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Abstract. In this paper, we investigate the perturbation analysis of A(Tz)S when T, S and A have some small
perturbations on Hilbert spaces. We present the conditions that make the perturbation of A(TZ)S is stable. The
explicit representation for the perturbation of A(TZ)S and the perturbation bounds are also obtained.

1. Introduction

Let X, Y be Banach spaces and let B(X, Y) denotes the set of bounded linear operators from X to Y. For
an operator A € B(X, Y), let R(A) and N(A) denote the range and kernel of A, respectively. Let T be a closed
subspace of X and S be a closed subspace of Y. Recall that A(TZ)S is the unique operator G satisfying

GAG=G, R(G)=T, N(G)=S. (1.1)
It is known that (1.1) is equivalent to the following condition:
NA)NT={0}, AT+S=Y (1.2)

(cf. [5, 6]). It is well-known that the commonly five kinds of generalized inverse: the Moore-Penrose

inverse A*, the weighted Moore-Penrose inverse A}, the Drazin inverse A, the group inverse A* and the

Bott-Duffin inverse AES ) can be reduced to a A(Tz)s for certain choices of T and S.

The perturbation analysis of A(ng has been studied by several authors (see [12, 13], [16, 17]) when X and
Y are of finite-dimensional. A lot of results about the error bounds have been obtained. When X and Y are
of infinite—dimensional Banach spaces, the perturbation analysis of A(T2)s for small perturbation of T, S and
A has been done in [7].

In this paper, we assume that X and Y are all Hilbert spaces over the complex field C. Using the theory
of stable perturbation of generalized inverses established by G. Chen and Y. Xue in [2, 3], we will give the
upper bounds of IIA?,),S,II and IIA(TZ,),S, - A(T%)SII respectively for certain T’, S’ and A. The results in this paper
improve [14, Theorem 4.4.7].
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2. Preliminaries

Let H be a complex Hilbert space. Let V be a closed subspace of H. We denote by Py the orthogonal
projection of H onto V. Let M, N be two closed subspaces in H. Set

S(M,N) = sup{dist(x, N)|[x € M, |lx|| =1}, M # {0} ’
0 M = {0}

where dist(x, N) = inf{|lx - ||| y € N}. The gap 6(M, N) of M, N is given by 5(M, N) = max{6(M, N), 5(N, M)}.
For convenience, we list some properties about 6(M, N) and 5( M, N) which come from [9] as follows.

Proposition 2.1 ([9]). Let M, N be closed subspaces in a Hilbert space H.

(1) O(M,N) =0ifand only if M C N
(2) 8(M,N) = 0 ifand only if M = N
(3) (M, N) = 6(N, M)

(4) 0<6(M,N)<1,0<8MN)<1

~

(5) 6(M,N) = 1Py — Qnll-

Let A € B(X,Y). If there is C € B(Y, X) such that ACA = A and CAC = C, we call C is a generalized
inverse of A and is denoted by Af,. In this case, R(A) is closed in Y.
Recall that A is Moore-Penrose invertible, if there is B € B(Y, X) such that

ABA = A, BAB = B, (AB)* = AB, (BA)' = BA. 2.1)

The operator B in (2.1) is called the Moore-Penrose inverse of A and is denoted as A*. It is well-known that

A is Moore-Penrose invertible iff R(A) is closed in Y. Thus, A is Moore-Penrose invertible iff A%, exists.
Let A, 5A € B(X,Y) and put A = A+0A. Recall that A is the stable perturbation of A if R(A) NR(A)* = {0}.
The next lemma illustrates some equivalent conditions of the stable perturbation.

Lemma 2.2 ([8, 15]). Let A € B(X,Y) with R(A) closed and 5A € B(X,Y) with ||AT||ISA]| < 1. Put T = T + 8T.
(A) The following conditions are equivalent.

