn} and {δn} be sequences of nonnegative real numbers satisfying the inequality

an+1 ≤ (1 + δn)an + bn, n ≥ 1.

If
∑∞

n=1 δn < ∞ and
∑∞

n=1 bn < ∞, then limn→∞ an exists. In particular, if {an} has a subsequence converging to zero,
then limn→∞ an = 0.

Lemma 2.7. (Schu [15]) Let E be a uniformly convex Banach space and 0 < a ≤ tn ≤ b < 1 for all n ≥ 1. Suppose that
{xn} and {yn} are sequences in E satisfying lim supn→∞ ‖xn‖ ≤ r, lim supn→∞

∥∥∥yn

∥∥∥ ≤ r, limn→∞
∥∥∥tnxn + (1 − tn)yn

∥∥∥ =

r, for some r ≥ 0. Then limn→∞
∥∥∥xn − yn

∥∥∥ = 0.
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3. Main Results

Theorem 3.1. Let E be a real uniformly convex Banach space, C be a nonempty closed convex subset of E. Let
{Ti}Ni=1 : C → C be N uniformly L-Lipschitzian asymptotically quasi-nonexpansive mappings with sequences {h(i)

n },
1 ≤ i ≤ N satisfying

∑∞
n=1(hn − 1) < ∞, where hn = max{h(1)

n , h
(2)
n , . . . , h

(N)
n }. Let F = ∩N

i=1F(Ti) , ∅. Let {xn} be the
sequence defined by (2.5), where {αn} be a sequence of real numbers in (ρ, 1 − ρ) for some ρ ∈ (0, 1). Then,

(a) limn→∞
∥∥∥xn − p

∥∥∥ exists for all p ∈ F .

(b) limn→∞ d(xn,F ) exists, where d(xn,F ) = infp∈F
∥∥∥xn − p

∥∥∥.

(c) limn→∞ ‖xn − Tlxn‖ = 0, for all 1 ≤ l ≤ N.

Proof. Let p ∈ F . Using (2.5), we have

∥∥∥yn − p
∥∥∥ =

∥∥∥∥anxn + bnxn−1 + cnTk(n)
i(n) xn + dnTk(n)

i(n) xn−1 − p
∥∥∥∥

≤ an

∥∥∥xn − p
∥∥∥ + bn

∥∥∥xn−1 − p
∥∥∥ + cn

∥∥∥∥Tk(n)
i(n) xn − p

∥∥∥∥
+dn

∥∥∥∥Tk(n)
i(n) xn−1 − p

∥∥∥∥
≤ (an + cnhk(n))

∥∥∥xn − p
∥∥∥ + (bn + dnhk(n))

∥∥∥xn−1 − p
∥∥∥ . (3.1)

Using (2.5) and (3.1), we have

∥∥∥xn − p
∥∥∥ =

∥∥∥∥αnxn−1 + (1 − αn)Tk(n)
i(n) yn − p

∥∥∥∥
≤ αn

∥∥∥xn−1 − p
∥∥∥ + (1 − αn)

∥∥∥∥Tk(n)
i(n) yn − p

∥∥∥∥
≤ αn

∥∥∥xn−1 − p
∥∥∥ + (1 − αn)hk(n)

∥∥∥yn − p
∥∥∥

≤ αn

∥∥∥xn−1 − p
∥∥∥ + (1 − αn)hk(n)

[
(an + cnhk(n))

×
∥∥∥xn − p

∥∥∥ + (bn + dnhk(n))
∥∥∥xn−1 − p

∥∥∥
]

=
[
αn + (1 − αn)hk(n)(bn + dnhk(n))

] ∥∥∥xn−1 − p
∥∥∥

+(1 − αn)hk(n)(an + cnhk(n))
∥∥∥xn − p

∥∥∥
≤

[
αn + (1 − αn)(1 + θn)(bn + dn(1 + θn))

] ∥∥∥xn−1 − p
∥∥∥

+(1 − αn)(1 + θn)(an + cn(1 + θn))
∥∥∥xn − p

∥∥∥ (3.2)

where hk(n) − 1 = θn, k(n) ≥ 1.
Now, we have

αn + (1 − αn)(1 + θn)(bn + dn(1 + θn)) ≤ αn + (1 − αn + θn)
×(bn + dn + dnθn)

≤ αn + (1 − αn + θn)(1 + θn)
≤ αn + 1 − αn + 2θn − αnθn + θ2

n

≤ 1 + tn (3.3)
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and

(1 − αn)(1 + θn)(an + cn(1 + θn)) ≤ (1 − αn + θn)
×(an + cn + c − nθn)

≤ (1 − αn + θn)(1 + θn)
≤ 1 − αn + 2θn − αnθn + θ2

n

≤ 1 − αn + tn, (3.4)

where tn = 2θn − αnθn + θ2
n.

