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Weak and strong convergence theorems for two generalized
asymptotically quasi-nonexpansive mappings in Banach spaces
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Abstract. In this paper, we establish some weak and strong convergence theorems of modified two-step
iteration process for two generalized asymptotically quasi-nonexpansive mappings to converge to common
fixed points in the setting of real Banach spaces. The results presented in this paper extend, improve and
generalize some previous results from the existing literature.

1. Introduction

Let K be a nonempty subset of a real Banach space E. Let T : K → K be a mapping, then we denote the
set of all fixed points of T by F(T). The set of common fixed points of two mappings S and T will be denoted
by F = F(S) ∩ F(T). A mapping T : K→ K is said to be:

(1) nonexpansive if
∥∥∥Tx − Ty

∥∥∥ ≤
∥∥∥x − y

∥∥∥ (1.1)

for all x, y ∈ K.

(2) quasi-nonexpansive if F(T) , ∅ and
∥∥∥Tx − p

∥∥∥ ≤
∥∥∥x − p

∥∥∥ (1.2)

for all x ∈ K, p ∈ F(T).

(3) asymptotically nonexpansive [6] if there exists a sequence {kn} in [1,∞) with limn→∞ kn = 1 such that
∥∥∥Tnx − Tny

∥∥∥ ≤ kn

∥∥∥x − y
∥∥∥ (1.3)
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Email address: saluja_1963@rediffmail.com, saluja1963@gmail.com (G. S. Saluja)



G. S. Saluja / FAAC 5:1 (2013), 43–56 44

for all x, y ∈ K and n ≥ 1.

(4) asymptotically quasi-nonexpansive if F(T) , ∅ and there exists a sequence {kn} in [1,∞) with
limn→∞ kn = 1 such that

∥∥∥Tnx − p
∥∥∥ ≤ kn

∥∥∥x − p
∥∥∥ (1.4)

for all x ∈ C, p ∈ F(T) and n ≥ 1.

(5) generalized asymptotically quasi-nonexpansive [7] if F(T) , ∅ and there exist two positive sequences
{kn} in [1,∞) with kn → 1 and {sn} in [0,∞) with sn → 0 as n→∞ such that

∥∥∥Tnx − y
∥∥∥ ≤ kn

∥∥∥x − y
∥∥∥ + sn (1.5)

for all x ∈ K, y ∈ F(T) and n ≥ 1.

(6) uniformly L-Lipschitzian if there exists a positive constant L such that
∥∥∥Tnx − Tny

∥∥∥ ≤ L
∥∥∥x − y

∥∥∥ (1.6)

for all x, y ∈ K and n ≥ 1.

If in definition (5), sn = 0 for all n ≥ 1, then T becomes asymptotically quasi-nonexpansive, and hence the
class of generalized asymptotically quasi-nonexpansive maps includes the class of asymptotically quasi-
nonexpansive maps.

In 1991, Schu [13] introduced the following Mann-type iterative process:

x1 = x ∈ K,
xn+1 = (1 − αn)xn + αnTnxn, (1.7)

where T : K→ K is an asymptotically nonexpansive mapping with a sequence {kn} such that
∑∞

n=1(kn−1) < ∞
and {αn} is a sequence in (0, 1) satisfying the condition δ ≤ αn ≤ 1− δ for all n ≥ 1 and for some δ > 0. Hence
conclude that the sequence {xn} converges weakly to a fixed point of T.

Since 1972, many authors have studied weak and strong convergence problem of the iterative sequences
(with errors) for asymptotically nonexpansive mappings in Hilbert spaces and Banach spaces (see, for
example, [6, 8, 10–14, 19] and references therein).

In 2007, Agarwal et al. [1] introduced the following iteration process:

x1 = x ∈ K,
xn+1 = (1 − αn)Tnxn + αnTnyn,

yn = (1 − βn)xn + βnTnxn, n ≥ 1, (1.8)

where {αn} and {βn} are in (0, 1). They showed that this process converge at a rate same as that of Picard
iteration and faster than Mann for contractions.

The above process deals with one mapping only. The case of two mappings in iterative processes has
also remained under study since Das and Debata [3] gave and studied a two mappings process. Later
on, many authors, for example Khan and Takahashi [10], Shahzad and Udomene [15] and Takahashi and
Tamura [18] have studied the two mappings case of iterative schemes for different types of mappings.
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Recently, Khan et al. [9] modified the iteration process (1.2) to the case of two mappings as follows:

x1 = x ∈ K,
xn+1 = (1 − αn)Tnxn + αnSnyn,

yn = (1 − βn)xn + βnTnxn, n ≥ 1, (1.9)

where {αn} and {βn} are in (0, 1). They established weak and strong convergence theorems in the setting of
real Banach spaces.

Remark 1.1. (i) Note that (1.9) reduces to (1.8) when S = T. Similarly, the process (1.9) reduces to (1.7) when T = I.

(ii) The process (1.8) does not reduce to (1.7) but (1.9) does. Thus (1.9) not only covers the results proved by (1.8)
but also by (1.7) which are not covered by (1.8).

