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On the ¢!-direct sums of normed algebras with pointwise
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Abstract. Let T be a set and U, be a unital normed algebra for each y € I'. Here, we first show that any left
multiplier on {'~®,r,, is described by a function in £*~&,cr,. We then characterize compact and weakly
compact left multipliers on fl—ea),er‘zly in terms of functions in co— @, .

1. Introduction

Let I be a set and %, be a unital normed algebra for each y € I'. As usual, let £'~@&,r, be the space of
all functions f : I' — U, er %, with

Al =) IO < oo.

yer

Let also £*—®,r, denote the space of all functions f : I' — U)/Er A, with

Iflleo := sup [I[f(Y)II < 0.
el
For each ¢ € {®-&,r,, the linear operator Ay, : £'=@yer, — {'=&)rY,, defined by Ay(f) = ¢f for all
f € '-&,r¥,, is a left multiplier; that is, Ay (fg) = A(f) g for all £, g € £'—=&,r,; see [2] for details.

The remarkable fact on left multipliers on ¢!- ®,er?l,, is that there are no other examples. In fact, if u,, is
the unit of A, with [|u, || = 1and 67“,'" € fl—EB),er?I}, is the function defined by 6;”()/) = u, and 6;7’ = 0 otherwise,
then any left multiplier A : 51—@y€r91), — 51—69),615)17 is of the form Ay for the function ¢ € - 69)/51"917
defined by ¢(y) = A((S;?')()/) forall y € I'. Indeed, for each y €T,

lell = [lAGHO]| < Y Jae)@||
ael’
= IAG,)Ih < lIAIl-
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and so ||¢lle < [IAll. Also, for each function with finite support f € é’l—EByer‘ZIy, we have f =Y, 6
some V1, ,¥m €I and thus

m m
A(f) — Z A(éZ:;n 6{;?/”)) — Z A(é;ﬁ:n) 61;’(1%,),
n=1 n=1

whence A(f) = ¢f. This together with that A and A, are bounded on ¢'=&,r, and that functions with
finite support are norm dense in £'~®,r %, imply that A = A,,; see [6] for more details.

Recently, we have characterized compact multipliers on L!(Q, %), the space of all Bochner integrable
functions f from a locally compact Hausdorff space () to a nontrivial normed algebra U; see [1]. There
also has been considerable progress in the study of analysis on L!(Q, %), and several authors have studied
various aspects of the subject; see for example [3], [4], [5], [7], [8] [10] and [11]. Our purpose in this work is
to present the following characterization of compact and weakly compact left multipliers on ¢!—&,r2,,.

Theorem 1.1. Let I' be a set, A, be a unital normed algebra for each y € I and ¢ € {*=®,crU,,. Then the following
assertions are equivalent.

(a) ¢ € co—®yer?,.

(b) Ay is compact on £'—®,r,,.
(c) Ay is weakly compact on £'—@,r .

Here co—®,r?, denotes the closed subalgebra of {*—,r, consisting of all functions vanishing at
infinity.

2. The proof of Theorem 1.1

We first show that (a) implies (b). For this end, suppose that ¢ € co—®,r,. Then coz(p) :={y € I':
@(y) # 0} is a o—finite subset of I'; indeed, if we set F,, = {y € I': |lp(p)l| = 1/n} for all n > 1, then (F,) is an
increasing sequence of finite subsets in I' and coz(¢) = J,; F,. Moreover,

1
— — — I+?
||AX(}f’1 A(P” - ”AX?\F"” - “XF\F,,HOQ < n/

where for each E C T, x7 : T — U, U, is defined by x7(y) = ¢(y) for all y € E and x7(y) = 0 for all
y € I'\ E. Since AX? is a compact operator on é’l—@,,er?Iy for all n > 1, it follows that A,, is also compact.

That (b) implies (c) is trivial. To complete the proof, suppose that A, is weakly compact on ¢!~ &, er,.
Let ¥ be the family of all finite subsets in I" directed under upward inclusion. Suppose on the contrary that
@ & co—®,er,. Then we may find gy > 0 with “X?\F”oo > ¢ for all F € F; that is, there exists yr € '\ F such

that [p(yr)| > eo. Thus (69")rer is a net in £'~@,er A, bounded by [lplle, and there is fy € £'~®,er ¥, and a

r

subnet (yrg))pes of (Vr)rer such that

P(VF@p)
bVF(ﬁ) = fo

in the weak topology of €'~ ®,cr,. In particular, since |lp(yr@)ll # 0, it follows from the Hahn-Banach
theorem that there exists @4 € ‘ZI; such that

K@g, 9(yE@) ) = llp(yrg)ll and ||dg]| = 1.

The dual space of ¢! ®yer, is equal to é""’—@yer‘ll; with the duality

(W, f) =Y (P0) )

)/Er
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forall W e 5“—@761-91’)‘, and f € é’l—eayer‘ll}, ; see for example [2]. Define @ € f”—@yer?l;, by @(yr@) = P and
®(y) = 0 otherwise. Then @ € £*— GByer‘lI;, and therefore

<(D/f0>

. P(rrp)
lim (®,0,")

o P(rrg)
= lim ) (<@0),8,57'0))

yer
= 1i{£n (D(rrp), e(rrp))

= lim (P, p(ye))

and hence (@, fy )| = limg [lp(ye@p)ll = €o. It follows that fo(y) # 0 for some y € T and thus there is fy € B
such that yo € F(B) for all > Bo; in particular, yo # yrp) for all B > fy. Now, invoke the Hahn-Banach
theorem to conclude that there exists W, € ‘ZI;,O such that [(W,,, fo(0))l = llfo(yo)ll and [|¥,,|| = 1; see [9].
Define W, € £>— 69}@‘21; by Wo(yo) = ¥y, and Wy(y) = 0 for all y € T\ {yo}. Therefore

LGOI = KW, o))l = K Po(yo), folyo))
= 1) (W), fo) = K Wo, fo)l
yell
= lim K Wo, 8050 )) = lim 1Y (W), o5 ()

yel

lim (Wo(yo), 897 (yo))l = 0;
that is, fo(y0) = 0. This contradiction completes the proof. O
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