Substituting (3.3) and (3.4) in (3.2), we have
∥∥∥xn − p

∥∥∥ ≤ (1 + tn)
∥∥∥xn−1 − p

∥∥∥ + (1 − αn + tn)
∥∥∥xn − p

∥∥∥

≤ 1 + tn

αn

∥∥∥xn−1 − p
∥∥∥ +

tn

αn

∥∥∥xn − p
∥∥∥

≤ 1 + tn

1 − ρ
∥∥∥xn−1 − p

∥∥∥ +
tn

1 − ρ
∥∥∥xn − p

∥∥∥

≤ 1 + tn

1 − ρ − tn

∥∥∥xn−1 − p
∥∥∥

≤
(
1 +

2tn + ρ

1 − ρ − tn

) ∥∥∥xn−1 − p
∥∥∥ . (3.5)

Since, by assumption,

∞∑

n=1

θn =

∞∑

n=1

(hk(n) − 1) < ∞,

we have

∞∑

n=1

tn < ∞.

Thus tn → 0 as n→∞. Therefore there exists a positive integer n0 such that tn ≤ (1 − ρ)/2 for all n ≥ n0.

It follows from (3.5) that

∥∥∥xn − p
∥∥∥ ≤

[
1 +

2(2tn + ρ)
1 − ρ

] ∥∥∥xn−1 − p
∥∥∥

= (1 + δn)
∥∥∥xn−1 − p

∥∥∥ , (3.6)

where δn = 2(2tn + ρ)/(1 − ρ).

Taking infimum over all p ∈ F , we have

d(xn,F ) ≤ (1 + δn)d(xn−1,F ). (3.7)

It follows from Lemma 2.6 that

lim
n→∞

∥∥∥xn − p
∥∥∥ and lim

n→∞
d(xn,F ) exist.



G.S.Saluja / FAAC 4:2 (2012), 49–60 54

Without loss of generality, we can assume that

lim
n→∞

∥∥∥xn − p
∥∥∥ = r, (3.8)

where r ≥ 0 is some number. Since
{ ∥∥∥xn − p

∥∥∥
}

is a convergent sequence and so {xn} is a bounded sequence
in C.

It follows from (3.1) and (3.8) that

lim
n→∞

∥∥∥yn − p
∥∥∥ ≤ r,

which further gives that

lim sup
n→∞

∥∥∥∥Tk(n)
i(n) yn − p

∥∥∥∥ ≤ lim sup
n→∞

hk(n)

∥∥∥yn − p
∥∥∥

≤ r. (3.9)

Also from (2.5), we have

lim
n→∞

∥∥∥∥αn(xn−1 − p) + (1 − αn)(Tk(n)
i(n) yn − p)

∥∥∥∥ = lim
n→∞

∥∥∥xn − p
∥∥∥ = r. (3.10)

Lemma 2.7 and (3.8) - (3.10) imply that

lim
n→∞

∥∥∥∥Tk(n)
i(n) yn − xn−1

∥∥∥∥ = 0. (3.11)

Again from (2.5) and (3.11), we have

lim
n→∞
‖xn − xn−1‖ ≤ lim

n→∞
(1 − αn)

∥∥∥∥Tk(n)
i(n) yn − xn−1

∥∥∥∥ = 0. (3.12)

and thus

lim
n→∞

∥∥∥xn − xn+ j

∥∥∥ = 0, ∀ j = 1, 2, . . . ,N. (3.13)

On the other hand, from (3.11) and (3.12), we have

lim
n→∞

∥∥∥∥xn − Tk(n)
i(n) yn

∥∥∥∥ ≤ lim
n→∞

[
‖xn − xn−1‖

+
∥∥∥∥xn−1 − Tk(n)

i(n) yn

∥∥∥∥
]

= 0. (3.14)