In this paper, we prove some weak and strong convergence theorems for two generalized asymptotically
quasi-nonexpansive mappings using iteration process (1.9) in the framework of real Banach spaces. The
results presented in this paper extend, improve and generalize several known results given in the existing
literature.

2. Preliminaries

For the sake of convenience, we restate the following concepts.

Let E be a Banach space with its dimension greater than or equal to 2. The modulus of convexity of E is
the function δE(ε) : (0, 2]→ [0, 1] defined by

δE(ε) = inf
{
1 −

∥∥∥∥∥
1
2

(x + y)
∥∥∥∥∥ : ‖x‖ = 1,

∥∥∥y
∥∥∥ = 1, ε =

∥∥∥x − y
∥∥∥
}
.

A Banach space E is uniformly convex if and only if δE(ε) > 0 for all ε ∈ (0, 2].

Two mappings S, T : K → K, where K is a subset of a normed space E, are said to satisfy the condition
(A′) [5] if there exists a nondecreasing function f : [0,∞) → [0,∞) with f (0) = 0, f (r) > 0 for all r ∈ (0,∞)
such that either ‖x − Sx‖ ≥ f (d(x,F)) or ‖x − Tx‖ ≥ f (d(x,F)) for all x ∈ K, where d(x,F) = inf{

∥∥∥x − p
∥∥∥ : p ∈ F}.

A mapping T : K → K is said to be demiclosed at zero, if for any sequence {xn} in K, the condition xn
converges weakly to x ∈ K and Txn converges strongly to 0 imply Tx = 0.

A mapping T : K → K is said to be semi-compact [2] if for any bounded sequence {xn} in K such that
‖xn − Txn‖ → 0 as n→∞, then there exists a subsequence {xnk } ⊂ {xn} such that xnk → x∗ ∈ K strongly.

A Banach space E has the Kadec-Klee property [16] if for every sequence {xn} in E, xn → x weakly and
‖xn‖ → ‖x‖ it follows that ‖xn − x‖ → 0.

Now, we state the following useful lemmas to prove our main results:

Lemma 2.1. (See [13]) Let E be a uniformly convex Banach space and 0 < α ≤ tn ≤ β < 1 for all n ∈ N.
Suppose further that {xn} and {yn} are sequences of E such that lim supn→∞ ‖xn‖ ≤ a, lim supn→∞

∥∥∥yn

∥∥∥ ≤ a and
limn→∞

∥∥∥tnxn + (1 − tn)yn

∥∥∥ = a hold for some a ≥ 0, then limn→∞
∥∥∥xn − yn

∥∥∥ = 0.
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Lemma 2.2. (See [17]) Let {αn}∞n=1, {βn}∞n=1 and {rn}∞n=1 be sequences of nonnegative numbers satisfying the inequality

αn+1 ≤ (1 + βn)αn + rn, ∀n ≥ 1.

If
∑∞

n=1 βn < ∞ and
∑∞

n=1 rn < ∞, then limn→∞ αn exists. In particular, {αn}∞n=1 has a subsequence which converges
to zero, then limn→∞ αn = 0.

Lemma 2.3. (See [20]) Let p > 1 and R > 1 be two fixed numbers and E a Banach space. Then E is uniformly convex
if and only if there exists a continuous, strictly increasing and convex function 1 : [0,∞) → [0,∞) with 1(0) = 0
such that

∥∥∥λx + (1 − λ)y
∥∥∥p ≤ λ ‖x‖p + (1 − λ)

∥∥∥y
∥∥∥p −Wp(λ)1(

∥∥∥x − y
∥∥∥) for all x, y ∈ BR(0) = {x ∈ E : ‖x‖ ≤ R}, and

λ ∈ [0, 1], where Wp(λ) = λ(1 − λ)p + λp(1 − λ).

Lemma 2.4. (See [16]) Let E be a real reflexive Banach space with its dual E∗ has the Kadec-Klee property. Let {xn}
be a bounded sequence in E and p, q ∈ ww(xn) (where ww(xn) denotes the set of all weak subsequential limits of {xn}).
Suppose limn→∞

∥∥∥txn + (1 − t)p − q
∥∥∥ exists for all t ∈ [0, 1]. Then p = q.

3. Main Results

In this section, we prove some strong convergence theorems of the iteration scheme (1.9) for two gener-
alized asymptotically quasi-nonexpansive mappings in the framework of real Banach spaces. In the sequel,
we need the following lemma in order to prove our main theorems.

Lemma 3.1. Let E be a real Banach space and K be a nonempty closed convex subset of E. Let S, T : K → K
be two generalized asymptotically quasi-nonexpanive mappings with sequences {kn}, {ln} ⊂ [1,∞) and sequences
{sn}, {tn} ⊂ [0,∞) such that

∑∞
n=1(knln − 1) < ∞,

∑∞
n=1 sn < ∞ and

∑∞
n=1 tn < ∞. Suppose that F = F(S)∩ F(T) , ∅.

Let {xn} be the sequence defined by (1.9). Then limn→∞
∥∥∥xn − q

∥∥∥ exists for all q ∈ F.

