Functional Analysis, Published by Faculty of Sciences and Mathematics,

Approximation and University of Ni§, Serbia
Computation Available at: http://www.pmf.ni.ac.rs/faac

5:1 (2013), 21-31

Convergence of modified Ishikawa’s iteration process for
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Abstract. We establish a common fixed point theorem for a finite family of continuous uniformly L-
Lipschitzian asymptotically pseudocontractive mappings to prove the strong convergence of modified
Ishikawa’s method provided that the interior of the set of common fixed points is nonempty, wherein the
compactness assumption is notimposed either on the mappings or on the space. Moreover, the computation
of closed convex set for each iteration is not required. The results obtained in this paper are improvements
over many results that have been proved for this class of nonlinear mappings.

1. Introduction

Let C be a nonempty subset of a real Hilbert space H. A mapping T : C — H is called

1. nonexpansive, if
ITx =Tyl <llx-yll, Yx,yeC

2. asymptotically nonexpansive [5], if for each n € IN, there exists a sequence {k,} C [1, o) with lim k,, = 1

n—o0
such that
||T”x - Tn]/” < kn”x - ]/”/ A4 xr]/ € C’

3. uniformly L-Lipschitzian, if for each n € IN, there exists a positive constant L such that
IT" - Tyl < Lik—yll, ¥YxyeC

4. pseudocontractive, if
(Tx=Ty,x-y <llx—yl*, YxyeC
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5. asymptotically pseudocontractive, if for each n € IN, there exists a sequence {k,} C [1,c0) with
lim k,, = 1 such that

n—o0

(T'x—=T"y,x —y) < kyllx — yllz, Vx,yeC.
Note that the above inequality can be equivalently written as
IT"x = TP < 2Ky = Dllx = yIP + 10 = Tx = A = T"yI2, ¥x,yeC. (1)
Every nonexpansive mapping is uniformly L-Lipschitzian with L = 1 and hence every asymptotically

nonexpansive mapping with the sequence {k,} is also uniformly L-Lipschitzian with L = sup k.
nelN

Remark 1.1. 1. If T is an asymptotically nonexpansive mapping, then for all x, y € C, we have
(T'x = Ty, x —yy < |I[T"x = T"ylllIx = yll < kullx = yI?, n>1,
so that every asymptotically nonexpansive mapping is asymptotically pseudocontractive.
2. Rhoades [13] showed that the class of asymptotically pseudocontractive mappings properly contains the class
of asymptotically nonexpansive mappings.
3. The asymptotically pseudocontractive mappings were introduced by Schu [14].

In recent years, Mann and Ishikawa iterative schemes [6, 8] have been studied extensively by many
authors. Let H be a real Hilbert space and C be a nonempty subset of H. Let T : C — C be a mapping.

(a) The Mann iteration process is defined by the sequence {x,,},>1,

X1 € C
Xpe1 = (L —ay)x, + a,Tx,, n>1,

where {a,},>1 is a sequence in [0, 1].

(b) The sequence {x,},>1 defined by

X1 € C
Xpe1 = (1= an)x, + a, Ty,
Yn = (1= Bu)xn + BuTxn, n>1,

where {a,}>1, {Bnlnz1 are sequences in [0, 1], is known as the Ishikawa iteration process.
Recently, some authors considered the so called modified Mann iteration, respectively modified Ishikawa

iteration, by replacing the operator T by its n-th iterate T”, that is, the modified Ishikawa iteration is defined
by the sequence {x,},>1,

x1 €C
X1 = (1 = an)x, + anTnyn (2)
Yo =1 = Bu)xn + BuT xy, n > 1.
For B, = 0, the modified Ishikawa iteration reduces to the modified Mann iteration.

In [14], Schu proved the following result:
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Theorem 1.2. Let C be a nonempty bounded closed convex subset of a Hilbert space H, T : C — C a completely con-
tinuous, uniformly L-Lipschitzian and asymptotically pseudocontractive mapping with sequence {k,} C [1,0); g, =

2ky—1,¥n e N; Y(52-1) < o0; {au}, {Bu} € [0,1]; e <y < By <b,¥n €N, e > 0andb € (0,L72[ V1 + L2-1]);
x1 € C, VYn € N and define

Xp = (1 —ap)x, + a,T"x,, n > 1. (3)

Then {x,} converges to some fixed point of T.