Now,
∥∥∥∥Tk(n)

i(n) xn − xn

∥∥∥∥ ≤ ‖xn − xn−1‖ +
∥∥∥∥Tk(n)

i(n) yn − xn−1

∥∥∥∥
+

∥∥∥∥Tk(n)
i(n) yn − Tk(n)

i(n) xn

∥∥∥∥
≤ ‖xn − xn−1‖ +

∥∥∥∥Tk(n)
i(n) yn − xn−1

∥∥∥∥
+hk(n)

∥∥∥yn − xn

∥∥∥
≤ ‖xn − xn−1‖ +

∥∥∥∥Tk(n)
i(n) yn − xn−1

∥∥∥∥
+hk(n)[

∥∥∥yn − xn−1

∥∥∥ + ‖xn − xn−1‖]
= (2 + θn) ‖xn − xn−1‖ +

∥∥∥∥Tk(n)
i(n) yn − xn−1

∥∥∥∥
+(1 + θn)

∥∥∥yn − xn−1

∥∥∥ . (3.15)
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Again, by using (2.5), we have

‖yn − xn−1‖ =‖anxn + bnxn−1 + cnTk(n)
i(n) xn

+ dnTk(n)
i(n) xn−1 − xn−1‖

=‖anxn + cnTk(n)
i(n) xn + dnTk(n)

i(n) xn−1

− (1 − bn)xn−1‖
=‖anxn + cnTk(n)

i(n) xn + dnTk(n)
i(n) xn−1

− (an + cn + dn)xn−1‖
=‖cn

(
Tk(n)

i(n) xn − xn

)
+ dn

(
Tk(n)

i(n) xn−1 − xn

)

+ (an + cn + dn)(xn − xn−1)‖
≤cn‖Tk(n)

i(n) xn − xn‖ + dn‖Tk(n)
i(n) xn−1 − xn‖

+ (an + cn + dn)‖xn − xn−1‖
≤cn‖Tk(n)

i(n) xn − xn‖ + dn

[
‖Tk(n)

i(n) xn−1 − Tk(n)
i(n) xn‖

+ ‖Tk(n)
i(n) xn − xn‖

]
+ (an + cn + dn)‖xn − xn−1‖

≤(cn + dn)‖Tk(n)
i(n) xn − xn‖ + dn(1 + θn) ‖xn−1 − xn‖

+ (an + cn + dn)‖xn − xn−1‖
≤(cn + dn)‖Tk(n)

i(n) xn − xn‖ + (an + cn + dn(2 + θn))‖xn − xn−1‖
≤(cn + dn)‖Tk(n)

i(n) xn − xn‖ + (1 − bn + dn + dnθn)‖xn − xn−1‖. (3.16)

Substituting (3.16) into (3.15), we get
∥∥∥∥Tk(n)

i(n) xn − xn

∥∥∥∥ ≤ (2 + θn) ‖xn − xn−1‖ +
∥∥∥∥Tk(n)

i(n) yn − xn−1

∥∥∥∥
+(1 + θn)

[
(cn + dn)

∥∥∥∥Tk(n)
i(n) xn − xn

∥∥∥∥
+(1 − bn + dn + dnθn) ‖xn − xn−1‖

]

≤ (3 + dn + dntn + 2θn) ‖xn − xn−1‖ +
∥∥∥∥Tk(n)

i(n) yn − xn−1

∥∥∥∥
+(1 + θn)(cn + dn)

∥∥∥∥Tk(n)
i(n) xn − xn

∥∥∥∥ .
(3.17)

Since cn + dn ≤ b < 1, the above inequality becomes

[1 − (1 + θn)b]
∥∥∥∥Tk(n)

i(n) xn − xn

∥∥∥∥ ≤ (3 + dn + dntn + 2θn) ‖xn − xn−1‖

+
∥∥∥∥Tk(n)

i(n) yn − xn−1

∥∥∥∥ . (3.18)

From (3.11), (3.13) and (3.18), we have

lim
n→∞

∥∥∥∥Tk(n)
i(n) xn − xn

∥∥∥∥ = 0. (3.19)

Since {Tl : 1 ≤ l ≤ N} is uniformly L-Lipschitzian. Also since any positive integer n > N can be written as
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n = (k(n) − 1)N + i(n), i(n) ∈ {1, 2, . . . ,N}, we have

‖xn−1 − Tnxn‖ ≤
∥∥∥∥xn−1 − Tk(n)

i(n) yn

∥∥∥∥ +
∥∥∥∥Tk(n)

i(n) yn − Tnxn

∥∥∥∥
≤ Dn + L

∥∥∥∥Tk(n)−1
i(n) yn − xn

∥∥∥∥
≤ Dn + L

[ ∥∥∥∥Tk(n)−1
i(n) yn − xn−1

∥∥∥∥ + ‖xn−1 − xn‖
]

(3.20)

where Dn =
∥∥∥∥xn−1 − Tk(n)

i(n) yn

∥∥∥∥.