Proof. Let q ∈ F. Then from (1.9), we have
∥∥∥yn − q

∥∥∥ =
∥∥∥(1 − βn)xn + βnTnxn − q

∥∥∥
≤ (1 − βn)

∥∥∥xn − q
∥∥∥ + βn

∥∥∥Tnxn − q
∥∥∥

≤ (1 − βn)
∥∥∥xn − q

∥∥∥ + βn[ln
∥∥∥xn − q

∥∥∥ + tn]

≤ (1 − βn)ln
∥∥∥xn − q

∥∥∥ + βnln
∥∥∥xn − q

∥∥∥ + βntn

≤ ln
∥∥∥xn − q

∥∥∥ + tn. (3.1)

Again using (1.9) and (3.1), we obtain
∥∥∥xn+1 − q

∥∥∥ =
∥∥∥(1 − αn)Tnxn + αnSnyn − q

∥∥∥
≤ (1 − αn)

∥∥∥Tnxn − q
∥∥∥ + αn

∥∥∥Snyn − q
∥∥∥

≤ (1 − αn)ln
∥∥∥xn − q

∥∥∥ + αn[kn

∥∥∥yn − q
∥∥∥ + sn]

≤ (1 − αn)ln
∥∥∥xn − q

∥∥∥ + αnkn

∥∥∥yn − q
∥∥∥ + αnsn

≤ (1 − αn)ln
∥∥∥xn − q

∥∥∥ + αnkn[ln
∥∥∥xn − q

∥∥∥ + tn] + αnsn

≤ (1 − αn)knln
∥∥∥xn − q

∥∥∥ + αnknln
∥∥∥xn − q

∥∥∥ + αnkntn + αnsn

≤ knln
∥∥∥xn − q

∥∥∥ + kntn + sn

= [1 + (knln − 1)]
∥∥∥xn − q

∥∥∥ + An. (3.2)

where An = kntn + sn. Since by hypothesis
∑∞

n=1 sn < ∞ and
∑∞

n=1 tn < ∞, it follows that
∑∞

n=1 An < ∞ and
since

∑∞
n=1(knln − 1) < ∞, by Lemma 2.2 we know that the limit limn→∞

∥∥∥xn − q
∥∥∥ exists. This completes the

proof.
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Theorem 3.2. Let E be a real Banach space and K be a nonempty closed convex subset of E. Let S, T : K→ K be two
uniformly L-Lipschitzian and generalized asymptotically quasi-nonexpansive mappings with sequences {kn}, {ln} ⊂
[1,∞) and sequences {sn}, {tn} ⊂ [0,∞) such that

∑∞
n=1(knln − 1) < ∞,

∑∞
n=1 sn < ∞ and

∑∞
n=1 tn < ∞. Suppose that

F = F(S)∩ F(T) , ∅. Let {xn} be the sequence defined by (1.9). Then {xn} converges strongly to a common fixed point
in F if and only if lim infn→∞ d(xn,F) = 0, where d(x,F) = inf{

∥∥∥x − p
∥∥∥ : p ∈ F}.

Proof. The necessity of the condition lim infn→∞ d(xn,F) = 0 is obvious. Let us prove the sufficiency part
of the theorem. Since S, T : K → K are uniformly L-Lipschitzian mappings, so S and T are continuous
mappings. Therefore the sets F(S) and F(T) are closed. Hence F = F(S) ∩ F(T) is a nonempty closed set.

For any given q ∈ F, form (3.2), we have

∥∥∥xn+1 − q
∥∥∥ ≤ (1 + dn)

∥∥∥xn − q
∥∥∥ + An. (3.3)

where dn = (knln − 1) with
∑∞

n=1 dn < ∞ and
∑∞

n=1 An < ∞. Hence, we have

d(xn+1,F) ≤ (1 + dn)d(xn,F) + An. (3.4)

From (3.4) and Lemma 2.2, we obtain that limn→∞ d(xn,F) exists. By condition lim infn→∞ d(xn,F) = 0, we
get

lim
n→∞

d(xn,F) = lim inf
n→∞

d(xn,F) = 0. (3.5)

Next, we shall prove that {xn} is a Cauchy sequence. In fact, due to 1 + x ≤ exp(x) for all x > 0, and from
(3.3), we obtain

∥∥∥xn+1 − q
∥∥∥ ≤ exp(dn)

∥∥∥xn − q
∥∥∥ + An. (3.6)

Hence for any positive integers m, n and from (3.6) with
∑∞

n=1 dn < ∞ and
∑∞

n=1 An < ∞, we have

∥∥∥xn+m − q
∥∥∥ ≤ exp(dn+m−1)

∥∥∥xn+m−1 − q
∥∥∥ + An+m−1

≤ exp(dn+m−1)[exp(dn+m−2)
∥∥∥xn+m−2 − q

∥∥∥
+An+m−2] + An+m−1

≤ exp(dn+m−1 + dn+m−2)
∥∥∥xn+m−2 − q

∥∥∥
+exp(dn+m−1)[An+m−1 + An+m−2]

≤ . . .