In [9], Ofoedu proved the following result:

Theorem 1.3. Let C be a nonempty closed convex subset of a real Banach space E and T : C — C a uni-
formly L-Lipschitzian asymptotically pseudocontractive mapping with sequence {k,} C [1,00), limk, = 1 and
n—oo

p € F(T)={xeC:Tx=x}. Let {a,} C [0,1] be such that ), a, = 00, }, a2 < oo, and Y, ay(k, — 1) < oo. For
n>1 n>1 n>1

arbitrary x1 € C, let {x,}n>1 be iteratively defined by (3).

Suppose there exists a strictly increasing function ¥ : [0, c0) — [0, 00) with (0) = 0 such that

(T"x = p, j(x = p)) < kallx = pI? = (Il = pl), Vx € C,

j(x—p) € J(x — p), where ] : E — 2" be the normalized duality mapping. Then {x,} converges strongly to p € F(T).

Many authors (e.g. [2, 4]) have studied the two-mapping case of iterative schemes for different kinds
of mappings.

In [2], Chang et al. proved the following result:

Theorem 1.4. Let C be a nonempty closed convex subset of a real Banach space E and T; : C — C, i = 1,2 be
two uniformly L;-Lipschitzian asymptotically pseudocontractive mappings with sequence {k,} C [1,00), lim k, =1
and F(T1) N E(T) # O, where F(T;) is the set of fixed points of T; in C and let p be a point in F(T1) N F(T,). Let
{an), B} € [0, 1] be two sequences such that Y, a, = 0, Y, a2 < oo, and Y, ay(k, — 1) < co. For arbitrary x; € C,

n>1 n>1 n>1

let {x,}n>1 be iteratively defined by

{xn+1 =1 —ax, +a,Tya
Yn = (1 —ﬁn)xn + ﬁnT;xn/ n>1.

Suppose there exists a strictly increasing function y : [0, c0) — [0, 00) with 1(0) = 0 such that
(Tix=p, j(x=p)) <kallx = pl> = P(lx = pll), Yx€C i=1,2.

Then {x,} converges strongly to p € F(T1) N F(T>).

Further Rafiq [11] introduced and analyzed a class of multistep iterative schemes for families of asymp-
totically pseudocontractive mappings T;, i = 1,2,..., N having bounded ranges and showed the strong
convergence of the sequence to the common fixed point of T;.

In a finite dimensional Hilbert space, the Mann and Ishikawa iteration have only weak convergence,
in general. Chidume and Mutanguda [3], gave an example on which Mann iterative sequence failed to
converge to a fixed point of a Lipschitz pseudocontractive mappings. Zhou [18], Yao et al. [16] and Tang et
al. [15] proved the results for hybrid Ishikawa algorithm, hybrid Mann algorithm and for another algorithm
respectively for Lipschitz pseudocontractive mapping to obtain the strong convergence. But it is worth
mentioning that these schemes were not that easy to compute. The iterations {x,} in the above papers were
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generated by projection of initial point x on to the intersection of closed convex sets C, and Q, for each
n > 1, which is not easy to compute.

This brings to the question that whether it is possible to obtain the strong convergence of Ishikawa’s
scheme (not hybrid) to a fixed point of Lipschitz pseudocontractive mappings.

In 2011 Zegeye et al. [17] proved a result which justifies and answers to the above question. The result
is as follows:

Theorem 1.5. Let C be a nonempty, closed and convex subset of a real Hilbert space H. Let T; : C —» C,i=1,2,...,N,
be a finite family of Lipschitz pseudocontractive mappings with Lipschitz constants L; fori = 1,2, ..., N, respectively.
Assume that the interior of F = (X, F(T;) is nonempty. Let {x,} be a sequence generated from an arbitrary x; € C by

Yn = (1 - ﬁn)xn + ,BnTnxn;
Xn+1 = (1 - O(n)xn + anTnyn

where Ty, =t Tygnoa Ny and {a}, {Bu} C (0, 1) satisfying the following conditions:
(i) ay <Bn, ¥Yn20;
(ii) lim inf a, = a > 0 and
(iii) snlill:)‘gn <p< —mﬂ,forL =max{L;:i=1,2,..,N}
Then {x,} converges strongly to a common fixed point of {T1, T3, ..., Tn}.