From (3.11) we have Dn → 0 as n→∞. Again
∥∥∥∥Tk(n)−1

i(n) yn − xn−1

∥∥∥∥ ≤
∥∥∥∥Tk(n)−1

i(n) yn − Tk(n)−1
i(n−N)xn−N

∥∥∥∥
+

∥∥∥∥Tk(n)−1
i(n−N)xn−N − Tk(n)−1

i(n−N)yn−N

∥∥∥∥
+

∥∥∥∥Tk(n)−1
i(n−N)yn−N − x(n−N)−1

∥∥∥∥
+

∥∥∥x(n−N)−1 − xn

∥∥∥ . (3.21)

Since for each n > N, n = (n −N)(mod N), and n = (k(n) − 1) + i(n), we have n −N = (k(n − 1) − 1)N + i(n) =
(k(n −N) − 1)N + i(n −N), that is, k(n −N) = k(n) − 1 and i(n −N) = i(n). Therefore from (3.21), we have

∥∥∥∥Tk(n)−1
i(n) yn − xn−1

∥∥∥∥ ≤
∥∥∥∥Tk(n)−1

i(n) yn − Tk(n)−1
i(n) xn−N

∥∥∥∥
+

∥∥∥∥Tk(n)−1
i(n−N)xn−N − Tk(n)−1

i(n−N)yn−N

∥∥∥∥
+

∥∥∥∥Tk(n)−1
i(n−N)yn−N − x(n−N)−1

∥∥∥∥
+

∥∥∥x(n−N)−1 − xn

∥∥∥
≤ L

∥∥∥yn − xn−N

∥∥∥ + L
∥∥∥xn−N − yn−N

∥∥∥
+Dn−N +

∥∥∥x(n−N)−1 − xn

∥∥∥ . (3.22)

By (3.20), (3.21) and (3.22), we have

‖xn−1 − Tnxn‖ ≤ Dn + L2(
∥∥∥yn − xn−N

∥∥∥ +
∥∥∥xn−N − yn−N

∥∥∥)

+L(Dn−N +
∥∥∥x(n−N)−1 − xn

∥∥∥ + ‖xn − xn−1‖)
≤ Dn + L2(

∥∥∥yn − xn

∥∥∥ + ‖xn − xn−N‖ +
∥∥∥xn−N − yn−N

∥∥∥)

+L(Dn−N +
∥∥∥x(n−N)−1 − xn

∥∥∥ + ‖xn − xn−1‖)
→ 0 as n→∞. (3.23)

It follows from (3.13) and (3.23) that

lim
n→∞
‖xn − Tnxn‖ ≤ lim

n→∞
[‖xn − xn−1‖ + ‖xn−1 − Tnxn‖]

= 0. (3.24)

Consequently, for any l = 1, 2, . . . ,N, from (3.13) and (3.23), we have

lim
n→∞
‖xn − Tn+lxn‖ ≤ ‖xn − xn+l‖ + ‖xn+l − Tn+lxn+l‖

+ ‖Tn+lxn+l − Tn+lxn‖
≤ (1 + L) ‖xn − xn+l‖ + ‖xn+l − Tn+lxn+l‖
→ 0 as n→∞, (3.25)
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which implies that

lim
n→∞
‖xn − Tn+lxn‖ = 0 for all l = 1, 2, . . . ,N.

Since for each l = 1, 2, . . . ,N,
{
‖xn − Tn+lxn‖

}
is a subset of

⋃N
l=1

{
‖xn − Tn+lxn‖

}
, we have

lim
n→∞
‖xn − Tlxn‖ = 0,

for all l = 1, 2, . . . ,N. This completes the proof.

Next, we prove necessary and sufficient conditions for the strong convergence of the iteration process
(2.5) to a common fixed point of a finite family of asymptotically quasi-nonexpansive mappings.