≤ exp
( n+m−1∑

k=n

dk

) ∥∥∥xn − q
∥∥∥ + exp

( n+m−1∑

k=n+1

dk

) n+m−1∑

k=n

Ak

≤ exp
( ∞∑

k=1

dk

) ∥∥∥xn − q
∥∥∥ + exp

( ∞∑

k=1

dk

) n+m−1∑

k=n

Ak, (3.7)

which implies that

∥∥∥xn+m − q
∥∥∥ ≤ W

∥∥∥xn − q
∥∥∥ + W

n+m−1∑

k=n

Ak (3.8)

for all q ∈ F, where W = exp
(∑∞

k=1 dk

)
< ∞.
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Since limn→∞ d(xn,F) = 0, then for any given ε > 0, there exists a positive integer n0 such that

d(xn0 ,F) <
ε

2(W + 1)
, (3.9)

and
n+m−1∑

k=n0

Ak <
ε

2W
, (3.10)

Therefore there exists a q1 ∈ F such that

∥∥∥xn0 − q1

∥∥∥ <
ε

2(W + 1)
. (3.11)

Consequently, for all n ≥ n0 and m,n ≥ 1 from (3.8), we have

‖xn+m − xn‖ ≤
∥∥∥xn+m − q1

∥∥∥ +
∥∥∥xn − q1

∥∥∥

≤ W
∥∥∥xn0 − q1

∥∥∥ + W
n+m−1∑

k=n0

Ak +
∥∥∥xn0 − q1

∥∥∥

= (W + 1)
∥∥∥xn0 − q1

∥∥∥ + W
n+m−1∑

k=n0

Ak

< (W + 1).
ε

2(W + 1)
+ W.

ε
2W

= ε. (3.12)

This implies that {xn} is a Cauchy sequence in E and so is convergent since E is complete. Let limn→∞ xn = q∗.
Then q∗ ∈ K. It remains to show that q∗ ∈ F. Indeed, we know that the set F = F(S) ∩ F(T) is closed. From
the continuity of d(x,F) = 0 with limn→∞ d(xn,F) = 0 and limn→∞ xn = q∗, we get d(q∗,F) = 0, and so q∗ ∈ F,
that is, q∗ is a common fixed point of S and T. This completes the proof.

Theorem 3.3. Let E be a real uniformly convex Banach space and K be a nonempty closed convex subset of E. Let
S, T : K → K be two uniformly L-Lipschitzian and generalized asymptotically quasi-nonexpansive mappings with
sequences {kn}, {ln} ⊂ [1,∞) and sequences {sn}, {tn} ⊂ [0,∞) such that

∑∞
n=1(knln − 1) < ∞,

∑∞
n=1 sn < ∞ and∑∞

n=1 tn < ∞. Suppose that F = F(S) ∩ F(T) , ∅. Let {αn} and {βn} be sequences in [δ, 1 − δ] for some δ ∈ (0, 1).
From arbitrary x1 ∈ K, let {xn} be the sequence defined by (1.9). Then limn→∞ ‖xn − Sxn‖ = limn→∞ ‖xn − Txn‖ = 0.

Proof. By Lemma 3.1, limn→∞
∥∥∥xn − q

∥∥∥ exists for all q ∈ F. Assume that limn→∞
∥∥∥xn − q

∥∥∥ = r. If r = 0, the
conclusion is obvious. Now suppose r > 0. We claim limn→∞ ‖xn − Sxn‖ = limn→∞ ‖xn − Txn‖ = 0. Since {xn}
is bounded, there exists R > 0 such that xn−q, yn−q ∈ BR(0) for all n ≥ 1. Using (1.9) and Lemma 2.3, we have

∥∥∥yn − q
∥∥∥2

=
∥∥∥(1 − βn)Tnxn + βnxn − q

∥∥∥2

≤ (1 − βn)
∥∥∥Tnxn − q

∥∥∥2
+ βn

∥∥∥xn − q
∥∥∥2

−W2(βn)1(‖Tnxn − xn‖)
≤ (1 − βn)

∥∥∥Tnxn − q
∥∥∥2

+ βn

∥∥∥xn − q
∥∥∥2

≤ (1 − βn)[ln
∥∥∥xn − q

∥∥∥ + tn]2 + βn

∥∥∥xn − q
∥∥∥2

≤ (1 − βn)[l2n
∥∥∥xn − q

∥∥∥2
+ θn] + βn

∥∥∥xn − q
∥∥∥2

≤ (1 − βn)[l2n
∥∥∥xn − q

∥∥∥2
+ θn] + βnl2n

∥∥∥xn − q
∥∥∥2

≤ l2n
∥∥∥xn − q

∥∥∥2
+ θn (3.13)
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where θn = 2lntn

∥∥∥xn − q
∥∥∥ + t2

n with
∑∞

n=1 θn < ∞. Again using (1.9), (3.13) and Lemma 2.3, we have

∥∥∥xn+1 − q
∥∥∥2

=
∥∥∥(1 − αn)Tnxn + αnSnyn − q

∥∥∥2

≤ (1 − αn)
∥∥∥Tnxn − q

∥∥∥2
+ αn

∥∥∥Snyn − q
∥∥∥2

−W2(αn)1
( ∥∥∥Tnxn − Snyn

∥∥∥
)

