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Abstract. In this paper, we discuss the decomposability of weighted composition operator uCg on LF (X)(1 <
p < o) of a o-finite atomic measure space (X, S, i) with the assumption thatu € L*(X) and |u| has positive ess
inf. We prove that if the analytic core of uCy is zero and uC, is not quasinilpotent, then it is not decomposable.
We also show that if ¢ is either injective almost everywhere or surjective almost everywhere but not both,
then uC is not decomposable. Finally, we give a necessary condition for decomposability of uC.

1. Introduction

In 1952 Nelson Dunford ([9], [10]) introduced the notion of the Single Valued Extension Property
(abbreviated as SVEP) for bounded linear operators on Banach spaces. His idea of SVEP gave rise to
evolution of the local spectral theory of bounded linear operators. The local spectral theory in its present
form was shaped by Colojoara, Foias, Lange, Erdelyi, Laursen, Neumann and others (see [2], [3], [7]). It
includes many properties such as Dunford’s condition (C), Bishop’s property (), decomposition property
(0), decomposability etc. The SVEP is fundamental among these properties while properties (8) and () are
dual in nature. The decomposability of an operator is governed by both the properties (8) and (5). For
detailed study of the local spectral theory, we refer the reader to [2], [3], [7] and [11].

A composition operator is a bounded linear operator on the Banach space of functions on a set A,
which is induced by a self- map ¢ on A. The theory of composition operators bridges the gap between
operator theory and function theory. These operators also constitute diverse and illuminating examples in
the framework of local spectral theory as mentioned by Laursen et al ([7]). The composition operators on
the LP(X)(1 < p < o0) spaces were extensively studied by Nordgren, Singh, Manhas and others. For further
details about the composition operators, we refer to [1], [18]. The local spectral theory of composition
operators on H” spaces was studied by Shapiro [5] and Smith [16].

In this paper, we study the decomposability of the weighted composition operators on LP(X)(1 < p < o),
where (X, S, u) is a o-finite atomic measure space, with the assumption that the weight u € L*(X) has ess
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inf [u| > 0. Under these assumptions we establish the equality between the hyper-range and the analytic
core of uCy and, with the help of this equality, we obtain a sufficient condition for non-decomposability of
uCg. In addition, we show that if the self-map ¢ on X is either surjective almost everywhere or injective
almost everywhere but not both, then uCy is not decomposable. We also give a necessary condition for the
decomposability of uCys when ¢ is bijective almost everywhere.

Notations: Throughout the paper IN, Z and C denote the set of positive integers, the set of integers and
the set of complex numbers respectively. The spaces L?(X) are considered for o-finite atomic measure space
(X,S,u)and 1 < p < co. The symbol ¢ denotes a non-singular transformation of X into X and ¢, denotes
the n-th iterate of ¢. Thatis, ¢, = ¢ o ¢ o -+ o ¢. The notations o(T), 0,(T) and B respectively, are used to

———

n times
denote the spectrum, point spectrum of the operator T and closure of the set B. The symbols f|A and yx,

denote the restriction of the function f on the set A and the characteristic function of the set A respectively.

2. Preliminaries

In this section we collect some definitions and basic results of the local spectral theory and composition
operators. Most of these results can be found in [7], [11], [12], [18] and [19].

Let X be a complex Banach space and $B(X) denote the Banach algebra of bounded linear operators on
X.

Definition 2.1. (1) An operator T € B(X) is said to have the SVEP if for every open set G C C, the only analytic
solution f : G — X, of the equation (A — T)f(A) = 0, for all A € G, is the zero function on G.

(2) Anoperator T is said to have Bishop’s property (B) if for every open subset G of C and every sequence of analytic
functions f, : G — X with the property that (A — T)f,(A) — 0as n — oo, locally uniformly on G, then
fu(A) — 0as n — oo, locally uniformly on G.

From the above definitions, it is easy to see that property (8) implies SVEP, and also, it is clear that an
operator whose point spectrum has empty interior has SVEP. The localized versions of SVEP and property
(B) were studied by [13] and [17] respectively. There is another property which lies in between (8) and SVEP,
named as Dunford’s property (C). The property (C) includes the idea of local spectral subspaces, which are
defined as follows.

Definition 2.2. For x € X, the local resolvent of T at x, denoted by pr(x), is defined as the union of all open subsets
G of C for which there is an analytic function f : G — X satisfying (A = T) f(A) = x for all A € G. The complement
of pr(x) is called the local spectrum of T at x and is denoted by or(x). For a closed subset F C C, the local spectral
subspace of T, denoted by Xt(F), is defined as Xr(F) = {x € X : or(x) C F}.