It is our purpose in this paper to prove strong convergence of modified Ishikawa’s scheme (not hybrid) to
a common fixed point of a finite family of continuous uniformly L-Lipschitzian asymptotically pseudocon-
tractive mappings provided the interior of the set of common fixed points is nonempty. No compactness
assumption is imposed either on one of the mappings or on C. Moreover, the computation of closed and
convex set C, for each n > 1 is not required. The results obtained in this paper improve on and extend the
results of Zegeye et al. [17].

2. Preliminaries

In the sequel we shall need the following definitions and lemmas:

Let H be a real Hilbert space. A function ¢ : H X H — IR defined by

P(x, y) := lIx = yIP* = [IxI* = 2¢x, y) + |lyl* forx,y € H 4)
is studied by Alber [1], Kamimura and Takahashi [7] and Reich [12].

It is obvious from the definition of the function ¢ that

(el = Ny < PCx, y) < (Il +1lyl)* for x,y € H.

The function ¢ also has the following property:
Py, x) = P(z,x) + P(y,z) + 2(z — y,x —z) forallx,y,z € H. ®)

In what follows, we shall make use of the following:

Lemma 2.1. Let H be a real Hilbert space. Then for all x,y € H and « € [0, 1], the following inequality holds:
llax + (1 = )yl = alld? + (1 - )yl - a(l - a)llx - yIP.
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Lemma 2.2. [14] Let H be a Hilbert space and C be a nonempty convex subset of H. Let L > 0and T : C — C be a
uniformly L-Lipschitzian map. Let {x,},>1 be the sequence defined by (2). If c, = ||T"x, — xull, ¥V n € N, then

lxp — Txull < Cp + Cua[L(1 + 3L +2L%)], VneN.
Lemma 2.3. [10] Let {a,},, {bu}, and {0,}," | be sequences of nonnegative real numbers satisfying the inequality

Ay < (1 +06)a, +b,, n>1.

If Y, 6y < ocoand ), b, < oo, then lim a, = 0.
n=1 n=1 n—eo

3. Main Results

Theorem 3.1. Let C be a nonempty, closed and convex subset of a real Hilbert space H.Let T; : C —» C,i=1,2,...,,N,
be a finite family of continuous uniformly L-Lipschitzian asymptotically pseudocontractive mappings with sequence

kD) € 1, 00) satisfying lim KD =1 and Lipschitz constants L; for i = 1,2, ...,N, respectively. Assume that the
n—oo

interior of F = N, F(T;) is nonempty. Let {x,} be a sequence generated from an arbitrary x, € C by

Yn = (1 - ,Bn)xn + ﬁnT:'(xn;
Xpi1 = (1 — an)xy + anT;Cyn

(6)

wheren = (k—1)N +1i, foreachn >1, i=1,2,...,N, k > 1is a positive integer with k — oo as n — oo and
{an), {Bn} € (0,1) satisfying the following conditions:

(i) Yoi1(g2 — 1) < oo, where g, = 2k, — 1 foreachn > 1, and k, = max{kff) :i=1,2,...,N};
(ii) a < ay < By < b for somea > 0 and some b € (O, —”zﬁz‘l)forL =max{L;:i=1,2,...,N}.

Then {x,} converges strongly to a common fixed point of {T1, Ty, ..., Tn}.

Proof. Suppose that p € F(T). Then from equations (1), (6) and by Lemma 2.1, we have that

lyn =PI = (1= Bu)llxs = pIP + Ball Tix = pI? = Bu(1 = B)lITEx, — x?
< (1= Bl = pI? + B {aulla — pIP + s — Thx, P}
= Bu(1 = BITfxs =l
< qully = pIP + B2IITEx, = x, 1, ?)

and,
ly, — Tf-{]/n”2 =1 =Bullxy — Tf'(ynHZ + ﬁn”Tf'(xn - TfynHz = Bu(1 = ﬁn)”fon - anZ