≤ (1 − αn)[ln
∥∥∥xn − q

∥∥∥ + tn]2 + αn[kn

∥∥∥yn − q
∥∥∥ + sn]2

−W2(αn)1
( ∥∥∥Tnxn − Snyn

∥∥∥
)

≤ (1 − αn)[l2n
∥∥∥xn − q

∥∥∥2
+ θn] + αn[k2

n

∥∥∥yn − q
∥∥∥2

+ λn]

−W2(αn)1
( ∥∥∥Tnxn − Snyn

∥∥∥
)

≤ (1 − αn)[l2n
∥∥∥xn − q

∥∥∥2
+ θn] + αnk2

n[l2n
∥∥∥xn − q

∥∥∥2
+ θn]

+αnλn −W2(αn)1
( ∥∥∥Tnxn − Snyn

∥∥∥
)

≤ (1 − αn)k2
nl2n

∥∥∥xn − q
∥∥∥2

+ (1 − αn)k2
nl2nθn + αnk2

n[l2n
∥∥∥xn − q

∥∥∥2

+l2nθn] + αnλn −W2(αn)1
( ∥∥∥Tnxn − Snyn

∥∥∥
)

≤ k2
nl2n

∥∥∥xn − q
∥∥∥2

+ k2
nl2nθn + λn −W2(αn)1

( ∥∥∥Tnxn − Snyn

∥∥∥
)

≤
∥∥∥xn − q

∥∥∥2
+ MnR2 + (1 + Mn)θn + λn −W2(αn)1

( ∥∥∥Tnxn − Snyn

∥∥∥
)

(3.14)

where λn = 2knsn

∥∥∥yn − q
∥∥∥ + s2

n with
∑∞

n=1 λn < ∞ and Mn = (k2
nl2n − 1) with

∑∞
n=1 Mn =

∑∞
n=1(k2

nl2n − 1) =
(knln + 1)

∑∞
n=1(knln − 1) < ∞.

Observe that W2(αn) ≥ δ2. Now (3.14) implies that

δ2
∞∑

n=1

1
( ∥∥∥Tnxn − Snyn

∥∥∥
)
<

∥∥∥x1 − q
∥∥∥2

+ R2
∞∑

n=1

Mn +
(
1 +

∞∑

n=1

Mn

) ∞∑

n=1

θn

+

∞∑

n=1

λn < ∞. (3.15)

Therefore, we have limn→∞ 1
( ∥∥∥Tnxn − Snyn

∥∥∥
)

= 0. Since 1 is strictly increasing and continuous at 0, it
follows that

lim
n→∞

∥∥∥Tnxn − Snyn

∥∥∥ = 0. (3.16)

Now taking limsup on both the sides of (3.1), we obtain

lim sup
n→∞

∥∥∥yn − q
∥∥∥ ≤ r. (3.17)

Since T is generalized asymptotically quasi-nonexpansive, we can get that

lim
n→∞

∥∥∥Tnxn − q
∥∥∥ ≤ ln

∥∥∥xn − q
∥∥∥ + tn. (3.18)
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for all n ≥ 1. Taking limsup on both the sides of (3.18), we obtain

lim sup
n→∞

∥∥∥Tnxn − q
∥∥∥ ≤ r. (3.19)

Now

∥∥∥xn+1 − q
∥∥∥ =

∥∥∥(1 − αn)Tnxn + αnSnyn − q
∥∥∥

=
∥∥∥(Tnxn − q) + αn(Snyn − Tnxn)

∥∥∥
≤

∥∥∥Tnxn − q
∥∥∥ + αn

∥∥∥Snyn − Tnxn

∥∥∥
yields that

r ≤ lim inf
n→∞

∥∥∥Tnxn − q
∥∥∥ . (3.20)

So that (3.19) gives limn→∞
∥∥∥Tnxn − q

∥∥∥ = r.

On the other hand, since S is generalized asymptotically quasi-nonexpansive, we have

∥∥∥Tnxn − q
∥∥∥ ≤

∥∥∥Tnxn − Snyn

∥∥∥ +
∥∥∥Snyn − q

∥∥∥
≤

∥∥∥Tnxn − Snyn

∥∥∥ + kn

∥∥∥yn − q
∥∥∥ + sn,

so we have

r ≤ lim inf
n→∞

∥∥∥yn − q
∥∥∥ . (3.21)

By using (3.17) and (3.21), we obtain

lim
n→∞

∥∥∥yn − q
∥∥∥ = r. (3.22)

Thus r = limn→∞
∥∥∥yn − q

∥∥∥ = limn→∞
∥∥∥(1 − βn)(xn − q) + βn(Tnxn − q)

∥∥∥ gives by Lemma 2.1 that

lim
n→∞
‖Tnxn − xn‖ = 0. (3.23)

Now

∥∥∥yn − xn

∥∥∥ = βn ‖Tnxn − xn‖ .
Hence by (3.23), we obtain

lim
n→∞

∥∥∥yn − xn

∥∥∥ = 0. (3.24)

