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Weak and strong convergence theorems for two generalized
asymptotically quasi-nonexpansive mappings in Banach spaces
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Abstract. In this paper, we establish some weak and strong convergence theorems of modified two-step
iteration process for two generalized asymptotically quasi-nonexpansive mappings to converge to common
fixed points in the setting of real Banach spaces. The results presented in this paper extend, improve and
generalize some previous results from the existing literature.

1. Introduction
Let K be a nonempty subset of a real Banach space E. Let T: K — K be a mapping, then we denote the
set of all fixed points of T by F(T). The set of common fixed points of two mappings S and T will be denoted
by F = F(S) N F(T). A mapping T: K — K is said to be:

(1) nonexpansive if

[rx=Tyl| < [x-] (L
forallx,y € K.

(2) quasi-nonexpansive if F(T) # 0 and

ITx =l < [kl (1.2)
forallx € K, p € F(T).

(3) asymptotically nonexpansive [6] if there exists a sequence {k,} in [1, co) with lim,_, k,, = 1 such that

[T =T"y|| < kallx—y| (1.3)
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forallx,y € Kand n > 1.

(4) asymptotically quasi-nonexpansive if F(T) # 0 and there exists a sequence {k,} in [1,00) with
lim, e« k, = 1 such that

I =pll < ol = pll (14)
forallxe C,pe F(T) and n > 1.

(5) generalized asymptotically quasi-nonexpansive [7] if F(T) # 0 and there exist two positive sequences
{k,}in [1, 00) with k;, — 1 and {s,,} in [0, o0) with s, — 0 as n — oo such that

[T =vll < kalx=y]+s. (L5)
forallx e K,y € F(T)and n > 1.
(6) uniformly L-Lipschitzian if there exists a positive constant L such that
||T”x - T”y“ < L ||x - y” (1.6)

forallx,y € Kandn > 1.

If in definition (5), s, = 0 foralln > 1, then T becomes asymptotically quasi-nonexpansive, and hence the
class of generalized asymptotically quasi-nonexpansive maps includes the class of asymptotically quasi-
nonexpansive maps.

In 1991, Schu [13] introduced the following Mann-type iterative process:

X1 x €K,
Xn+l = (1 - an)xn + anTnxn/ (17)

where T: K — Kis an asymptotically nonexpansive mapping with a sequence {k,} such that ), ; (k,—1) < o0
and {a,} is a sequence in (0, 1) satisfying the condition 6 < a,, < 1-0foralln > 1 and for some 6 > 0. Hence
conclude that the sequence {x,} converges weakly to a fixed point of T.

Since 1972, many authors have studied weak and strong convergence problem of the iterative sequences
(with errors) for asymptotically nonexpansive mappings in Hilbert spaces and Banach spaces (see, for

example, [6, 8, 10-14, 19] and references therein).

In 2007, Agarwal et al. [1] introduced the following iteration process:

x1 = x€K,
Xne1 = (1—a)T"x, + anTn}/n/
Yn = (1- ,Bn)xn + ﬁnTnxn/ n>1, (1.8)

where {a,} and {,} are in (0,1). They showed that this process converge at a rate same as that of Picard
iteration and faster than Mann for contractions.

The above process deals with one mapping only. The case of two mappings in iterative processes has
also remained under study since Das and Debata [3] gave and studied a two mappings process. Later
on, many authors, for example Khan and Takahashi [10], Shahzad and Udomene [15] and Takahashi and
Tamura [18] have studied the two mappings case of iterative schemes for different types of mappings.
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Recently, Khan et al. [9] modified the iteration process (1.2) to the case of two mappings as follows:

X1 = x€K,
Xn+l = (1 - an)Tnxn + ansn]/n/
Yn = (1- ,Bn)xn + ﬁnTnxnr n>1, (19)

where {a,,} and {,,} are in (0, 1). They established weak and strong convergence theorems in the setting of
real Banach spaces.

Remark 1.1. (i) Note that (1.9) reduces to (1.8) when S = T. Similarly, the process (1.9) reduces to (1.7) when T = I.

(ii) The process (1.8) does not reduce to (1.7) but (1.9) does. Thus (1.9) not only covers the results proved by (1.8)
but also by (1.7) which are not covered by (1.8).