<@1- ﬁn)”xn - Tf-(anIZ + ﬁnLZHxn - ]/n”z - ﬁn(l - ,Bn)”T;(xn - xn”Z
=(01- ﬁn)”xn - Tf'(ynllz + ﬁiLzuxn - Tf'(anz - ,Bn(l - ﬁn)”xn - Tf.(anz. (8)



Anupam Sharma et al. /| FAAC 5:1 (2013), 21-31

Using (7) and (8), we have
TSy — PIP < qullyn = pIF + Iy — ¥yl
< @Pllxn — pIP + ufPIT x, — 2l + B2 — oyl
+ (1= Bllxn = Tiyul® = Bu(1 = Bu)llxy — Tyl
= 21w = PIP = B (1= Bu = Gupn = B2L?) Il — Tl
+ (1= Bu)llxn — Tyl .
Using (6) and (9), we obtain
a1 = pIF = (1= a)llxn = pI* + aull Ty — pIF = (1 — a)ITSy — xal?
< (1= anllxg — pl* + angillxy — pI* + Ballxn — Thxyl?
= (1= Bu = G — BEL?) Iy — TixP
+ (1 = Ba)ln = TiyallP = an(1 = a)ITSyn — xall?
< @ln = pIP = uBu (1= o = Gub = B2L2) 1w — Tl
By assumption, we see that there exists 1y such that

1-2b- L%
1—ﬁn—qnﬁn—ﬁﬁL22f>O, Y >ng.

Hence from (10), we have

lner = pI? < (1+ (g2 = 1) llxn — pIP

Therefore by Lemma 2.3, lim ||x, — p|| exists and in particular, {||x, — pll} is bounded.

{x,}, {Tf.‘xn} and hence, {y,} are bounded. Furthermore, from (5) we also have that
PP, xn) = P(Xns1, Xn) + PP, Xns1) + 2{Xpns1 = P, Xn = Xna1)-

This implies that
s = P = ) + 30C0011,30) = 3(B(p,30) = Glp, o).

From (4) we have ¢(x, y) = |lx — yI[>. Therefore, we have
(P, xn) = O(p, Xps1) 2 0.

Hence it follows from (11) that

1
(Xps1 = Py Xn — Xpp1) + §¢(xn+1,xn) = 0.

26

(10)

This implies that

(11)

Moreover, since the interior of F is nonempty, there exists p* € F and r > 0 such that p* + rh € F whenever

Ikl < 1. Thus we get,

) 1
0 < Axpg1 = (p° +71h), x5 — Xp41) + §¢(xn+1,xn),

from which we obtain that

2r{h, Xy = Xpe1) < QP x4) — QP°, Xn41),
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and hence

(= Xe) < 5O 30) = O, )

Since h with ||h]| < 1 is arbitrary, we have

I = sl < 56", 30) = G, ).

So, if n > m, then we have

1 = Xl = 1% = Xpa1 + X1 — oo = X1 + X1 — Xl
n-1
< Il = xip1ll
i=m
1 n—1
<5 (@', xi) — d(p”, xix1))
i=m

= Z’((P(P*, Xm) — QD(P*/ Xn))-

But we know that {¢(p*, x,)} converges. Therefore, we obtain that {x,} is a Cauchy sequence. Since C is a
closed subset of H, there exists x* € C, such that x, — x* € C.
Now, from (10) we have that

ner = I < G2llxn = pIP = i (1= B — Gun — BAL2) llxn = Thl .
This implies that

a’(1 - 2b — L?b?)

5 e — TExul? < @l — pI* = llxuser — I (12)

Using (12), we have

a*(1-2b - L2V?
(f) Y I = T2 < Y (@l — pIP = ewsa = plP)

= Y (ben = pIP = llusr = pI?) + Y (@3 = Dllen = pI < o0,

from which it follows that
Tim Jlx, = Tfxall = 0.

Since, for each n > 1, we have n = (k — 1)N + i, thus
lim [l = Tl = 0.