Also note that

‖xn+1 − xn‖ =
∥∥∥(1 − αn)Tnxn + αnSnyn − xn

∥∥∥
≤ ‖Tnxn − xn‖ + αn

∥∥∥Tnxn − Snyn

∥∥∥
→ 0 as n→∞, (3.25)
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so that

∥∥∥xn+1 − yn

∥∥∥ ≤ ‖xn+1 − xn‖ +
∥∥∥yn − xn

∥∥∥
→ 0 as n→∞. (3.26)

Furthermore, from

∥∥∥xn+1 − Snyn

∥∥∥ ≤ ‖xn+1 − xn‖ + ‖xn − Tnxn‖
+

∥∥∥Tnxn − Snyn

∥∥∥
using (3.16), (3.23) and (3.25), we find that

lim
n→∞

∥∥∥xn+1 − Snyn

∥∥∥ = 0. (3.27)

Then

‖xn+1 − Txn+1‖ ≤
∥∥∥xn+1 − Tn+1xn+1

∥∥∥ +
∥∥∥Tn+1xn+1 − Tn+1xn

∥∥∥
+

∥∥∥Tn+1xn − Txn+1

∥∥∥
≤

∥∥∥xn+1 − Tn+1xn+1

∥∥∥ + L ‖xn+1 − xn‖
+L ‖Tnxn − xn+1‖

=
∥∥∥xn+1 − Tn+1xn+1

∥∥∥ + L ‖xn+1 − xn‖
+Lαn

∥∥∥Tnxn − Snyn

∥∥∥
yields

lim
n→∞
‖xn − Txn‖ = 0. (3.28)

Now

‖xn − Snxn‖ ≤ ‖xn − xn+1‖ +
∥∥∥xn+1 − Snyn

∥∥∥
+

∥∥∥Snyn − Snxn

∥∥∥
≤ ‖xn − xn+1‖ +

∥∥∥xn+1 − Snyn

∥∥∥
+L

∥∥∥yn − xn

∥∥∥
→ 0 as n→∞.

Thus

‖xn+1 − Sxn+1‖ ≤
∥∥∥xn+1 − Sn+1xn+1

∥∥∥ +
∥∥∥Sn+1xn+1 − Sxn+1

∥∥∥
≤

∥∥∥xn+1 − Sn+1xn+1

∥∥∥ + L ‖Snxn+1 − xn+1‖
≤

∥∥∥xn+1 − Sn+1xn+1

∥∥∥ + L
( ∥∥∥Snxn+1 − Snyn

∥∥∥

+
∥∥∥Snyn − xn+1

∥∥∥
)

≤
∥∥∥xn+1 − Sn+1xn+1

∥∥∥ + L2
∥∥∥xn+1 − yn

∥∥∥
+L

∥∥∥Snyn − xn+1

∥∥∥
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implies

lim
n→∞
‖xn − Sxn‖ = 0. (3.29)

This completes the proof.

Theorem 3.4. Let E be a real uniformly convex Banach space and K be a nonempty closed convex subset of E. Let
S, T : K → K be two uniformly L-Lipschitzian and generalized asymptotically quasi-nonexpansive mappings with
sequences {kn}, {ln} ⊂ [1,∞) and sequences {sn}, {tn} ⊂ [0,∞) such that

∑∞
n=1(knln − 1) < ∞,

∑∞
n=1 sn < ∞ and∑∞

n=1 tn < ∞. Suppose that F = F(S)∩F(T) , ∅. Let {αn} and {βn} be sequences in [δ, 1− δ] for some δ ∈ (0, 1). From
arbitrary x1 ∈ K, let {xn} be the sequence defined by (1.9). If at least one of the mappings S and T is semi-compact,
then the sequence {xn} converges strongly to a common fixed point of S and T.

Proof. Without loss of generality, we may assume that T is semi-compact. This with (3.28) means that there
exists a subsequence {xnk } ⊂ {xn} such that xnk → x∗ ∈ K as nk →∞. Since S and T are continuous, then from
(3.28) and (3.29), we find

‖x∗ − Tx∗‖ = lim
nk→∞

∥∥∥xnk − Txnk

∥∥∥ = 0, (3.30)

and

‖x∗ − Sx∗‖ = lim
nk→∞

∥∥∥xnk − Sxnk

∥∥∥ = 0. (3.31)

This shows that x∗ ∈ F = F(S) ∩ F(T). According to Lemma 3.1 the limit limn→∞ ‖xn − x∗‖ exists. Then

lim
n→∞
‖xn − x∗‖ = lim

nk→∞

∥∥∥xnk − x∗
∥∥∥ = 0,

which means that {xn} converges to x∗ ∈ F. This completes the proof.

