Functional Analysis,
Approximation and
Computation

5:1 (2013), 15-19

) Published by Faculty of Sciences and Mathematics,
N University of Ni§, Serbia

Available at: http://www.pmf.ni.ac.rs/faac

s

)
I,
iy gy

"“‘.’
11pupon®

Error Estimates for the Eigenvalue Problem for Compact Operators

Michael Gil’®

“Department of Mathematics, P.0. Box 653, Beer-Sheva 84105, Israel

Abstract. The paper deals with approximations of the eigenvalues of compact operators in a Hilbert
space by the eigenvalues of finite matrices. Namely, let (@jx)34-; be the matrix representation of a com-

pact A in an orthonormal basis, and A, = (afk)?,k:l' A priori estimates are established for the quantity

SUP o) min,eya,) 1A — pl, where 6(A) is the spectrum of A.

1. Introduction and statement of the main result

The literature devoted to approximations of the eigenvalues of various concrete operators is very rich,
cf. the interesting papers [1-3, 6, 8] and references given therein. Besides, in many cases the error estimates
are suggested. At the same time, to the best of our knowledge, such estimates for approximations of

the eigenvalues of compact operators in a Hilbert space by the eigenvalues of finite matrices were not
investigated in the available literature.

Let H be a separable Hilbert space with a scalar product (.,.), the norm ||.|| = 4/(,,.) and the unit

operator I; A is a compact operator acting in H. In the sequel (a jk);xl’czl is the matrix representation of A in

an orthonormal basis {e},?,, and A, = (ﬂjk)7k:1 is the n X n-matrix; Ax(A) are the eigenvalues of A taken

with their multiplicities. In this paper we establish a priori error estimates for the approximation of the
eigenvalues of A by the eigenvalues of A,,.

Belowo(A) denotes the spectrum of A, Ri(A)= (A—IA)"1 (A ¢ 0(A)) is the resolvent; p(A, A) = infse(a) [A—s|
the distance between A € C and o(A). For an integer p > 2, let SN, be the Schatten - von Neumann ideal of

compact operators A in H with the finite norm N,(A) = [Trace (AA*PI211P, where A* is the adjoint of A, cf.
[5].

Furthermore, put
n
9(An) = IN3(AW) = ) (AP T2,
k=1
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The following relations are checked in [4, Section 2.1].

N%(An - A;)
2

where A,; = (A, — A})/2i. If A, is a normal matrix: A,A;, = A} A,, then g(A,) = 0. Since A is compact we
have

7*(Ay) < N3(A,) — |Trace A2| and g*(A,) < = 2N3(An),

In = [|1An = All = 0.

Denote by r(g,,) the unique positive root of the algebraic equation

n-1 2= j-1 ](A
(L1) =g,y ~‘7

j=0
Now we are in a position to formulate the main result of the paper.

Theorem 1.1. Forany u € o(A) and a natural n, either there is an eigenvalue A(A,) of the n X n-matrix A, satisfying
lu— AMA)| < 7(qn), or |u —ajjl < 1(qy) for some j > n. If in addition, A € SNy, then 1(q,) — 0 as n — oo.

This theorem is proved in the next section. In Section 3, we suggest another error estimate, which tends to
zero, provided A € SN, p > 2. That estimate is rougher than 7(g,).
Put
n-1 Vs ](
( 2 0).

j=0 ]
Thanks to [4, Lemma 1.6.1] we have r(g,) < C(q,), where

() = { VanPa(1)  if g,Pu(1) < 1,

%Pn(l) if ann(l) >1

Thus in Theorem 1.1 one can replace r(g,) by C(gy).

2. Proof of Theorem 1.1

First let us prove that r(3,) — 0 as n — oo, provided A € SN,. To this end rewrite (1.1) as

© 7(A)

={qn
]:O Zi+1 \/_

Clearly, g(An) < N2(An) < Nao(A) and thus
= NiA
=0 1 (qn) !

Since g, — 0, hence r(g,) — 0.

Furthermore, we will consider A as a perturbation of the operator C,, = S,, + A, where S,, = diag(a jj);‘;n e
Put Q, = Y;_;(, ex)ex. Then A, = Q,AQ, and S, = (I — Q,)S, = Su(I — Q). Clearly, S,A, = A,S, = 0 and
consequently

@.1) a(Cn) = 0(An) Ulajih2, -
Thus

(22) IRA(CIl = max{[|QnRa (Al I = Qu)Ra(Sw)II}-
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Thanks to Corollary 2.1.2 from [4],

)
(2.3) 1QnRA(AN)I < ; % (A ¢ a(An)).
Rewrite (2.3) as

(24) 1QnRACAI < Pr(1/p(An, A)).

Now (2.4) and (2.2) imply the inequality

(2.5) IRA(C)Il < max{Py(1/p(An, A)), 1/ p(Su, M)}

But due to (2.1), p(An, A) = p(Cy, A) and p(S,, A) = p(Cp, A). In addition, P,(x) > x for x > 0. Thus
(2.6) IRA(C)Il < Pu(1/p(Cy, A)).