Now
ITSx = xuall < ITSx = xall + [l = Xl

So, we have

lim || T x, — x,_1]| = 0. (13)
n—o0



Anupam Sharma et al. /| FAAC 5:1 (2013), 21-31 28
Leto, = ||T§x,, — Xp—1]l- Then from (13), we have ¢,, — 0. Since for each n > N, we have T,, = T,,_y and

-1 = Tuall < lxn-1 — Thxull + ITEx — Tyl
< o, + LT Ny, — x|
< 0 + LTy 2 = TyZp Xl
+ 1T N XN = X1l + X —ny-1 = Xall}
= 0, + LT L, — T x|
+ 1T N XN = X1l + X —ny-1 — Xall}

=0y + L7y = xp-nll + Low-n + Lllx(-ny-1 = xull -
Hence,
21_{1(}0 lIXn-1 — Tuxull = 0. (14)
It follows from (14), that

lim [|x, — Tyxpll < Lm (|l — x|l + lIX0-1 — Tuxall} = 0.
n—oo n—00

Consequently, for any i = 1,2,...N, we have

”xn - Tn+ixn|| < “xn - xn+il| + ||xn+i - Tn+1'xn+i” + ||Tn+ixn+i - n+ixn||
< @+ D)llxy = xpeill + x4 = Trgixpaill = 0,

as n — oo. This implies that the sequence

N
s = ToialllS, = 0, asn — oo.
i=1
Since foreach/=1,2,--- ,N, {|lx, — Tix,ll} is a subsequence of Uﬁl{ llx, — Thyixnll}, therefore, we have
r}i_r}c}ollx,, —Tix,ll =0, VIe{l,2,...,N}.
Set [ = n, then we have,
lim [}, = Tyl = 0. (15)
Let {n;};eny € IN be such that T, = Ty for all n € IN. Then from (15) we obtain that

lim |[T12x, — x4,|| = 0.
>0

Since x, — x* and the continuity of T; implies that x* = T1x* and hence x* € F(T;). Similarly, we obtain that
x* € F(Ty), fori =2,3,...,N and hence x* € N F(T;). This completes the proof. [

Remark 3.2. It is well known that every nonexpansive mapping is asymptotically pseudocontractive and uniformly
L-Lipschitzian (see definition). Therefore for the sake of simplicity we are giving the example of nonexpansive mapping
with the interior of the common fixed points nonempty.
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Example 3.3. Suppose that X =: Rand C =: [-1,3]1 CR. Let Ty, T, : C — C be defined by

_ _1
Tl(x):{ x, x€[-3,0]

x, x€(0,3],

and

2%, xe[-1,0)
() = {x, x €0, %].

Then we observe that F(Ty) = [0, 3] and F(T) = [0, 1] and hence the interior of F(T1) N F(T2) = (0, 3), which is
nonempty.
Now, we show that Ty is nonexpansive. Suppose that A; = —%, 0] and A, = (0, %]. Then, if x, y € Ay, we have that
ITix) = Tiyl =1 -x+yl=Ix—yl
Ifx,y € Ay, then
IT1(x) = Ti(y)l = |x — yl.
Andifx € Ay, y € Ay, then
ITi(x) = Tl = Ix + yl < |x — yl.

Hence we obtain that Ty is nonexpansive.
Next, we show that T, is nonexpansive. Suppose that By = [-3,0)and B, = [0, %). Then, if x, y € By, we have that
IT2(x) = To(y)l = I¥* = y*| = Ix =yl x + yl < [x = y.
Ifx,y € By, then
IT2(x) — Ta(y)| = |x — yl.

Andifx € By, y € By, then
IT2(x) = Ta(y)l = I¥* = yl < lx = yl.

Therefore we say that T, is nonexpansive.

Remark 3.4. If in Theorem 3.1, we consider a single continuous uniformly L-Lipschitzian asymptotically pseudo-
contractive mapping, we have the following result:

Corollary 3.5. Let C be a nonempty, closed and convex subset of a real Hilbert space H. Let T : C — C be a

continuous uniformly L-Lipschitzian asymptotically pseudocontractive mapping with the sequence {k,} C [1, o)

satisfying lim k, = 1 and Lipschitz constant L. Assume that the interior of F(T) is nonempty. Let {x,} be a sequence
n—oo

generated from an arbitrary xo € C given by (2) satisfying the following conditions:
(i) Yoi(g3 — 1) < oo, where g, = 2k, — 1 for each n > 1;
(ii) a < ay < By < b for somea > 0 and some b € (0, —“1’252_1)

Then {x,} converges strongly to a fixed point of T.