Theorem 3.2. Let E be a real uniformly convex Banach space, C be a nonempty closed convex subset of E. Let
{Ti}Ni=1 : C → C be N asymptotically quasi-nonexpansive mappings with sequences {h(i)

n }, 1 ≤ i ≤ N satisfying∑∞
n=1(hn − 1) < ∞, where hn = max{h(1)

n , h
(2)
n , . . . , h

(N)
n }. Let F = ∩N

i=1F(Ti) , ∅. Let {xn} be the sequence defined by
(2.5), where {αn} be a sequence of real numbers in (ρ, 1 − ρ) for some ρ ∈ (0, 1). Then the sequence {xn} converges to
a common fixed point of the mappings {T1,T2, . . . ,TN} if and only if lim infn→∞ d(xn,F ) = 0.

Proof. If for some p ∈ F , limn→∞
∥∥∥xn − p

∥∥∥ = 0, then obviously lim infn→∞ d(xn,F ) = 0.

Conversely, suppose lim infn→∞ d(xn,F ) = 0, then we have limn→∞ d(xn,F ) = 0. Thus for any given
ε > 0 there exists a positive integer N1 such that for n ≥ N1, d(xn,F ) < ε/4.

Since limn→∞
∥∥∥xn − p

∥∥∥ exists for all p ∈ F , we have
∥∥∥xn − p

∥∥∥ < K, for all n ≥ 1 and some positive number K.

Further
∑∞

n=1 δn < ∞ implies that there exists a positive integer N2 such that
∑∞

j=n δ j < ε/(4K) for all
n ≥ N2. Let N = max{N1,N2}. It follows from (3.6), that

∥∥∥xn − p
∥∥∥ ≤

∥∥∥xn−1 − p
∥∥∥ + Kδn.

Now, for each m,n ≥ N, we have

‖xn − xm‖ ≤
∥∥∥xn − p

∥∥∥ +
∥∥∥xm − p

∥∥∥

≤
∥∥∥xN − p

∥∥∥ + K
n∑

j=N+1

δ j +
∥∥∥xN − p

∥∥∥

+K
n∑

j=N+1

δ j

= 2
∥∥∥xN − p

∥∥∥ + 2K
n∑

j=N+1

δ j

< 2.
ε
4

+ 2K.
ε

4K
= ε.

This implies that {xn} is a Cauchy sequence in C. Thus, the completeness of E implies that {xn} must be
convergent. Assume that limn→∞ xn = p∗. Now, we have to show that p∗ is a common fixed point of the
mappings {Ti : i = 1, 2, . . . ,N}. Indeed, we know that the set F = ∩N

i=1F(Ti) is closed. From the continuity of
d(x,F ) = 0 with limn→∞ d(xn,F ) = 0 and limn→∞ xn = p∗, we get d(p∗,F ) = 0, and so p∗ ∈ F , that is, p∗ is a
common fixed point of the mappings {T1,T2, . . . ,TN}. This completes the proof.
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Remark 3.3. Theorem 3.2 extends and improves the corresponding result of [3, 7, 8, 11, 17] and many others to
the case of more general class of nonexpansive, quasi-nonexpansive and asymptotically nonexpansive mapping and
general composite implicit iteration process for a finite family of mappings considered in this paper and no boundedness
condition imposed on C.

Recall that the following:

A mapping T : C → C where C is a subset of a Banach space E with F(T) , ∅ is said to satisfy condition
(A) [16] if there exists a nondecreasing function f : [0,∞) → [0,∞) with f (0) = 0, f (r) > 0 for all r ∈ (0,∞)
such that for all x ∈ C, ‖x − Tx‖ ≥ f (d(x,F(T))), where d(x,F(T)) = inf

{ ∥∥∥x − p
∥∥∥ : p ∈ F(T)

}
.

A family {Ti}Ni=1 of N self-mappings of C with F = ∩N
i=1F(Ti) , ∅ is said to satisfy

(1) condition (B) on C ([2]) if there is a nondecreasing function f : [0, 1]→ [0, 1] with f (0) = 0, f (r) > 0 for
all r ∈ (0,∞) and all x ∈ C such that max1≤l≤N

{
‖x − Tlx‖

}
≥ f (d(x,F ));

(2) condition (C) on C ([1]) if there is a nondecreasing function f : [0, 1] → [0, 1] with f (0) = 0, f (r) > 0
for all r ∈ (0,∞) and all x ∈ C such that ‖x − Tlx‖ ≥ f (d(x,F )), for at least one Tl, l = 1, 2, . . . ,N; or in other
words at least one of the T′l s satisfies condition(A).