Furthermore, for two bounded operators A and 4, the spectral variation sus(A) of A with respect to A is
defined by
sva(A) := sup Jnf 1A=l
T i

Assume that
IRA(AI < @(1/p(A, ) (A ¢ 0(A)),

where ¢(x) is a monotonically increasing non-negative continuous function of a non-negative variable x,
such that ¢(0) = 0 and ¢(c0) = 0. Then due to Lemma 8.4.2 [4], the inequality sva(A) < z(¢, q) is true, where
z(¢, q) is the a unique positive root of the equation

2.7) 1=q(1/2).

Now (2.6) implies svc, (A) < 7,(gn). According to (2.1) this proves the theorem. O

3. The case A € SN, p > 1

Assume that

(3.1) A € SNa,,p=2,3,...
Let
(3.2) n = jp withintegersp > 1,7 > 1.

Denote by 7,(g,) the unique positive root of the algebraic equation

p-1 kp+m(2An)
(33) M = Gn P pk-m-1_“ =~ "

Theorem 3.1. Let condition (3.1) hold. Then for any p € o(A) and a natural n = pj, either there is an eigenvalue
AAy) of the n Xn-matrix Ay satisfying | — A(An)| < 75(qs), or lu—ajjl < #,(qn) for some j > n. Moreover, #,(q,) — 0

asn — oo,

To prove this theorem we need the following result.
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Lemma 3.2. Let A, be a linear operator acting in a Euclidean space C" with n = jp and integersp > 1,j > 1. Then

o NDTeA)
(3.4) IRA (AN <

e Z ppk+m+1(A A) \/_
Proof. Due to the Schur theorem, cf. [7],

Ay =D+V (6(An) = a(D))

(A ¢ a(Ay)).

where D is a normal matrix and V is a nilpotent matrix. Besides, D and V have the same invariant subspaces,
and V is called the nilpotent part of A,. Thanks to [4, Lemma 6.8.3],

kp+m(V)

pl
RA(An)] A Ap
IRy (Al < Z(‘);)‘P’”“m”(z‘ln,)\) 7 (o)

where V is the nilpotent part of A,,. But it is not hard to check that N»,(V) < N2,(2A4,), cf [4, page 90, formula
(8.8)]. This proves the lemma. O

Proof of Theorem 3.1: First let us prove that 7,(g,) — 0 asn — oo, provided (3.1) holds. To this end rewrite
(3.3) as

i kp+m
/ (24, )
2r1
1= n 7 —pk—m-1
Ly
Hence .
p_l ) N p+1’l‘l(2A)
< Y Y g2
m=0 k=0 \/ﬁ
Since g, — 0, we have #,(q,) — 0.
Furthermore, rewrite (3.4) as
(3.5) IRA(AWI < Py p(1/p(An, A)),
where o
p— 1 o p+m(2An)
pn,p(x) — Z xpk+7rt+1 (x > 0)
V!
m=0 k=0 k!

Now (3.5) and (2.2) imply the inequality
IRA(Cll < max{Py,p(1/p(An, A)), 1/ p(Sn, A)}-
But due to (2.1) , we have p(A,, A) > p(Cy, A) and p(S,, A) = p(Cy, A). In addition, Pn,p(x) > x for x > 0. Thus,
(3.6) IRACNl < Py p(1/p(Ci, A)).
Due to the above mentioned Lemma 8.4.2 [4], the inequality
svc,(A) < 7p(qn)-
holds. According to (2.1) this proves the theorem. O

Furthermore, again use [4, Lemma 1.6.1]; we obtain #,(q,) < Cp (gn), where

qnpn,p(l) if ann/p(l) >1

Thus in Theorem 3.1 one can replace 7,(q,) by Cp(qn).



M. Gil’/FAAC 5:1 (2013), 15-19 19

References

[1] M.G. Armentano and C. Padra, A posteriori error estimates for the Steklov eigenvalue problem, Applied Numerical Mathematics
58 (2008) 593-601

[2] M. Charalambides, and F. Waleffe , Spectrum of the Jacobi tau approximation for the second derivative operator, SIAM ]. Numer.
Anal., 46, no. 1, (2008) 280-294

[3] Chena Huajie , Xingao Gongc and Aihui Zhoua, Numerical approximations of a nonlinear eigenvalue problem and applications
to a density functional model, Mathematical Methods in the Applied Sciences, 33, Issue 14, (2010) 1723-1742

[4] M.I Gil’, Operator Functions and Localization of Spectra, Lecture Notes in Mathematics, Vol. 1830, Springer-Verlag, Berlin, 2003.

[5] I Gohberg and M. G. Krein , Introduction to the Theory of Linear Nonselfadjoint Operators, Trans. Mathem. Monographs, v. 18,
Amer. Math. Soc., Providence, R. 1., 1969.

[6] J.LH. Lopez, ].R. Meneghini and F. Saltarab, Discrete approximation to the global spectrum of the tangent operator for flow past
a circular cylinder, Applied Numerical Mathematics, 58 (2008) 1159-1167

[7] M. Marcus and H. Minc, A Survey of Matrix Theory and Matrix Inequalities. Allyn and Bacon, Boston, 1964.

[8] A.D.Russoand A. E. Alonso, A posteriori error estimates for nonconforming approximations of Steklov eigenvalue problems,
Computers and Mathematics with Applications, 62 (2011) 4100-4117