Remark 3.6. Theorem 3.1 and Corollary 3.5 are also valid for continuous uniformly L—Lipschitzian asymptotically
hemicontractive mapping. A mapping T : C — H is said to be asymptotically hemicontractive if

(T"x —p,x —p) < kyllx — pl*, ¥ x € Cand p € F(T).

We now prove a convergence theorem for a finite family of modified monotone mappings. But, firstly
we should know about monotone mappings.
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Definition 3.7. Let H be a real Hilbert space. Then a mapping A : H — H is said to be monotone if
(Ax-Ay,x-y)20,Vx,yeH.
For modified monotone mapping, we replace the operator A by its n-th iterate A”.

Remark 3.8. Every modified monotone mapping is asymptotically pseudocontractive for A" =: 1 —T". Since for all
x,y € H, we have
(A'x-A"y,x—y) 20

>-TYx-I-T"Yy,x—y)=0.

Therefore
(T'x = Ty, x — y) < kllx — yI%.
Theorem 3.9. Let H be a real Hilbert space and A; : H — H, i = 1,2,...,N, be a finite family of qontinuous
uniformly L-Lipschitzian modified monotone mappings with sequence k) c [1,00) satisfying lim KD =1 and
n—oo
Lipschitz constants L; for i = 1,2, ..., N, respectively. Assume that the interior of F = ﬂfil N(A;) is nonempty. Let
{xn} be a sequence generated from an arbitrary xo € H by
{ Yn = Xn — ﬁnA];xn;

(16)
Xn+1 = Xn — a‘nAf]/n

wheren = (k—1)N +1i, foreachn >1, i=1,2,...,N, k > 1is a positive integer with k — oo as n — oo and
{an}, Bn} € (0,1) satisfying the following conditions:

(i) fo:l(q% —1) < oo, whereq, =2k, —1foreachn>1, andk, = max{kff) :i=1,2,...,N};

(ii) a < ay < By < b for somea > 0 and some b € (0, —”1’222‘1)forL =max{L;:i=1,2,..,N}.

Then {x,} converges strongly to a common zero point of {A1, As, ..., AN}.

Proof. Suppose that Tf?(x) = (I - Ai,‘)x fori = 1,2,..,N. Then we get that for every i = 1,2,...,N, T; is
a continuous uniformly L-Lipschitzian modified monotone mapping with (Y, F(T;) = N, N(A;) # 0.
Moreover, when Af is replaced by (I - Tf,‘), condition (16) reduced to (6) and hence the conclusion follows
from Theorem 3.1. O

If in Theorem 3.9, we consider a single continuous uniformly L-Lipschitzian modified monotone mapping,
then we obtain the following corollary:

Corollary 3.10. Let H be real Hilbert space and A : H — H be a continuous uniformly L-Lipschitzian modified
monotone mapping with the sequence {k,} C [1, o) satisfying lim k, = 1 and Lipschitz constant L. Assume that the
n—o0

interior of N(A) is nonempty. Let {x,} be a sequence generated from an arbitrary xo € H by

]/n =Xy — ﬂnA"xn;
Xn+l = Xn — anAnyn
where {avy}, 1B} € (0, 1) satisfying the following conditions:
(i) Luia(qy — 1) < oo, where g, =2k, — 1 for eachn > 1;
(ii) a < ay < By < b for somea > 0 and some b € (O, —@*1)_

Then {x,} converges strongly to a common zero point of A.
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Remark 3.11. Theorem 3.1 provides a convergence sequence to a common fixed point of finite family of continuous
uniformly L-Lipschitzian asymptotically pseudocontractive mappings where as Theorem 3.9 provides a convergence
sequence to a common zero point of finite family of modified monotone mappings in Hilbert spaces. No compactness
assumption is imposed either on T or on C.

Remark 3.12. Theorems 3.1 and 3.9 improve on Theorems 2.1 and 2.3 respectively of Zegeye et al. [17] and also
Corollaries 3.5 and 3.10 improve on Theorem 2.5 and Corollary 2.6 respectively of the same.
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