Applying Theorem 3.2, we obtain strong convergence of the process (1.9) under the condition (A′) as
follows:

Theorem 3.5. Let E be a real uniformly convex Banach space and K be a nonempty closed convex subset of E. Let
S, T : K → K be two uniformly L-Lipschitzian and generalized asymptotically quasi-nonexpansive mappings with
sequences {kn}, {ln} ⊂ [1,∞) and sequences {sn}, {tn} ⊂ [0,∞) such that

∑∞
n=1(knln − 1) < ∞,

∑∞
n=1 sn < ∞ and∑∞

n=1 tn < ∞. Suppose that F = F(S)∩F(T) , ∅. Let {αn} and {βn} be sequences in [δ, 1− δ] for some δ ∈ (0, 1). From
arbitrary x1 ∈ K, let {xn} be the sequence defined by (1.9). Let S and T satisfy the condition (A′), then the sequence
{xn} converges strongly to a common fixed point of S and T.

Proof. We proved in Theorem 3.3 that

lim
n→∞
‖xn − Sxn‖ = 0, lim

n→∞
‖xn − Txn‖ = 0. (3.32)

From the condition (A′) and (3.32), either

lim
n→∞

f (d(xn,F)) ≤ lim
n→∞
‖xn − Sxn‖ = 0,

or

lim
n→∞

f (d(xn,F)) ≤ lim
n→∞
‖xn − Txn‖ = 0.
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Hence

lim
n→∞

f (d(xn,F)) = 0.

Since f : [0,∞) → [0,∞) is a nondecreasing function satisfying f (0) = 0, f (r) > 0 for all r ∈ (0,∞),
therefore we have

lim
n→∞

d(xn,F) = 0.

It follows, as in the proof of Theorem 3.2, that {xn} converges strongly to a common fixed point of the
mappings S and T. This completes the proof.

4. Weak convergence theorem

In this section, we prove a weak convergence theorem of the iteration process (1.9) in the framework of
real uniformly convex Banach spaces.

Lemma 4.1. Let E be a real uniformly convex Banach space and K be a nonempty closed convex subset of E. Let
S, T : K → K be two uniformly L-Lipschitzian and generalized asymptotically quasi-nonexpansive mappings with
sequences {kn}, {ln} ⊂ [1,∞) and sequences {sn}, {tn} ⊂ [0,∞) such that

∑∞
n=1(knln − 1) < ∞,

∑∞
n=1 sn < ∞ and∑∞

n=1 tn < ∞. Suppose that F = F(S)∩F(T) , ∅. Let {αn} and {βn} be sequences in [δ, 1− δ] for some δ ∈ (0, 1). From
arbitrary x1 ∈ K, let {xn} be the sequence defined by (1.9). Then limn→∞

∥∥∥txn + (1 − t)p − q
∥∥∥ exists for all p, q ∈ F

and t ∈ [0, 1].

Proof. By Lemma 3.1, we know that {xn} is bounded. Letting

an(t) =
∥∥∥txn + (1 − t)p − q

∥∥∥

for all t ∈ [0, 1]. Then limn→∞ an(0) =
∥∥∥p − q

∥∥∥ and limn→∞ an(1) =
∥∥∥xn − q

∥∥∥ exists by Lemma 3.1. It, therefore,
remains to prove the Lemma 4.1 for t ∈ (0, 1). For all x ∈ K, we define the mapping Tn : K→ K by

Tn x = (1 − αn)Tnx + αnSn((1 − βn)x + βnTnx).

Then

∥∥∥Tnx − Tny
∥∥∥ ≤ µn

∥∥∥x − y
∥∥∥ + An, (4.1)

for all x, y ∈ K, where µn = (1 + dn) and dn = (knln − 1) with
∑∞

n=1 dn < ∞ and µn → 1 as n→∞. Setting

Sn,m = Tn+m−1Tn+m−2 . . .Tn, m ≥ 1 (4.2)

and

bn,m =
∥∥∥Sn,m(txn + (1 − t)p) − (tSn,mxn + (1 − t)Sn,mq)

∥∥∥ . (4.3)
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From (4.1) and (4.2), we have

∥∥∥Sn,mx − Sn,my
∥∥∥ ≤ µnµn+1 . . . µn+m−1

∥∥∥x − y
∥∥∥ +

n+m−1∑

i=n

Ai

≤
( n+m−1∏

i=n

µi

) ∥∥∥x − y
∥∥∥ +

n+m−1∑

i=n

Ai

= Hn

∥∥∥x − y
∥∥∥ +

n+m−1∑

i=n

Ai (4.4)

for all x, y ∈ K, where Hn =
∏n+m−1

i=n µi, Hn → 1 as n→∞ and Sn,mxn = xn+m, Sn,mp = p for all p ∈ F. Thus

an+m(t) =
∥∥∥txn+m + (1 − t)p − q

∥∥∥
≤ bn,m +

∥∥∥Sn,m(txn + (1 − t)p) − q
∥∥∥

≤ bn,m + Hnan(t) +

n+m−1∑

i=n

Ai. (4.5)

By using [[4], Theorem 2.3], we have

bn,m ≤ φ−1
( ∥∥∥xn − p

∥∥∥ −
∥∥∥Sn,mxn − Sn,mp

∥∥∥
)

≤ φ−1
( ∥∥∥xn − p

∥∥∥ −
∥∥∥xn+m − p + p − Sn,mp

∥∥∥
)