In this paper, we prove some weak and strong convergence theorems for two generalized asymptotically
quasi-nonexpansive mappings using iteration process (1.9) in the framework of real Banach spaces. The

results presented in this paper extend, improve and generalize several known results given in the existing
literature.

2. Preliminaries

For the sake of convenience, we restate the following concepts.

Let E be a Banach space with its dimension greater than or equal to 2. The modulus of convexity of E is
the function 6g(¢): (0,2] — [0, 1] defined by

Be(e) = inf{1 - ’

1
SO+ y)” il =1, v =1, e=lx—y] }-

A Banach space E is uniformly convex if and only if 6g(¢) > 0 for all € € (0,2].

Two mappings S, T: K — K, where K is a subset of a normed space E, are said to satisfy the condition
(A”) [5] if there exists a nondecreasing function f: [0, 00) — [0, o0) with f(0) = 0, f(r) > 0 for all » € (0, o)
such that either [|[x — Sx|| > f(d(x, F)) or ||lx — Tx|| > f(d(x, F)) for all x € K, where d(x, F) = inf{|[x — p|| : p € F).

A mapping T: K — K is said to be demiclosed at zero, if for any sequence {x,} in K, the condition x,
converges weakly to x € K and Tx, converges strongly to 0 imply Tx = 0.

A mapping T: K — K is said to be semi-compact [2] if for any bounded sequence {x,} in K such that
llx, — Tx,l| = 0 as n — oo, then there exists a subsequence {x,,} C {x,} such that x,, — x* € K strongly.

A Banach space E has the Kadec-Klee property [16] if for every sequence {x,} in E, x, — x weakly and
[lx,]| = ||x|| it follows that ||x,, — x|]| — 0.

Now, we state the following useful lemmas to prove our main results:
Lemma 2.1. (See [13]) Let E be a uniformly convex Banach space and 0 < «

Suppose further that {x,} and {y,} are sequences of E such that limsup, _, _ [|x,l|
iy oo ||t + (1 = t)yal| = @ hold for some a > 0, then lim, o ||x, = v, = 0.

th < p <1foralln € N.
a, limsup, , ”yn” < aand

IAIA
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Lemma 2.2. (See[17]) Let {a,},, {Bnl,, and {r,}); | be sequences of nonnegative numbers satisfying the inequality

n=1

ans1 < (1 +Bu)ay +1,, Yn>1.

If Y0l Bu < coand Y2, 1y < oo, then lim,, .« v, exists. In particular, {ov,} | has a subsequence which converges
to zero, then lim, e a; = 0.

Lemma 2.3. (See [20]) Let p > 1 and R > 1 be two fixed numbers and E a Banach space. Then E is uniformly convex
if and only if there exists a continuous, strictly increasing and convex function g: [0,00) — [0, 00) with g(0) = 0
such that ||/\x +(1- )\)y”p <AlxP+@1=A) ||y||p W ()\)g(”x y”)for all x,y € BR(0) = {x € E : ||x|]| < R}, and
A €10,1], where Wy(A) = A(1 = AP + AP(1 = A).

Lemma 2.4. (See [16]) Let E be a real reflexive Banach space with its dual E* has the Kadec-Klee property. Let {x,}
be a bounded sequence in E and p, q € wy,(x,) (where wy,(x,,) denotes the set of all weak subsequential limits of {x,}).
Suppose lim;,_,co Htx,, +(1-tp- q“ exists for all t € [0,1]. Thenp = q.

3. Main Results

In this section, we prove some strong convergence theorems of the iteration scheme (1.9) for two gener-
alized asymptotically quasi-nonexpansive mappings in the framework of real Banach spaces. In the sequel,
we need the following lemma in order to prove our main theorems.

Lemma 3.1. Let E be a real Banach space and K be a nonempty closed convex subset of E. Let S, T: K — K
be two generalized asymptotically quasi-nonexpanive mappings with sequences {k,}, {I,} C [1,00) and sequences
{su}, {ta} C [0, c0) such that Y " (knly —1) < 00, Y071 8y < coand Y.»" 4 t, < co. Suppose that F = F(S) N F(T) # 0.
Let {x,} be the sequence defined by (1.9). Then lim,,_,« ||xn - qH exists for all q € F.