(1) R(A) NR(A)* = {0}
(2) N(A)* nN(A) = {0}
(3) R(A) is closed and Af, = A*(I + 6AA™)™ = (I + AT6A) A"

(B) If A is the stable perturbation of A, then R(A) is closed and

_ 1+5, -
AT = A™|| < T||A+||||A+||||(5A||-

IA*Il

L
W= A ian

Lemma 2.3. Let A € B(X,Y) with R(A) closed. If Z € B(Y, X) satisfies the conditions: AZA = A and ZAZ = Z,
then A* = PN(A)LZPR(A).

Proof. We can check that Pya): ZPg(a) satisfies the definition of the Moore-Penrose inverse of A. [ [
The following result is known when X, Y are all of finite-dimensional (cf. [1]).

Lemma 2.4. Let A € B(X,Y)and T Cc X,S C Y be closed subspaces. If A(TZL exists, then A(Tz)s = (Ps+APr)* with
R(AD)) =T and N(A®)) = s.
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Proof. The existence of A(TZ)S implies that N(A) N T = {0}, AT is closed and ¥ = AT+ S. LetP:Y — S
be the idempotent operator. Since R(P) = S and R(ly — P) = AT, it follows that PPs = Ps, PsP = P and
(Iy = P)AT = AT. Noting that

(Iy—P)(Iy—Ps)=Iy+PP5—Ps—P=Iy—P
(Iy = Ps)(Iy = P) =Iy = P = Ps + PsP = Iy — Ps,

we have
R(Iy = Ps) = (Iy = Ps)(R(Iy — P)) = (Iy — Ps)AT = Ps.: AT

and hence R(Ps: AP1) = R(Ps:) = St is closed.
Letx € T and Ps: Ax = 0. Then (Iy — P)Ax = Ax, Ax = PsAx and hence 0 = PAx = PPsAx = PsAx = Ax.
Since N(A) N T = {0}, we have x = 0 and consequently, N(Ps: APy) = T*. Therefore, (Ps. AP7)" exists and

R((Ps:APr)") = (N(Ps:APr))" = T (2.2)
N((Ps:APr)*) = (R(Ps:AP7))* = S. (2.3)

Since
(Ps:AP7)"Ps: = (Ps:APr)" = Pr(Ps:APr)",

by (2.2) and (2.3), it follows that
(Ps:APr)* = (Ps: AP1)"(Ps: APr)(Ps: APT)"
= (Ps:APr)"A(Ps. APr)*
and so that A(TZ)S = (Ps:APp)*. O

Lemma 2.5 ([10, Theorem 11,P1001). Let M be a complemented subspace of H. Let P € B(H) be an idempotent
. 1

operator with R(P) = M. Let M’ be a closed subspace of H satisfying 0(M, M") < ST Then M’ is complemented,

thatis, H= R(I - P) + M".

3. main result
We begin with the key lemma as follows.

Lemma3.1. Let A € B(X,Y). Let T ¢ X and S C Y be closed subspaces such that A(TZ)S exists. Let T’ be a closed

subspace of X such that §(T, T') < I Then

1
1+ |AINIAS)

IANAZIS(T, T')
1— (1 + AIASIDS(T, T)°

(AT, AT') <

Proof. First we show 6(AT, AT") < IAIAZLIS(T, T') < IAIALLIS(T, T).
Let x € T. Then x = A%, Ax and |Ix]| < [|A?,|Il|Ax||. For any y € T’, we have || Ax — Ay]| < [|Allllx - ylI. So

dist(Ax, AT') = inf ||Ax — Ayl < ||A|| inf ||x — y||
yeT” yeT’

= || Alldist(x, T') < IAllIX|I(T, T")
< IAINASIAXIS(T, T').
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This means that 5(AT, AT') < ||A||||A<2’ I6(T, T') < ||A||||A 18(T, T).
Next we show
IANASAIS(T, T')

- 1+ IANAZINS(T, T7)

