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Abstract. Let T be a bounded linear operator on a complex Hilbert space H and let T = U|T| be the polar
decomposition of T. T is called class p-wA(s, t) if (|T*|f|T|25|T*|t)s% > |T** and (ITISIT*IZ’ITIS)S% < |T|*" where
0<stand 0 <p < 1. Also, T is called class p-A(s, t) if (|T*|t|T|25|T*|’)% > |T*[*. We study some properties
of class p-wA(s, t) operators. Also, we prove tensor product T ® S is class p-wA(s, t) if and only if T and S are
class p-wA(s, t).

1. Introduction

Let B(H) denote the algebra of all bounded linear operators on a complex Hilbert space H. Aluthge [1]
found p-hyponormal operator T which is defined as (T"T)? > (TT*)’ where 0 < p < 1. If p = 1, T is called
hyponormal. Hence this is a generalization of hyponormal operator. This class of operator have many
interesting properties, for example, Putnam’s inequality, Fuglede-Putnam type theorem, Bishop’s property
(B), Weyl’s theorem, polaroid. After this discovery, many authors are investigating new generalizations of
hyponormal operator. We summarize several classes of operators. Let T = U|T| be the polar decomposition
of T. Then the Aluthge transformation

T =|T)2uT)?

was introduced by Aluthge[1]. An operator T is called w-hyponormal if |T| > |T| > |T*|. The class of
w-hyponormal operators was introduced and studied by Aluthge and Wang [2, 3]. It is well known that
the class of w-hyponormal operators contains p-hyponormal operators. An operator T is called class A if
|T?| > |T]. Class A operators has been introduced and studied by Furuta et.,al [9]. An operator T is called
p-w-hyponormal if |TP > TP > IT*IP ([13]). If p = 1, then p-w-hyponormal operator is w-hyponormal If
T is w-hyponormal, then T is ——hyponormal If T is p-w-hyponormal, then T is ——hyponormal ([13]). A
operator T is called class A(s, t) if (|T*|'|T|*|T*|' )s+r > |T** ([6]) where 0 < s,t. An operator T is called class
WA(s, 1) if (IT*|TP|T*[")5 2 |[T% and [T > (ITFITPTF) ([7]).

In this note we introduce and study some new classes of operators, i.e.,class p-wA(s, t), class p-A(s, t) and
class p-A.
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2. Class p-wA(s, t) operators

The following definition generalizes p-w-hyponormal operators.

Definition 2.1. Let T = U|T| be the polar decomposition of T and let s,t > 0 and 0 < p < 1. T is called class
p-wA(s, t) if

(1) (T*ITPT ) > TR
and ]
(2) (TFITPTF) < |TP.

We remark that if p = 1, T is wA(s, t). Now we define class p-A and class p-A(s, ) as generalizations of
class A and class A(s, t).

Definition 2.2. Let T = U|T| be the polar decomposition of Tand 0 < p < 1,0 <s, .
(i) T is called class p-A if |T?>[P > |T|*.
(ii) T is called class p-A(s, t) if(lT*ItlTIZSIT*It)stTPf > T,

If p = s =t =1, then class p-A(s, t) coincides with class A operators.
The following result seems new, even for class A(s, t) operators.

Theorem 2.3. If T is p-wA(s, t) and T is invertible, then T~ is p-wA(t, s).
Proof. Let T = U|T| the polar decomposition of T. Then
TR = (@ T = ()T = (T = (T

Hence
T =T
Also,
(TP =TTy =TT =T =TI
Hence
(T~ =TI
Then

—1\* — —1\* A -, ¢ | —. —s\ 2 % s - —1\*
I FIT PAT Y Py = (T T T = (TFIT PITE) > > (T2 = (TP

and

(T PIT ) = (T PTPIT Y = (TP < T2 = [T 2.
0
Corollary 2.4. If T is A(s, t) and T is invertible, then T~ is A(t, s).

M. Ito and T. Yamazaki [8] proved if p = 1, then (1) implies (2). They define that T is class A(s, t) if T
satisfies (1) with p = 1. Thus they proved that A(s, ) implies wA(s, t). It is clear that wA(s, t) implies A(s, t).
Hence wA(s, t) and A(s,t) are equivalent. However it is not known whether class p-A(s, t) implies class
p-wA(s, t) for 0 < p < 1 or not.

