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Strong convergence of composite implicit iteration process for
asymptotically quasi-nonexpansive mappings
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?Department of Mathematics and Information Technology,
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Abstract. In this paper, we give a necessary and sufficient condition for strong convergence of general
composite implicit iteration process to a common fixed point for a finite family of asymptotically quasi-
nonexpansive mappings in the framework of Banach spaces. Also we establish some strong convergence

theorems by using condition (E) and semi-compactness in the framework of uniformly convex Banach
spaces.

1. Introduction

Let C be a nonempty subset of a real Banach space E. Let T: C — C be a mapping. We use F(T) to denote
the set of fixed points of T, that is, F(T) = {x € C : Tx = x}. Recall that a mapping T: C — C is said to be:

(1) asymptotically nonexpansive if there exists a sequence {h,} C [1, o) with lim,_,« #, = 1 such that
||T”x - T"y” < hy ||x - y” (1.1)

forallx,y€ Candn > 1.

(2) asymptotically quasi-nonexpansive if F(T) # 0 and there exists a sequence {h,} C [1,00) with
lim,,— 1, = 1 such that

[T =l < halx = (12)
forallxe C,pe F(T)and n > 1.

The class of asymptotically nonexpansive mappings which is an important generalization of that of
nonexpansive mappings was introduced by Goebel and Kirk [4] who proved that every asymptotically
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nonexpansive self-mapping of nonempty closed bounded and convex subset of a uniformly convex Banach
space has fixed point. In 1973, Petryshyn and Williamson [11] gave necessary and sufficient conditions for
Mann iterative sequence [9] to converge to fixed points of quasi-nonexpansive mappings. In 1997, Ghosh
and Debnath [3] extended the results of Petryshyn and Williamson [11] and gave necessary and sufficient
conditions for Ishikawa [5] iterative sequence to converge to fixed points for quasi-nonexpansive mappings.

Liu [8] extended the results of [3, 11] and gave necessary and sufficient conditions for Ishikawa iterative
sequence with errors to converge to fixed point of asymptotically quasi-nonexpansive mappings.

In 2001, Xu and Ori [20] have introduced an implicit iteration process for a finite family of nonexpansive
mappings in a Hilbert space H. Let C be a nonempty subset of H. Let Ty, T», ..., Ty be self-mappings of
C and suppose that F = 11-\271 F(T;) # 0, the set of common fixed points of T;,i = 1,2,...,N. An implicit
iteration process for a finite family of nonexpansive mappings is defined as follows, with {¢,} a real sequence
in (0,1), xo € C:

x1 = txo+(1—t)Tx,

X = tx;+(1—1)Thx,

N = tnan-r + (1= t)Tnxn,
ane1 = tveaw + (1= tne) Tixwe,

which can be written in the following compact form:

Xy taxp1 + (1 —t)Tpx,, n>1 (1.3)

where Ty = Tk mod N (Here the mod N function takes values in {1,2,...,N}). And they proved the weak
convergence of the process (1.3).

The aim of this paper is to propose modified general composite implicit iteration process and to prove
necessary and sufficient conditions for strong convergence of the iteration process to a common fixed point
of a finite family of asymptotically quasi-nonexpansive mappings.

2. Preliminaries

Let Cbe a closed convex subset of a real Banach space E. Let T: C — C be a mapping.

Definition 2.1. The modified Mann iteration scheme {x,} is defined by

x1 €C,

X1 = (A —ap)x,+a,T"x,, n>1 (2.1)
where {a,) is a suitable sequence in [0, 1].
Definition 2.2. The modified Ishikawa iteration scheme {x,} is defined by

Yn (1 =Bu)xn +BuT"xy, n>1
Xpe1 = (L=an)xy +ay Ty, n21 (2.2)

where {a,} and {B,} are some suitable sequences in [0, 1].
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Definition 2.3. Let {T1, Ty, ..., Tn} be a family of asymptotically quasi-nonexpansive self mappings of C into itself.
Let F = ﬂﬁlF(Ti) # 0 is the set of all fixed points of T; for eachi € {1,2,...,N}. Let {a,} a real sequence in (0,1)
and xo € C, then the iterative sequence {x,} defined by

x1 = aixp+ (1 —a)Thixy,
X2 = aoxy + (1 —ap)Taxy,
xn = anxn-1+ (1 —an)Tnxn,
xne1 = anaxn + (1= ang) Tiana, (2.3)
2
xon = aonXon-1 + (1 — aon) TXon,
X1 = aaneaXon + (1 — aonen) Tyxonaa,

is called the modified implicit iteration process for a finite family of asymptotically quasi-nonexpansive mappings
{Th, T, ..., Tn}