Proof. Let g € F. Then from (1.9), we have

v —=all = @ = Bu)xn + BuT 2 — g
< (U= Bo) [lxn =l + Bu [ T2 ~ 4|
< (U= Bu) || = gl] + Bull [ = gl| + ]
< (U= Bl [ = al| + B [|en = gl| + Bt
< [l =g + 3.1)

Again using (1.9) and (3.1), we obtain

| =ql| = |4 = )% + @uS"y — g
< —ozn)”T”xn —q” +04n||5”yn —q”
< (U= aly ||xn — gl + anlka [[yn — q|| + 4]
< (Q-ap)ly, ”x,, - q” + aky, ||yn - qH + @Sy
< (1-aply, ”xn - q” + anky[l, Hxn - q” + t,] + ansy
< (1 - an)kaly “x,, - q” + ankyly “xn - q” + apknty + sy
< kaly ||xn —q” + knty + sy

[1+ (kalw = || — q]| + An. (3.2)

where A, = kyt, + s,. Since by hypothesis }.;" s, < coand Y., t, < oo, it follows that },~; A, < co and
since Y21 (kyl, — 1) < 0o, by Lemma 2.2 we know that the limit lim,_,o ||xn - qH exists. This completes the
proof. O
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Theorem 3.2. Let E be a real Banach space and K be a nonempty closed convex subset of E. Let S, T: K — K be two
uniformly L-Lipschitzian and generalized asymptotically quasi-nonexpansive mappings with sequences {ky}, {I,} C
[1, 00) and sequences {s,}, {t,} C [0, co) such that Y ;> (kyl, —1) < 00, Y7718, < ooand Y, t, < co. Suppose that
F=F(S)NF(T) # 0. Let {x,} be the sequence defined by (1.9). Then {x,} converges strongly to a common fixed point
in F if and only if lim inf,,_,« d(x,,, F) = 0, where d(x, F) = inf{”x - p” :p €F).

Proof. The necessity of the condition lim inf, . d(x,, F) = 0 is obvious. Let us prove the sufficiency part
of the theorem. Since S, T: K — K are uniformly L-Lipschitzian mappings, so S and T are continuous
mappings. Therefore the sets F(S) and F(T) are closed. Hence F = F(S) N F(T) is a nonempty closed set.

For any given g € F, form (3.2), we have

e —al| < @ +dn) | — g + An. (3.3)

where d,, = (k,l, — 1) with )", d, < coand )" A, < 0. Hence, we have

d(xpe1, F) < (1 +d,)d(x,, F) + An. (3.4)

From (3.4) and Lemma 2.2, we obtain that lim,_,. d(x,, F) exists. By condition lim inf, . d(x,, F) = 0, we
get

lim d(x,,F) = liminfd(x,,F)=0. (3.5)

Next, we shall prove that {x,} is a Cauchy sequence. In fact, due to 1 + x < exp(x) for all x > 0, and from
(3.3), we obtain

|1 —ql| < expdn)|xu — g + An- (3.6)

Hence for any positive integers m, n and from (3.6) with )" ; d, < o0 and )" A, < oo, we have

||xn+m - q” < eXp(dn+m—1) ||xn+m—1 - q” + Apim—1
< exp(dner—l)[eXp(der—z) ||xn+m—2 - ‘]H
+An+m—2] + An+m—1
< exp(dn+m—1 + dn+m—2) Hxn+m—2 - q”
+exp(dn+m—1)[An+m—1 + An+m—2]
<
n+m—1 n+m—1 n+m-1
< exp( Z dk) ”xn - q” + exp( Z dk) Z Ay
k=n k=n+1 k=n
o0 00 n+m-1
< exp( Z dk) “x,, - q” + exp( Z dk) Z Ay, (3.7)
k=1 k=1 k=n
which implies that
n+m-1
v —all < W ou—gll+ W Y A (38)
k=n

for allg € F, where W = exp( Y dk) < oo,
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Since lim,,_, d(x,, F) = 0, then for any given ¢ > 0, there exists a positive integer 7y such that