S(AT’, AT) <

1
1+ AINIAZI
Forx’ € T" and x € T, we have

when (T, T’) <

IAX'|| = IAQ = x + 0| > |l Ax]| = | Allllx’ = xl]
> IAZ llxll = ATl — x|
> [JAZHI 1 = HAS Il = Il = ANl = ]
2 [IAZ 1 = (AL + AN = xlI,
Thus,
A + AN = xl| = AT ]| = A

and consequently,
AU Il = IAX 1< QAL + IAIDS(T, T),

that is,
IAZIAX > [1 = (1 + HAIAS ST, Tl (3.1)
Therefore,

dist(Ax’, AT) < ||Alldist(x’, T) < ||Allllx"|6(T", T)
IANAX IATLIS(T, T)
— (1 + 1ANAZIDS(T, T)

IAINASLIS(T, T") 1

1— 1+ |ANARINS(T, T Whené(T'T)<1 AllAL
(1 + AIAZ ST, T7) +IANAZI

The final assertion follows from above arguments. [J

ie., S(AT', AT) <

Proposition 3.2. Let A € B(X,Y)and T C X, S C Y be closed subspaces such that A(Tz)S exists. Let T be a closed

< ’ 1 @ H
subspace of X such that 0(T, T’) < s ||A||||A(2)5||)2 Then Ay, s exists and

(1) A(z) = Pr(Ix + A(z) Pt A(Pr — Pr))” 1A(TZ,LPSL

||A<2)||
@) 1IA7 < 5
1 AQNANS(T, T7)
1+ \/_ .
3) 1A = AT < ——IIAT S IATLIANS(T, T).

1

Proof. By (3.1), N(A) N T’ = {0} when &(T, T") < P E—
(1 +lAINAT gD
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LetP = AA(T?)S. Then P is idempotent from Y onto AT along S. By Lemma 3.1, we have

IAIASAIS(T, T) 1 1

S(AT,AT') < <
T+ IANAZDBE )~ 1+ ATy~ TP

1
(1+ IANATLD?
exists and A(T%),s = (Ps:APr)* by Lemma 2.4.
Set B = Ps.APt, B = B + PsiA(Pp — Pr) = PsiAPr. Then N(B*) = S and R(B) = ((N(B))* = S*. So
R(B) "N N(B*) = {0}, that is, B is the stable perturbation of B.
From Proposition 2.1 (5), we have

when §(T, T") < So AT’ is complemented and AT” + S = Y by Lemma 2.5. Therefore. A(Tz,) s

IB*Ps: A(Pr = Pr)ll < IAYIAINPr — Pl = IASHIANST, T') < 1.
Hence, by Lemma 2.2 and Lemma 2.3, we have
AS) o = B* = Py (I + B* P AP — Pr)) ™' B Py
= Pr(I + AS\Ps. A(Pr — Pp)) ' ADLPs.,
|I I|
7)) an
1- IIAT,SIIIIAII(S(T, T’)

IAD |l <

IAS) s — ASUI = IB* - B
1+ \/_

1+\/_
1+\/_

1A IASUNIPs: A(Pr- — P

1A SIASNAINIPL — Pr|

AL SIASNAIS(T, T).

This completes the proof. d
Similar to Proposition 3.2, we have

Proposition 3.3. Let A € B(X,Y) and let T ¢ X, S C Y be closed subspaces such that A(TZ)S exists. Let S’ C Y bea

- 1
closed subspace such that 0(S, S’) < G Then A(T)S exists and
2 +[|AlIAZI
(1) A%é, = PT(IX +A(2) (P(S L= PSL)APT)_lA%)SP(Sr)L.
||A‘2 I
2 TS
2) 1Azl <

1- 1AL AISES, §')
1+ \/_ (2)

5 IATLIIATAIIIAISS, ).

@) IIAT), - A < ——

Proof. Note that Q = Iy - AA(T,S is an idempotent operator from Y onto S along AT and