Since each 11 > 1 can be written as n = (k — 1)N + i, where i = i(n) € {1,2,...,N}, k = k(n) > 1 is a positive
integer and k(1) — oo as n — oo. Hence the above iteration process can be written in the following compact
form:

Xi = apxpo +(1— an)TZ.cg))xn, Vi > 1. (2.4)

Now, we define a new modified general composite implicit iteration process as follows:

Definition 2.4. Let {T1, Ty, ..., Tn} be a family of asymptotically quasi-nonexpansive self mappings of C into itself
where C is a closed, convex subset of a real Banach space E with ¥ = NI F(T;) # 0. Let xo € C be a given point, then
the iterative sequence {x,} defined by

ki
Xp = apxp—1+ (1 - a,,)Ti((:))y,,, Vn>1

ApXy + byxp_1 + chi%)xn + dnTﬁ(:))xn_l, Yn>1 (2.5)

Yn

where {a,}, {a,}, {b,}, {c.}, {d,} € [0,1], a, + b, + ¢, +d,, = Land n = (k — 1)N + i, where i = i(n) € {1,2,...,N},
k = k(n) > 1 is a positive integer and k(n) — oo asn — oo.

Remark 2.5. By proper selection of the sequences {ay}, {b,}, {c,} and {d,} it can be seen that the modified Mann
iteration scheme, modified Ishikawa iteration scheme, and modified implicit iteration process can easily be obtained
from (2.5).

In the sequel we need the following lemmas to prove our main results.

Lemma 2.6. (see [18]) Let {ay,}, {b,} and {5,} be sequences of nonnegative real numbers satisfying the inequality
an+1 < (1 + 0p)an + by, n>1.

IfY o1 0n <00and Y, 4 by < oo, then lim,_,c ay exists. In particular, if {a,,} has a subsequence converging to zero,
then lim, . a, = 0.

Lemma 2.7. (Schu [15]) Let E be a uniformly convex Banach spaceand 0 <a < t, < b < 1foralln > 1. Suppose that
{xn} and {y,} are sequences in E satisfyinglimsup,,_, . ull < 7, limsup,,_, . ||yu|| < 7, imyoeo [t + (1 = ta)ya|| =
r, for some r > 0. Then limy e ||xn - yn“ =0.
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3. Main Results

Theorem 3.1. Let E be a real uniformly convex Banach space, C be a nonempty closed convex subset of E. Let

{T},: C = C be N uniformly L-Lipschitzian asymptotically quasi-nonexpansive mappings with sequences {1y,

1< i < N satisfying Yoy (, — 1) < oo, where hy, = max{h), 1, ..., k). Let & = NN F(T;) # 0. Let {x,} be the
sequence defined by (2.5), where {a,,} be a sequence of real numbers in (p, 1 — p) for some p € (0,1). Then,

(a) im0 Hx,, - p” exists forallp € F.

(b) limy, o d(x,, F) exists, where d(x,, ) = inf,er Hxn - pH

(c) im0 [lXy — Tix,l| = 0, forall 1 < I < N.

Proof. Letp € F. Using (2.5), we have

||yn - p” = ||auxn + byxu—1 + chﬁ%)xn + dnTﬁ%)xn_l - p”
< [lru = pll + bu s =+ e[ T~
+d, (| T ﬁ(n”))xn_l — p|
< (@n + clten) ||xn = p|| + B+ i) || a1 = p|| - (3.1)
Using (2.5) and (3.1), we have
e =pll = flowrus + (0 = @) Ty yu - p”
< ay ||xn_1 - p” +(1-ay) Tf.‘(%)yn - p”
< ay ”xn—l - P” + (]- - an)hk(n) ”yn - P”
< oy ||xn_1 - p” + (1 - an)hk(n)[(an + Cnhk(n))
X ”xn - P” + (bn + dnhk(n)) Hxn—l - PH]
= [an +(1- an)hk(n)(bn + dnhk(n))] ”xn—l - P”
+(1 = )y @n + Cultkn) || = |
< faw + (1= )@+ 00) (O + du(1 + 0,))] |Fus = p