I3
d(xy,, F) < AW +1) (3.9)
and
n+m—1 e
Z A < g (3.10)
k=ng
Therefore there exists a 41 € F such that
”xno - ql” < 2(W€+ 1) (3.11)
Consequently, for all n > ng and m,n > 1 from (3.8), we have
“xn+m - xn” < ||xn+m - ql” + Hxn - q1H
n+m—1
< W ”xno - 0]1” + W Z Ap + “xﬂo —q1||
k=ngy
n+m—1
= WD [l -+ W Y A
k:no
€ €
< (W+1)m+Wm = E&. (312)

This implies that {x,} is a Cauchy sequence in E and so is convergent since E is complete. Let lim,_,. x, = 4".
Then g° € K. It remains to show that g4° € F. Indeed, we know that the set F = F(S) N F(T) is closed. From
the continuity of d(x, F) = 0 with lim,_,., d(x,,, F) = 0 and lim, . X, = q°, we get d(q*, F) = 0, and so q* € F,
that is, 4" is a common fixed point of S and T. This completes the proof. [

Theorem 3.3. Let E be a real uniformly convex Banach space and K be a nonempty closed convex subset of E. Let
S, T: K — K be two uniformly L-Lipschitzian and generalized asymptotically quasi-nonexpansive mappings with
sequences {ky}, {I,} C [1,00) and sequences {s,}, {t,} C [0,00) such that Y 1(kyl, —1) < o0, Y715, < o0 and
Yoy tn < oo. Suppose that F = F(S) N F(T) # 0. Let {a,} and {B,} be sequences in [5,1 — 0] for some 6 € (0, 1).
From arbitrary x, € K, let {x,,} be the sequence defined by (1.9). Then lim,—,c [|Xn — Sxp|l = im0 [[X — Tx4|| = 0.

Proof. By Lemma 3.1, lim, “xn - q” exists for all g € F. Assume that lim,_, ||xn - q“ =r. Ifr =0, the
conclusion is obvious. Now suppose r > 0. We claim lim,, e [|X;, — Sx,|| = limy, e [IX, — Tx,|| = 0. Since {x,,}
isbounded, there exists R > 0 such thatx,—g, y,—q € Br(0) foralln > 1. Using (1.9) and Lemma 2.3, we have

by —al = @ -7 + o —
< =g —all + u v - al
~Wa(B)g(IT" x, — x,l])
< @=p |l + B flx - alf
< (U= Bl [t = ql| + £ + B o — ]
< (=B =g + 0u1 + B a4
< =B Ja = all” + 01+ Bul? Jra — gl
< Bl —q|" +e. (3.13)
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where 0,, = 21,,t, ||x,, - qH +£2 with Y7, 0, < . Again using (1.9), (3.13) and Lemma 2.3, we have

||(1 —a)T"x, + 0, S"yy — q”2

(1= an) |7 = g]* + o ||S"yu — g
~Wale)g( || T"xn = S"yul )

(1= )l [len = q| + £l + @l |y — gf| + 501
~Wale)g( || T"xs = S"yul )

(1= @B |xn = qlf" + 0] + alk ||y — glf" + 2]
~Wa(@n)g( [T = 5"yl

(1 = a2 || = g|]* + 0,1 + kL2 [ = glf” + 641
+ap Ay — Wz(an)g( | T"x - S”yn||)

(1= @)L v = || + (1 = )220, + a2 | — gl
+20,] + ady = Walan)g( | T2 = Sy

s =l

IA

IN

IA

IA

IN

B = all* + B2 + A = Watang( [T, = 5w

IA

||xn - qHZ + M,R* + (1 +M,)0, + A, — Wz(an)g( HT”xn - S”yn”)

IA

(3.14)

where A, = 2kysy |[yn — q|| + 52 with Yooy Ay < 00 and M, = (12 — 1) with Yooy M, = Yoo (%12 - 1) =
(kuly + 1) X5 (el — 1) < 0.