1 1

88,8 < < '
2+ ANAT, 1+ Iy = QI

SoY = AT + S’ by Lemma 2.5 and hence AT ¢ exists with A(TZ)S = (P4+APr)*. Using similar methods in the
proof of Proposition 3.2, we can get the results. [
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Now we present the main result of the paper as follows.
Theorem 3.4. Let A € B(X,Y) and let T, T" ¢ X, S, S" C Y be closed subspaces such that A(Tz)S exists and

1

— en A® _ exists and
(1+ ||A||||A<T}S||)2

max{d(T, T"),5(S, S')} < s

(1) AZ = Pr[lx + Pr( + AZPs: A(Py, = Pr) A% (Ps: Py — Ps:)APp |
X Pr.(Ix + AS\Ps: A(Pr — pT))-lA(T%;psts,L.
IAZ]
1— IASLIAIG(T, T) + 8(S,8)
1+ V5 IASHRIAIGT, T') + 5(S,8")
21— IARINAIG(T, T) + (S, $7)

@) IIAS Il <

@) IIAY), — AT <

Proof. 1f 5T, T < n by Proposition 3.2, A(TZ'),S exists and

—(2)2, the
(L + ANAS)

AD = Pr(I+ AQ\Psi A(Pr - Pr)) ' AS\Ps. (32)
Y

1ALl < < JIAZUIA + IAIIASAI) (33)

1- ||A<T%;||||A||6<T, T’)
1 1
2 < @
(1 + AIIATAD ~ 1+ ATIATI
Noting that ||A||||A(2S|| > [|AATY > 1 and

for (T, T') <

(1 + HAIASUD? = 2 + AIASIA + TAIASD > 2 + [ANAS I

by (3.3), we have
1 1

(1+ ||A||||A<2>S||>2 2+ IAINIAS) I
AL

and
— IADIAIS(ES, S)

55,8 <

2 | <

(2
Hence A s

7,8

exists with ||A

A(Z)

T = PT/(IX + A ) (P(S' L= PSJ.)APT/) lAg-z,)lsP(S/);

by Proposition 3.3. Thus we have

-1
AD = Pp|Ix + Pr (I + AL\ Ps. A(Pr — Pr)) ' AZY(Ps. Py — Ps.)APy |
X Pr (I + ASLPsi A(Pr = Pr)) ' AD, Ps. Py
by (3.2) and
)
1 A2
IAD Il <

X
S MR ass sy L IATHIAIST, T)
T-IATIANS(T, ") ’ '
0)
ALl

T IALLIANG(T, T) + 8(S, 7))
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Moreover,

AT, = ATl = IAT) s, = AD) + AD) = AZAI
<IIAT)g = AD S +1IAT) s - AT
1+\/_ , ,
< AL SMANIASL S 15(S, §') + IAZKIS(T, T'))

2)
1+\/§ IAC Al o o
< B AL 118(S,8") + IASLIS(T, T))
21— AZANST, ) '

_1+5 IASA A

21— ASNAIST, T')

o 1A% :
x (1AL T, T + —— ——§(5,5))
T IAAIGT, T) + 565,5)

14 V5 IATIPIAIGT, T) +6(5,5)
21— IAZNAIG(T, T) + (S, 87)

The proof is finished. [

Lemma3.5. Let A, A=A+E€B(X,Y)andlet T C X, S C Y be closed subspaces such that A(TZ?S exists. Suppose
that |APUNIEN < 1. Then
AD, = (Ix + AR ETAY) = AQ Iy + EAD) .

and o
2
1A% < IS %) - A% < IACHPIEN
(2 ’ )
1— AZIEN 1— ASIEN
Proof. 1f ||A(TZ,)S||||E || <1, then Ix + AQ) Eand Iy + EA(Z) are invertible.
Since (Ix + AQLE)ATY = ATL(Iy + EAY)), it follows that
(Ix + AZLE) AT = ADL(Iy + EATY) ™. (3.4)

Put B = (Ix + A(2 sE)” 1A(TZ)S. From (3.4), we get that
_ @y _ _ @y _ _
R(B)=R(A®) =T, N(B)=N@AZ)=S, BA+EB=B.