+(1 = )1+ 0,)(@n + ca(1 + 6,) | — 7 (32)

where ) —1=0,, k(n)>1.
Now, we have

ay + (1= a,)(1+0,) (b, +d,(1+06,))

IA

ap+(1—a,+06,)

X, +d, +d,0,)

ap+(1-—a,+6,)1+6,)

an+1—an+29n—a”9n+6i

1+t, (3.3)

IAIN A



and

(1 = a,)A + 0y)(a, +c,(1 + 6,))
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< 1-a,+6,
X(a, + ¢, + ¢ —nby)
< (1-a,+06,)(1+0,)
< 1-a,+20,—a,0,+62
< 1—-a,+t,

where t, = 20, — a,0, + 0%

Substituting (3.3) and (3.4) in (3.2), we have

s =l

IN

IA

IA

IA

IA

(1+t,) Hxn 1= pH + (1 ay +ty) Hxn - pH
1+,

" tes =+ 2

1+t
T s = bl + 72 o=
1+t,
e -l
2t +p
(1+1—P )”xnl_p”

Since, by assumption,

[;?8
gk

(hk(n) - 1) < 00,

n=1 n=1
we have

(o]

E t, < oo

n=1

53

(3.4)

(3.5)

Thus t, — 0 as n — co. Therefore there exists a positive integer ng such that ¢, < (1 — p)/2 for all n > ny.

It follows from (3.5) that

[1 N (2t +p)

s =l

[ len-a =l

(1 +064) Hx,,_l -

where 6, = 2(2t, + p)/(1 - p).

Taking infimum over all p € ¥, we have
dx, F) < (A +06,)d(x,—1,5F).

It follows from Lemma 2.6 that

lim ||x,, p” and 11m d(x,, F) exist.

n—o0

(3.6)

(3.7)
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Without loss of generality, we can assume that

lim ||xn —p” =7,

n—o00

54

(3.8

where r > 0 is some number. Since { ||xn - p” } is a convergent sequence and so {x,} is a bounded sequence

in C.
It follows from (3.1) and (3.8) that
lim [|y, = pl| <7,

which further gives that

L

IA

lirr?_)s::p Py ||yn -Pp ”

n—oo

IA

T.

Also from (2.5), we have

lim |
n—o00

n—oo

Lemma 2.7 and (3.8) - (3.10) imply that

lim ”Tﬁ(:))yn - x’“” =0.

n—oo

Again from (2.5) and (3.11), we have

k(n) _
Ty = 0| = 0.

lim [|x; — xp—1]] < lm(1—ay)
n—00 n—o0 !

and thus
lim [Jx; = x| =0, Vj=1,2,...,N.

On the other hand, from (3.11) and (3.12), we have

. ki .
lim o, — i((,f))yn < ngo[nxn = X1l
ki
+ (X1 — Ti(%)yn ]
= 0.
Now,
ki ki
||T1-((n"))xn =l < It = Xl + | Ty = X
k(n) k(n)
|| Tigny Yn = Tigyy Xn
k(n)
< “xn - xn—l“ + Ti(n) yn - Xn-1
+hk(n) ”yn - xn”
ki
S “xn - xn—l” + Tl((:))]/n - xn—l

[y = x| + ltn = 20-111]
= @+ 00l = Xl + [Ty — 0|
+(1 + Gn) ”]/n - xn—lH .

an(xn—1 —p) + (1 — au)( ﬁ(:))yn —p)” = lim ||xn - P“ =T

3.9)

(3.10)

(3.11)

(3.12)

(3.13)

(3.14)

(3.15)
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Again, by using (2.5), we have

ki
”yn = Xp—1ll =llanxy + bpxy1 + ¢, T )

z(n
ki
+ dy T X1 =
=|lanx, + chl(n) Xp+dy, Tl(n) Xp-1
= (1 = bu)xpll

ki
=||ax, + chl, ), w +dy Tl(:))xn_l

- (an +Cp + dn)xn—ln

-l (T ) + (T2 )