Observe that Wy () > 6°. Now (3.14) implies that

2Y o(rw-sl) < fa-df+RY Mo+ (1+Y m)Y 6,
n=1 n=1 n=1 n=1
£ A< (3.15)
n=1

Therefore, we have lim,_,« g( HT”xn - 5" yn”) = 0. Since g is strictly increasing and continuous at 0, it
follows that

lim || T"x, — S"y,|| = 0. (3.16)

n—oo

Now taking limsup on both the sides of (3.1), we obtain

limsup|ly, —q| < (3.17)

Since T is generalized asymptotically quasi-nonexpansive, we can get that

Hm [T, =g < L — q]| + . (3.18)

n—oo
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for all n > 1. Taking limsup on both the sides of (3.18), we obtain

limsup “T”xn - q“ < r (3.19)
Now
[nar —qf] = ]2 = @) T"x, + 24"y — g

H(T”xn —q)+a,(S"y, - T"xn)”
700 = |+ |8y = T

IA

yields that

o< liminf|[T"x, —q]. (3.20)

So that (3.19) gives lim, ”T”xn - q“ =7

On the other hand, since S is generalized asymptotically quasi-nonexpansive, we have

R e R |
B R I T
so we have
ro< limgf||yn—q‘|. (3.21)

By using (3.17) and (3.21), we obtain

im |y, —q| = » (3.22)

n—oo

Thus r = lim,,,c Hyn - q” = limy, 00 “(1 = Bn)(xn = q) + Bu(T"xy — q)” gives by Lemma 2.1 that

Iim || T"x, —x,|| = O. (3.23)

Now

v —al] = BulT0 =l
Hence by (3.23), we obtain

im |y — x| = 0. (3.24)

n—oo

Also note that

”(1 —a)T"x, + a,S" Yy, — xn”

[1X5+1 — xall

IA

T = xall + || T = Sy
— 0 as n— oo, (3.25)
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so that

||xn+1 - yn“ < ||xn+1 - xn” + ”yn - xn”

— (0 as n — oo.

Furthermore, from

[xer = S™"yul| < Iener = xull + 1w = T2,
+ ||T”xn - S”y,,H
using (3.16), (3.23) and (3.25), we find that

tim s = 5| = o
Then
s = Totpaall - < [ = T |+ [T o = T |
+ ||T”+1xn - Tx,,+1||
< praer = T || + Lllxuer — 2l
+L T x — Xyl
= |prer = T e || + Lllxusr — 2l
+Lay, ||T”x,, - S"yn”
yields
Lim [lx, - Txsll = 0.
Now
ltw = S™xull - < lln = Xueall + |[xe1 = Sy
+ ||S”y,, - S”xn”
< n = Xl + ||nss = Sy
Ly =
— 0 as n — oo.
Thus
tuer = Sxuetll < st = S || + || a1 — S|
< s = 8" ot || + LIS 6001 = ol
< Jer = S x| + L([|S %001 = S" |

-
1 = 8" o || + L2 1 =y

L7

IA

51

(3.26)

(3.27)

(3.28)
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implies

lim [|x, = Sx.ll = 0. (3.29)
This completes the proof. [J

Theorem 3.4. Let E be a real uniformly convex Banach space and K be a nonempty closed convex subset of E. Let
S, T: K — K be two uniformly L-Lipschitzian and generalized asymptotically quasi-nonexpansive mappings with
sequences {ky}, {I,} C [1,00) and sequences {s,}, {t,} C [0,00) such that Y, 1(kyl, —1) < o0, Y7715, < o0 and
Yoot tn < 0. Suppose that F = F(S)NF(T) # 0. Let {a,,} and {B,} be sequences in [5,1 — 6] for some 6 € (0,1). From
arbitrary x1 € K, let {x,} be the sequence defined by (1.9). If at least one of the mappings S and T is semi-compact,
then the sequence {x,} converges strongly to a common fixed point of S and T.

Proof. Without loss of generality, we may assume that T is semi-compact. This with (3.28) means that there
exists a subsequence {x,,} C {x,} such that x,, — x* € Kas ny — 0. Since S and T are continuous, then from
(3.28) and (3.29), we find

v =Tl = lim [jxy, — Tx, || =0, (3.30)
Ng—00
and
Ilx* = Sx'll = lim |Jxy, — Sxu || = 0. (3.31)
Ng—00

This shows that x* € F = F(S) N F(T). According to Lemma 3.1 the limit lim,_, [|x, — x*|| exists. Then
lim ||x,, — x*|| = lim ||xnk - x*” =0,
n—oo Np—00

which means that {x,} converges to x* € F. This completes the proof. O

Applying Theorem 3.2, we obtain strong convergence of the process (1.9) under the condition (A’) as
follows:

Theorem 3.5. Let E be a real uniformly convex Banach space and K be a nonempty closed convex subset of E. Let
S, T: K — K be two uniformly L-Lipschitzian and generalized asymptotically quasi-nonexpansive mappings with
sequences {ky}, {I,} C [1,00) and sequences {s,}, {t,} C [0,00) such that Y 1(kyl, —1) < o0, Y7715, < o0 and
Yoot tn < 0. Suppose that F = F(S)NF(T) # 0. Let {a,,} and {B,} be sequences in [5,1 — 6] for some 6 € (0,1). From
arbitrary x1 € K, let {x,} be the sequence defined by (1.9). Let S and T satisfy the condition (A’), then the sequence
{xn} converges strongly to a common fixed point of S and T.

Proof. We proved in Theorem 3.3 that

lim ||x, — Sx,|| =0, lim ||x,, — Tx,|| = 0. (3.32)
From the condition (A’) and (3.32), either

lim f(d(x,, F)) < lim ||x, — Sx,|| =0,
n—oo n—o0

or

lim f(d(x,, F)) < lim |[x, — Tx,|| = 0.
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Hence
lim f(d(x,, F)) = 0.

Since f: [0,00) — [0, 0) is a nondecreasing function satisfying f(0) = 0, f(r) > 0 for all r € (0, ),
therefore we have

lim d(x,, F) = 0.
It follows, as in the proof of Theorem 3.2, that {x,} converges strongly to a common fixed point of the

mappings S and T. This completes the proof.
O

4. Weak convergence theorem

In this section, we prove a weak convergence theorem of the iteration process (1.9) in the framework of
real uniformly convex Banach spaces.

Lemma 4.1. Let E be a real uniformly convex Banach space and K be a nonempty closed convex subset of E. Let
S, T: K — K be two uniformly L-Lipschitzian and generalized asymptotically quasi-nonexpansive mappings with
sequences {k}, {l,} C [1,00) and sequences {s,}, {t,} C [0, ) such that ¥, 1 (kul, — 1) < o0, ¥,1"1 s, < oo and
Yoot tn < 0. Suppose that F = F(S)NF(T) # 0. Let {a,,} and {B,.} be sequences in [5,1 — 6] for some 6 € (0,1). From
arbitrary x1 € K, let {x,} be the sequence defined by (1.9). Then lim,_« “txn +(1-tp- q” exists forall p, q € F
and t € [0,1].
Proof. By Lemma 3.1, we know that {x,} is bounded. Letting

an(t) = ”txn +(1-tp- q“
for allt € [0,1]. Then lim,,_, a,(0) = ”p - q” and lim, . a,(1) = ||xn - q“ exists by Lemma 3.1. It, therefore,
remains to prove the Lemma 4.1 for ¢ € (0, 1). For all x € K, we define the mapping T,,: K — K by

Tpx = (1—a,)T"x+ a,S"((1 - Bu)x + BT x).

Then

||Tnx - Tny” < U Hx - y“ + A, (4.1)

for all x, y € K, where y, = (1 +d,) and d,, = (k,l, — 1) with Y.~ d, < 0o and p, — 1 as n — co. Setting

Sn,m =TwmThimo2... Ty, m21 (42)

and

bum = ||Sum(Exn + (1= )p) = (S, mXn + (1 = )S,m9)|| - (4.3)
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From (4.1) and (4.2), we have

n+m—1
S mx = Smy|| < bkt - thama ||x = y]| + Z A;
nm—1 nm—1 a
< (T -5
- n+m—1 -
= Halx-yll+ ), A (4.4)

for all x, y € K, where H,, = [m-t pi, Hy = 1asn — coand S, Xy = Xysm, Su,mp = p for all p € F. Thus