) || 2
Therefore, A(TZ)S = (Ix + A(T%)SE)_lA(TZ,)s and ”A(ZS” 5

1- | AZIEN
Since ) 2 ) (2) (2) (2) 2
A _ -1 1
ATy = ATY = (Ix + ATUE) AT — AT = —(Ix +A \E)TADLEATY,
IAZIPIIE]
we have [IAT) - ATyl £ —2—.
1 IAZLIE]

As an end of this section, we give the perturbation analysis for A} 2) when T, S and A all have small
perturbation.
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Theorem 3.6. Let A, A=A+E€BX,Y)andlet T, T" C X, S, S’ C Y be closed subspaces such that A(ng exists
and

. . 1
max{§(T, T'), 6(5, )} < —————.
(1 + 1ANIAZ, D>
1
IFIADINEN < ——5——
+ 1A%, ||||A||
(1) AD g, = {Ix + Pr[Ix + Pr(I + AS\Ps. A(Pr - P)) A%
X (Ps:Pg — Ps:)APp ' Pr(Ix + AZLPs. A(Pr — Pr)) ' AT
X Pg. P, E} 'Pr{ly + P (I + A(2> \Ps. A(Py — Pr))™!
X A%Z(PSLPS,L - PSJ.)APT/}
X P (Ix + A(TZ,?SPSLA(PT - PT))_lA%)SPSLPS,L,
A2
7(2) T,S
@) I1AD I

© T IAIIEN + IAIGE, ) + 66, 5)]
IAZIP[IEN + =22 IAIG(T, T) + 8(5,5)]
1= IAHI[IEN + HAIG(T, T) + 8(5, )]

) 2
(3) ”AT',S’ -A S”

@
A2

Proof. A2 ) -
1- A2 IANG(T, T7) + &(5,5)

exists with ||A by Theorem 3.4 when max{5(T, T"),8(S, 8")} <

@ N

(1 + IAIIAS)
IEMASI 1+ A A -
< =
1= IAZMANGT, T) +5(S,87) 1+ (IASNIAID

1A NIEN <

that is, IIA(Z) IIEIl < 1 by above inequalities for IIA(TZ,)SIIIIAII > IIA(TZ,)SAH 1. Consequently, A = (Ix +

7,5

E)” 1A(Tz,) ¢ by Lemma 3.5. Simple computation shows that

T’ S
T’ S
@
A
L= IAZHIEN + AT, T7) + 8(5, D)

1AL Il <

AD = AIx + Pp[Ix + Pr(I + AS\Ps. A(Pr — Pr) " AZ)(Ps. Py = Ps.)
X APp] ' Pr.(Ix + AL Ps: A(Pr = Pr)) ' A9, Ps: Psi E} !
X Prlx + Pr.(Ix + AL Psi A(Pr = Pr)) ' AD(Ps: Pg. — Ps:)
X AP} 'Pr.(Ix + AZiPsi A(Pp = Pr)) ' AT, Ps. P, .
Noting that
A(Tz/)s' - A(Tzzs' = (Ix + A(T%)S’E)JA;”Z’),S - A(Z)

= (Ix + AD B NAY), — (Ix + AD E)AY)

7,8 1,5 7,8
— 2 1402 (2) () (2
- (IX + AT’,S’E) (AT’,S’ - A AT’ S/EA S)
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we have
1AL, = ADU < II(Ix + AT G EY AT, — AZL + IAS)  EARD
1 2) @) @)
< —————— (1A%, — AT+ 1AL S MENAT)
1A IE

IAZIR[IEN + 25 1A1S(T, T7) + 6(5, )]
1— ASHI[IEN + IAIGS(T, T7) + 5(5,80)]

The proof is completed. O
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