+ (an +Cp + d )(xn — Xp— 1)”

k()
<l T, — ol + dITE)

+ (an +Cp + d )”xn - Xp— l”

ki k ki
<cull i, = xall + du[ITY 0 %01 = T, |

ki
FITE 0 = xll] + @ + €+ do)lln = X0

k(
<(en + d)ITig %0 = Xall + d(1+ 0,) 1651 =

+ (an + ¢ + dy)llxn — xp1ll

Xn-1 = Xnll

<(en + AT 3 = 2ll + (@ + o + dn(2 + 0,)) 10 = Xl

i(n)

<(en + AT 3 = 24ll + (1 = by + dy + dn0,) 10 = X1 I

i(n)

Substituting (3.16) into (3.15), we get

k(n)
HTM)

< @2+ 00) s = xpall + ”T((n))yn xn—l”

T,
1( )*

+(1 = by + dy + d404) Il — X1l

+(1+ 6,)] (e

_xn

IA

k(n)

+(1 + 6,)(cn Tion X

— x|

Since ¢, +d, < b < 1, the above inequality becomes

[1—(1+6,)b] ||Tk(()) _x,

i R
From (3.11), (3.13) and (3.18), we have

lim ”Tk(”

n—o0

=0.

(3 o + by +20,) [ = Xt |+ || Ty = 0|

< (B+d,+duty +26,)|xy — x4-1]|

55

(3.16)

(3.17)

(3.18)

(3.19)

Since {T; : 1 <] < N} is uniformly L-Lipschitzian. Also since any positive integer n > N can be written as
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n = (k(n) = 1)N + i(n), i(n) € {1,2,...,N}, we have

“xn—l - Tnxn” < Xp-1 — T,((;))yn ||T:(((:))]/n - n Xn
A
< D+ “Tk(") Ly, — x,,_1|| + Wt = xall ] (3.20)
where D,, = ||x,,_1 — Tz((:))y"

From (3.11) we have D, — 0 as n — 0. Again

k(n)1 k()1 K(n)—1
”Tz(n) Yn "‘"—1“ ”Tz(n) Yn = Tigu- N)x”—N”

n)—1 k(n)—
||Tzn N) Xn-N = TI(TL N)y” NH

+ ||T1 :)len N ~ X(-N)-1

| up-1 = x| (3.21)
Since for each n > N, n = (n — N)(mod N), and n = (k(n) — 1) + i(n), we have n — N = (k(n — 1) = 1)N + i(n) =
(k(n — N) —=1)N + i(n — N), that is, k(n — N) = k(n) — 1 and i(n — N) = i(n). Therefore from (3.21), we have

k()1 k()1 K(n)—1
HTM) V"‘x"‘lﬂ < HT«n) Yn = Ty x"‘NH

n)—1 k(n)—
”Tzn Nx” -N Tl(n N)y” NH

1
”TZ :)N Yn-N — X(n-N)-1

+ ||x(n—N)—1 - xn”
< L ||]/n - xn—N” +L ”xn—N - yn—NH
+Dyn + |[xn-ny-1 = |- (322)
By (3.20), (3.21) and (3.22), we have

-1 = Tuxull < Dy + L2(||yn = xuent|| + Jon-n = vuen|])
+L(Du + |[X1-ny-1 = | + [l = 201 )
< Dy + L2(||yn — x| + llxn = xumnill + ||xa—n = v )
+L(Dyn + |[Xr-ny-1 = 2| + Il = x1 )

— 0 as n— oo. (3.23)

It follows from (3.13) and (3.23) that

IA

ig?o [l = Trxnll &g?o[”xn = Xl + lIxp—1 = Txall]
= 0. (3.24)

Consequently, for any I =1,2,...,N, from (3.13) and (3.23), we have

lim “xn - n+lxn|| < “xn - xn+l“ + “xn+l - Tn+lxn+l||
n—oo
+ ||Tn+lxn+l - Tn+lxn“
< (1 + L) ”xn - xn+l|| + ||xn+l - Tn+lxn+l||

—0 as n— oo, (3.25)
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which implies that
lim ||x, — T,yx,]l =0 forall [=1,2,...,N.