≤ φ−1
( ∥∥∥xn − p

∥∥∥ −
( ∥∥∥xn+m − p

∥∥∥ −
∥∥∥Sn,mp − p

∥∥∥
))
, (4.6)

and so the sequence {bn,m} converges to 0 as n→∞ for all m ≥ 1. Thus, fixing n and letting m→∞ in (4.6),
we have

lim sup
m→∞

an+m(t) ≤ φ−1
( ∥∥∥xn − p

∥∥∥ −
(

lim
m→∞

∥∥∥xm − p
∥∥∥ −

∥∥∥Sn,mp − p
∥∥∥
))

+Hnan(t) +

n+m−1∑

i=n

Ai, (4.7)

and again letting n→∞, we obtain

lim sup
n→∞

an(t) ≤ φ−1(0) + lim inf
n→∞

an(t) + 0 = lim inf
n→∞

an(t).

This shows that limn→∞ an(t) exists, that is,

lim
n→∞

∥∥∥txn + (1 − t)p − q
∥∥∥

exists for all t ∈ [0, 1]. This completes the proof.

Theorem 4.2. Let E be a real uniformly convex Banach space such that its dual E∗ has the Kadec-Klee property
and K be a nonempty closed convex subset of E. Let S, T : K → K be two uniformly L-Lipschitzian and generalized
asymptotically quasi-nonexpansive mappings with sequences {kn}, {ln} ⊂ [1,∞) and sequences {sn}, {tn} ⊂ [0,∞)
such that

∑∞
n=1(knln − 1) < ∞,

∑∞
n=1 sn < ∞ and

∑∞
n=1 tn < ∞. Suppose that F = F(S) ∩ F(T) , ∅. Let {αn} and {βn}

be sequences in [δ, 1 − δ] for some δ ∈ (0, 1). From arbitrary x1 ∈ K, let {xn} be the sequence defined by (1.9). If the
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mappings I − S and I − T, where I denotes the identity mapping, are demiclosed at zero. Then {xn} converges weakly
to a common fixed point of the mappings S and T.

Proof. By Lemma 3.1, we know that {xn} is bounded and since E is reflexive, there exists a subsequence {xn j }
of {xn} which converges weakly to some p ∈ K. By Theorem 3.3, we have

lim
n→∞

∥∥∥xn j − Sxn j

∥∥∥ = 0, lim
n→∞

∥∥∥xn j − Txn j

∥∥∥ = 0.

Since the mappings I − S and I − T are demiclosed at zero, therefore Sp = p and Tp = p, which means p ∈ F.
Now, we show that {xn} converges weakly to p. Suppose {xni } is another subsequence of {xn} converges
weakly to some q ∈ K. By the same method as above, we have q ∈ F and p, q ∈ ww(xn). By Lemma 4.1, the
limit

lim
n→∞

∥∥∥txn + (1 − t)p − q
∥∥∥

exists for all t ∈ [0, 1] and so p = q by Lemma 2.4. Thus, the sequence {xn} converges weakly to p ∈ F. This
completes the proof.

Remark 4.3. Theorems of this paper can also be proved with error terms.

Remark 4.4. Our results extend, improve and generalize many known results from the existing literature.

Example 4.5. Let E = [−π, π] and let T be defined by

Tx = x cosx

for each x ∈ E. Clearly F(T) = {0}. T is a quasi-nonexpansive mapping since if x ∈ E and z = 0, then

|Tx − z| = |Tx − 0| = |x||cos x| ≤ |x| = |x − z|,
and hence T is generalized asymptotically quasi-nonexpansive mapping with constant sequences {kn} = {1} and
{sn} = {0}. But it is not a nonexpansive mapping and hence asymptotically nonexpansive mapping. In fact, if we take
x = π

2 and y = π, then

|Tx − Ty| =
∣∣∣∣π2 cos

π
2
− π cosπ

∣∣∣∣ = π,

whereas

|x − y| =
∣∣∣∣π2 − π

∣∣∣∣ =
π
2
.

Example 4.6. Let E = R and let T be defined by

T(x) =

{
x
2 cos 1

x , if x , 0,
0, if x = 0.

If x , 0 and Tx = x, then x = x
2 cos 1

x . Thus 2 = cos 1
x . This is not hold. T is a quasi-nonexpansive mapping since

if x ∈ E and z = 0, then

|Tx − z| = |Tx − 0| =
∣∣∣∣x2

∣∣∣∣
∣∣∣∣cos

1
x

∣∣∣∣ ≤ |x|2 < |x| = |x − z|,

and hence T is generalized asymptotically quasi-nonexpansive mapping with constant sequences {kn} = {1} and
{sn} = {0}. But it is not a nonexpansive mapping and hence asymptotically nonexpansive mapping. In fact, if we take
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x = 2
3π and y = 1

π , then

|Tx − Ty| =
∣∣∣∣ 1
3π

cos
3π
2
− 1

2π
cosπ

∣∣∣∣ =
1

2π
,

whereas

|x − y| =
∣∣∣∣ 2
3π
− 1
π

∣∣∣∣ =
1

3π
.
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