Definition 2.5. Let T = U|T| be the polar decomposition of T and let s, t > 0. Then generalized Aluthge transforma-
tion is defined as follows )
T, = [TPUITY.
Also, we define
T, = (o) = ITrurr.
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Theorem 2.6. Let T = U|T| be the polar decomposition of T. Then T is class p-wA(s, t) if and only if ITNS,tIf% > TP
and TP > |T% |,

Proof.
(TFITPIT ) = T
— (UITIW|TFEUTIU) S > TP U
— U(TIWTREUT U* > UITPPU([7, Lemma 2.1])
— (T |TEUIT > |TRP([7, lemma 2.1])
= [Tl * > TP
Also,
(TPIT"PITF) < |TPY = (TFUITEUTF) < |TPY = |T5, 15 < |TP.
O

Theorem 2.6 yields the following result.

Corollary 2.7. If T is class p-wA(s, t), then Ty is mins{s” ’tp}—hyponormal.

+t

3. Tensor product of class p-wA(s, ) operators

Lets,t > 0and 0 < p < 1. In [4], Duggal proved that tensor product T ® S is p-hyponormal if and only if
T and S are p-hyponormal. The passage of calss A operators T and S to their tensor product T® S is studied
in [5] by Jeon and Duggal. In [12], K. Tanahashi and M. Cho proved that the tensor product T ® S is of class
A(s, t) if and only if T and S are class A(s, t) operators. Now we will prove similar result for class p-A(s, t)
operators by adopting the ideas in [12],[5].

Theorem 3.1. Let T € B(H) and S € B(K) be non zero operators. Then T ® S is class p-wA(s, t) if and only if S, T
are class p-wA(s, t)

Lemma 3.2. [11] Let T1,T, € B(H),S1,52 € B(K) be non negative operators. If T1 # 0 and 51 # 0, then the
following conditions are equivalent

(DT1®5 <T,®S,.

(2) There exists ¢ > 0 such that Ty < ¢Ty and S1 < ¢1S,.

Lemma 3.3. [12] Let T = Ur|T| and S = Us|S| be the polar decompositions of T € S(H) and S € S(K), respectively.
Then the following assertions hods.

(DIT® S| =ITI®|S|

(2)T®S = (Ure Us)(TI®IS))

(3)(T®S)yy =Toy ® Sst fors,t > 0.

Proof. (Theorem 3.1.) Let T € S(H) and S € S(K) be non zero class p-wA(s, t) operators. Then IT;,flf% > |T)
and IS;,,LI% > |SP? by Theorem 2.6. By applying Lemma 3.3, we obtain
—~—~ 2 - ~ 2 ~ 2P ~ 2
|(T® S)s,tlm = |Ts,t ® Ss,),‘|m = ITS,),‘|m ® |Ss,),‘|m
> |TP" @ S = |T ® SI*7.

Similarly, we have
—~— 2]
IT®SP > |(T®9):,|+.
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Hence T ® S is class p-wA(s, t).
Conversely, suppose that T ® S is class p-wA(s, t). Then
—~— oo o
(T ® S)s, il = [Ts sl &|Ss|+
> TP ® ISPV = [T © S

and .
2s N* %
IT®SI™ > |(T®S); I+
Hence there exists ¢ > 0 such that "
clTs |5 > T/
and ”
e I e 1 e

by Lemma 3.2. Let x be a unit vector. Then
ITIPIP = (TRPx, x) < (clTosl ¥, 2)

~ tp ~ 2tp
< AlTs = 1P = ell Tl =

— TSU Tt %
= cllITPUr|TTI

2tp

< c(ITFI-1- T ™ = el TR,
Hence 1 < c. Similarly,
ISP = (ISP, x) < (71831 x, )

- ~ e 1o 2

< HISsl+ 1P = cTHISsll =
21p

= cHIISFUSsISI =

2tp

< (IS TSI ™ = M ISIIR.

~ 24 ~ 2 ~ 25
Hence 1 < ¢™'. Hence ¢ = 1 and [To,[% > [TP?,|S, > |SPP. Similarly we have [TP¥ > |T* |5 and
2sp

|S[%P > |S~;t|m. Thus T and S are class p-wA(s, t). O

Corollary 3.4. Let T € B(H) and S € B(K) be non zero operators. Then T ® S is class p-A(s, t) if and only if S, T are
class p-A(s, t).
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