Since foreachl=1,2,...,N, { [, — Thixnll } is a subset of Uﬁl { [y, — Thoixnll }, we have
lim [jx,, — Tyxy|l = 0,
n—oo

forall/ =1,2,...,N. This completes the proof. [J

Next, we prove necessary and sufficient conditions for the strong convergence of the iteration process
(2.5) to a common fixed point of a finite family of asymptotically quasi-nonexpansive mappings.

Theorem 3.2. Let E be a real uniformly convex Banach space, C be a nonempty closed convex subset of E. Let
{Ti}L,;: C — C be N asymptotically quasi-nonexpansive mappings with sequences W 1<i<N satisfying
Yoy (hy — 1) < oo, where hy, = max{h,(f),h,(f), .. .,h,(qN)}. Let ¥ = ﬂfilF(Ti) # 0. Let {x,} be the sequence defined by
(2.5), where {a,} be a sequence of real numbers in (p,1 — p) for some p € (0,1). Then the sequence {x,} converges to
a common fixed point of the mappings {T1, To, ..., Tn} if and only if liminf,_, d(x,, F) = 0.

Proof. If for some p € F, lim,, o0 ”xn - p” = 0, then obviously liminf, . d(x,, F) = 0.

Conversely, suppose liminf, . d(x,, ) = 0, then we have lim, . d(x,,¥) = 0. Thus for any given
& > 0 there exists a positive integer Ny such that for n > Ny, d(x,, F) < /4.

Since lim,;_, ||xn - p” exists forallp € ¥, we have ”xn - p” < K, foralln > 1 and some positive number K.

Further }.,”; 0, < oo implies that there exists a positive integer N, such that )72, 6; < ¢/(4K) for all
n = N;. Let N = max{Ni, N,}. It follows from (3.6), that

% = p|| < [[rar = p|| + Ko

Now, for each m,n > N, we have

b = xull < fen = ] + [ = 2]
n
< v =pll+ K Y 65+ by —pll
j=N+1
n
+K Z (3]‘
j=N+1
n
= 2||xN—p“+2K Z o
j=N+1
& &
< 21 + 2K4_K = €.

This implies that {x,} is a Cauchy sequence in C. Thus, the completeness of E implies that {x,} must be
convergent. Assume that lim,_,. x, = p*. Now, we have to show that p* is a common fixed point of the
mappings {T; :i=1,2,...,N}. Indeed, we know that the set ¥ = ﬂﬁ\i ,F(Ti) is closed. From the continuity of
d(x, ) = 0 with lim, e d(x,, F) = 0 and lim, . X, = p*, we get d(p*,F) = 0, and so p* € ¥, that is, p* is a
common fixed point of the mappings {T1, T>, ..., Tn}. This completes the proof. O
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Remark 3.3. Theorem 3.2 extends and improves the corresponding result of [3, 7, 8, 11, 17] and many others to
the case of more general class of nonexpansive, quasi-nonexpansive and asymptotically nonexpansive mapping and
general composite implicit iteration process for a finite family of mappings considered in this paper and no boundedness
condition imposed on C.

Recall that the following:

A mapping T: C — C where C is a subset of a Banach space E with F(T) # 0 is said to satisfy condition
(A) [16] if there exists a nondecreasing function f: [0, 00) — [0, c0) with f(0) = 0, f(r) > 0 for all r € (0, o)

such that for all x € C, ||lx — Txl| > f(d(x, F(T))), where d(x, F(T)) = inf { |}x - p| : p € F(T)}.
A family {Tj}¥, of N self-mappings of C with # = N F(T;) # 0 is said to satisfy

(1) condition (B) on C ([2]) if there is a nondecreasing function f: [0, 1] — [0,1] with f(0) =0, f(r) > O for
all 7 € (0, 0) and all x € C such that max;<<n { [lx — Tyx]| } > f(d(x, F));

(2) condition (C) on C ([1]) if there is a nondecreasing function f: [0,1] — [0, 1] with f(0) =0, f(r) > 0
for all r € (0, 00) and all x € C such that ||x — Tyx|| > f(d(x, F)), for at least one T;, [ = 1,2,...,N; or in other
words at least one of the Ts satisfies condition(A).