1=n

tusm(®) = || + (1= D~ ]|
S bn,m + Hsn,m(txn + (1 - t)P) - q”
n+m-—1
< by + Hyan(t) + Z A (4.5)

i=n

By using [[4], Theorem 2.3], we have

bn,m < ¢71( ||xn - P” - Hsn,mxn - Sn,mp”)
< ¢l = pll = llevsm =+ p = S
< &7 (e = pll = (Ibenens =PI = IS 2 = pI1)). (4.6)

and so the sequence {b,, .} converges to 0 as n — oo for all m > 1. Thus, fixing n and letting m — oo in (4.6),
we have

limsup ap+m(t) < qb_l( Hxn - pH - ( lim “xm - p” - ||Sn,mp - p” ))

m—oo m—oo

n+m-1
+Huan(B)+ Y A 4.7)

i=n
and again letting 1 — oo, we obtain

limsupa,(t) < ¢ 1(0)+liminfa,(t) + 0 = liminfa,(t).
n—00 n—oo n—o00

This shows that lim,,,« a,(t) exists, that is,
lim ”txn +(1-t)p- qH

exists for all t € [0,1]. This completes the proof. [

Theorem 4.2. Let E be a real uniformly convex Banach space such that its dual E* has the Kadec-Klee property
and K be a nonempty closed convex subset of E. Let S, T: K — K be two uniformly L-Lipschitzian and generalized
asymptotically quasi-nonexpansive mappings with sequences {k,}, {I,} C [1, c0) and sequences {s,}, {t,} C [0, o)
such that Y"1 (kyly — 1) < 00, Y"1 5, < 00 and Y"1 t, < co. Suppose that F = F(S) N F(T) # 0. Let {av,} and {B,}
be sequences in [6,1 — 6] for some 6 € (0,1). From arbitrary x1 € K, let {x,} be the sequence defined by (1.9). If the
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mappings I — S and I — T, where I denotes the identity mapping, are demiclosed at zero. Then {x,} converges weakly
to a common fixed point of the mappings S and T.

Proof. By Lemma 3.1, we know that {x,} is bounded and since E is reflexive, there exists a subsequence {x,,}
of {x,} which converges weakly to some p € K. By Theorem 3.3, we have

lim ||x,,]. - an}.” =0, lim ||xn]. — Tx,,].” =0.

n—oo n—oo

Since the mappings I — S and I — T are demiclosed at zero, therefore Sp = p and Tp = p, which means p € F.
Now, we show that {x,} converges weakly to p. Suppose {x,,} is another subsequence of {x,} converges
weakly to some g € K. By the same method as above, we have g € F and p, g4 € w,(x,). By Lemma 4.1, the
limit

1}1_%10 ||tx,, +(1-t)p- qH
exists for all t € [0,1] and so p = g by Lemma 2.4. Thus, the sequence {x,} converges weakly to p € F. This
completes the proof. [
Remark 4.3. Theorems of this paper can also be proved with error terms.
Remark 4.4. Our results extend, improve and generalize many known results from the existing literature.
Example 4.5. Let E = [-nt, ] and let T be defined by

Tx = xcosx

foreach x € E. Clearly F(T) = {0}. T is a quasi-nonexpansive mapping since if x € E and z = 0, then

|Tx —z| = |Tx — 0| = |x||cos x| < |x| = |x — 2],

and hence T is generalized asymptotically quasi-nonexpansive mapping with constant sequences {k,} = {1} and
{sn} = {0}. But it is not a nonexpansive mapping and hence asymptotically nonexpansive mapping. In fact, if we take
x =7 andy =7, then

T T
Tx — Tyl = |§COSE —TCOSTI| =T,
whereas
o= |Eon|= 2
A PR A
Example 4.6. Let E = R and let T be defined by

X 1 ;
_ ) Fcosy, ifx#0,
Te) = { 0, ifx=0.

Ifx # 0and Tx = x, then x = % cos L. Thus 2 = cos 1. This is not hold. T is a quasi-nonexpansive mapping since
ifx € Eand z = 0, then

1
ITx—z| = [Tx—0| = ]chos —] B
2 X 2

and hence T is generalized asymptotically quasi-nonexpansive mapping with constant sequences {k,} = {1} and
{sn} = {0}. But it is not a nonexpansive mapping and hence asymptotically nonexpansive mapping. In fact, if we take
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1

_2 _
x=5-andy = =, then

1
cosm| = —,

Tx-T —
ITx y 2n 21

| L 08 —
3n 2

whereas

2 1 1
= =[5 -2l 5
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