Condition (B) reduces to condition (A) when all but one of the T′i s are identities. Also conditions (B) and
(C) are equivalent (see [1]).

Senter and Dotson [16] established a relation between condition (A) and demicompactness. They actually
showed that the condition (A) is weaker than demicompactness for a nonexpansive mapping.

Every compact operator is demicompact. Since every completely continuous mapping T : C → C is
continuous and demicompact, so it satisfies condition (A).

Therefore to study strong convergence of {xn} defined by (2.5) we use condition (C) instead of the com-
plete continuity of the mappings T1,T2, . . . ,TN.

Theorem 3.4. Let E be a real uniformly convex Banach space, C be a nonempty closed convex subset of E. Let
{Ti}Ni=1 : C → C be N uniformly L-Lipschitzian asymptotically quasi-nonexpansive mappings as in Theorem 3.1 and
satisfying condition (C), {αn} be a sequence as in Theorem 3.1. Let F = ∩N

i=1F(Ti) , ∅. Then the sequence {xn}
defined by (2.5), converges to a common fixed point of the mappings {T1,T2, . . . ,TN}.

Proof. By Theorem 3.1, we know that limn→∞
∥∥∥xn − p

∥∥∥ and limn→∞ d(xn,F ) exist. Let one of T′i s, say Tu,
u ∈ {1, 2, . . . ,N} satisfy condition (A), also by Theorem 3.1, we have limn→∞ ‖xn − Tuxn‖ = 0, so we
have limn→∞ f (d(xn,F )) = 0. By the property of f and the fact that limn→∞ d(xn,F ) exists, we have
limn→∞ d(xn,F ) = 0. By Theorem 3.2, we obtain {xn} converges strongly to a common fixed point in F . This
completes the proof.

Remark 3.5. (1) Theorem 3.4 extends and improves the corresponding result of [6, 12–14, 19] and many others to
the case of more general class of nonexpansive, quasi-nonexpansive and asymptotically nonexpansive mapping and
general composite implicit iteration process for a finite family of mappings considered in this paper and no boundedness
condition imposed on C.

(2) Theorem 3.4 also extends and improves the corresponding result of [17] to the case of general composite implicit
iteration process for a finite family of mappings considered in this paper and no boundedness condition imposed on C.
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(3) Theorem 3.4 also extends and improves the corresponding result of [1] to the case of more general class of
asymptotically nonexpansive mapping and general composite implicit iteration process for a finite family of mappings
considered in this paper.

For our next result, we shall need the following definition:

Definition 3.6. Let C be a nonempty closed subset of a Banach space E. A mapping T : C −→ C is said to be
semi-compact, if for any bounded sequence {xn} in C such that limn→∞ ‖xn − Txn‖ = 0 there exists a subsequence
{xni } ⊂ {xn} such that limi→∞ xni = x ∈ C.

Theorem 3.7. Let E be a real uniformly convex Banach space, C be a nonempty closed convex subset of E. Let
{Ti}Ni=1 : C → C be N uniformly L-Lipschitzian asymptotically quasi-nonexpansive mappings as in Theorem 3.1
such that one of the mappings in {T1,T2, . . . ,TN} is semi-compact, {αn} be a sequence as in Theorem 3.1. Let
F = ∩N

i=1F(Ti) , ∅. Then the sequence {xn} defined by (2.5), converges to a common fixed point of the mappings
{T1,T2, . . . ,TN}.

Proof. Suppose that Ti0 is semi-compact for some i0 ∈ {1, 2, . . . ,N}. By Theorem 3.1, we have limn→∞
∥∥∥xn − Ti0 xn

∥∥∥
= 0. So there exists a subsequence {xn j } of {xn} such that limn j→∞ xn j = p ∈ C. Now again by Theorem 3.1 we
have

lim
n j→∞

∥∥∥xn j − Tlxn j

∥∥∥ = 0,

for all l ∈ {1, 2, . . . ,N}. So
∥∥∥p − Tlp

∥∥∥ = 0 for all l ∈ {1, 2, . . . ,N}. This implies that p ∈ F , also lim infn→∞ d(xn,F )
= 0. By Theorem 3.2, we obtain {xn} converges strongly to a common fixed point in F . This completes the
proof.

Remark 3.8. Theorem 3.7 extends and improves the corresponding result of [10, 15] to the case of more general
class of asymptotically nonexpansive mapping and general composite implicit iteration process for a finite family of
mappings considered in this paper and no boundedness condition imposed on C.
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