Condition (B) reduces to condition (A) when all but one of the T’s are identities. Also conditions (B) and
(C) are equivalent (see [1]).

Senter and Dotson [16] established a relation between condition (A) and demicompactness. They actually
showed that the condition (A) is weaker than demicompactness for a nonexpansive mapping.

Every compact operator is demicompact. Since every completely continuous mapping T: C — C is
continuous and demicompact, so it satisfies condition (A).

Therefore to study strong convergence of {x,} defined by (2.5) we use condition (C) instead of the com-
plete continuity of the mappings Ty, To, ..., Tn.

Theorem 3.4. Let E be a real uniformly convex Banach space, C be a nonempty closed convex subset of E. Let
{T}N,: C — Cbe N uniformly L-Lipschitzian asymptotically quasi-nonexpansive mappings as in Theorem 3.1 and

satisfying condition (C), {a,} be a sequence as in Theorem 3.1. Let F = NN F(T;) # 0. Then the sequence {x,}
defined by (2.5), converges to a common fixed point of the mappings {T1, T, ..., Tn}.

Proof. By Theorem 3.1, we know that lim, ||x,, - p” and lim, . d(x,, ) exist. Let one of T’s, say T,
u € {1,2,...,N} satisfy condition (A), also by Theorem 3.1, we have lim,_, |lx, — Tuxsll = 0, so we
have lim, . f(d(x,, ¥)) = 0. By the property of f and the fact that lim, .. d(x,, ¥) exists, we have
limy e d(x,, ) = 0. By Theorem 3.2, we obtain {x,} converges strongly to a common fixed point in #. This
completes the proof. [

Remark 3.5. (1) Theorem 3.4 extends and improves the corresponding result of [6, 12-14, 19] and many others to
the case of more general class of nonexpansive, quasi-nonexpansive and asymptotically nonexpansive mapping and
general composite implicit iteration process for a finite family of mappings considered in this paper and no boundedness
condition imposed on C.

(2) Theorem 3.4 also extends and improves the corresponding result of [17] to the case of general composite implicit
iteration process for a finite family of mappings considered in this paper and no boundedness condition imposed on C.
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(3) Theorem 3.4 also extends and improves the corresponding result of [1] to the case of more general class of
asymptotically nonexpansive mapping and general composite implicit iteration process for a finite family of mappings
considered in this paper.

For our next result, we shall need the following definition:

Definition 3.6. Let C be a nonempty closed subset of a Banach space E. A mapping T: C — C is said to be
semi-compact, if for any bounded sequence {x,} in C such that lim,_,e ||x, — Tx,l| = O there exists a subsequence
{xn,} C {x} such that lim;_,. x,, = x € C.

Theorem 3.7. Let E be a real uniformly convex Banach space, C be a nonempty closed convex subset of E. Let
{T}Y,: C — C be N uniformly L-Lipschitzian asymptotically quasi-nonexpansive mappings as in Theorem 3.1
such that one of the mappings in {T1,T,,...,Tn} is semi-compact, {a,} be a sequence as in Theorem 3.1. Let
{7’ =n¥ 1F(Ti)} # 0. Then the sequence {x,} defined by (2.5), converges to a common fixed point of the mappings
T1,To,..., TN}

Proof. Suppose that T}, is semi-compact forsomeiy € {1,2,...,N}. By Theorem 3.1, we havelim,_, Hxn - T xn”
= 0. So there exists a subsequence {x,} of {x,} such that lim,,,. x,;, = p € C. Now again by Theorem 3.1 we
have

lim Hx,,. - Tlx,,.” =0,
VII‘HOO ] /

foralll € {1,2,...,N}. So||p — Tjp|| = 0foralll € {1,2,...,N}. Thisimplies that p € ¥, also lim inf, o d(xs, F)
= 0. By Theorem 3.2, we obtain {x,} converges strongly to a common fixed point in ¥. This completes the
proof. O

Remark 3.8. Theorem 3.7 extends and improves the corresponding result of [10, 15] to the case of more general
class of asymptotically nonexpansive mapping and general composite implicit iteration process for a finite family of
mappings considered in this paper and no boundedness condition imposed on C.
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