An operator T is said to have Dunford’s property (C) if Xr(F) is closed for every closed subset F of C.
Proposition 2.3. If T € B(X), then

T has property () = T has property (C) = T has SVEP.

For T € B(X) and a closed set F C C, the glocal spectral subspace Xr(F) is defined as the set of all x € X
such that there is an analytic function f : C \ F — X satisfying (A — T)f(A) = x. It is well known that
X1(F) = Xr(F) if and only if T has SVEP.

Definition 2.4. An operator T is said to have the decomposition property (8) if for every open cover {U, V} of C,
X = XT(U) + XT(V)

The properties (8) and (6) are dual in nature. That is, if one of the T and T* has property (), then other has
property (6).
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Definition 2.5. An operator T is said to be decomposable if for every open cover {U, V} of C there exist T-invariant
closed subspaces Y and Z of X such that o(T|Y) C U, o(TIZ) S Vand X =Y + Z.

Theorem 2.6. Let T € B(X), then T is decomposable if and only if T has both the properties (B) and (0).

Definition 2.7. Let S be the o—algebra of all Borel subsets of the complex plane C. Amap E : S — B(X) is called
a spectral measure if

(1) E©)=0,
(2) E(C)=],
(3) E(ANB)=E(A)E(B) forall A,B € S and

(4) E(U B,)x = Z E(By)x for every countable family of pairwise disjoint Borel sets B, and for all x € X.

n=1 n=1

An operator T € B(X) is called a spectral operator if there exists a spectral measure E on S which satisfies
E(B)T = TE(B) and o(T|E(B)(X)) C B forall B € S.
Proposition 2.8. Every spectral operator is decomposable.

Definition 2.9. Let T € B(X). The analytic core of T is the set K(T) of all x € X such that there exists a sequence
(xn)yy in X and a constant 6 > 0 such that

(a) x =xp, and Tx,1 = x,, for everyn > 0,
(b) |lxull < 6"||x]| for every n > 0.
It is well-known that K(T) is a subspace of X and can be easily seen that K(T) € T*(X), where T®(X) =

m T"(X) is called the hyper-range of T. Following result establishes a connection between analytic core
n=1
and local spectral subspace of an operator. The proof of this result can be found in [8] or [15].

Theorem 2.10. Let T € B(X), then for each A € C, K(AI = T) = Xr(C \ {A}).

Definition 2.11. Let A be a non-empty set and V(A) denote the vector space of complex functions on A. If ¢ is a
self-map on A, then ¢ induces a linear transformation Cy from V(A) to V(A), defined as

Cof = foo forall f € V(A).
If V(A) is a Banach space and C is bounded, we say that Cy is a composition operator.

Definition 2.12. Let (X, S, i) be a measure space. A measurable set E is called an atom if u(E) # 0 and for each
measurable subset F of E either u(F) = 0 or u(F) = p(E). A measure space (X, S, ) is called atomic if each measurable
subset of non-zero measure contains an atom.

Let (X, S, u) be a o-finite atomic measure space. Then X = ;. A, where A,’s are disjoint atoms of finite
measure [19]. These atoms are unique in the sense that if X = | J,_; B,, where B,,s are disjoint atoms of finite
measure, then A, = B, up to a nullset for each n > 1. A measurable transformation ¢ : X — X is called
non-singular if the measure u¢' is absolutely continuous with respect to u. If ¢ is non-singular, then ¢
maps atoms into atoms. A non-singular transformation ¢ of X into X is called injective almost everywhere
if the inverse image of every atom under ¢ contains at most one atom. It is called surjective almost
everywhere if the inverse image of every atom under ¢ contains at least one atom. If ¢ is both injective and
surjective almost everywhere, then it is called bijective almost everywhere. Also each f € LP(X) (1 < p < o)
is constant almost everywhere on each atom.
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Theorem 2.13. Let (X, S, ) be a o-finite measure space. A necessary and sufficient condition that a non-singular
transformation ¢ of X into X induces a composition operator on LF (X)(1 < p < o0) is that there is a K > 0 such that

¢~ (E) < Ku(E) for each E € S.

Let u € L”(X) and ¢ be a non-singular transformation of X into X such that C is a composition operator
on [F(X)(1 < p < o0), then weighted composition operator uCy on LP(X)(1 < p < ) is defined as

(uCy)f = uf(¢) forall f € LF(X).
So a “weighted composition operator” is just the product M,C, of a multiplication operator M, and a
composition operator C.
3. Decomposability

In this section we take LP(X)(1 < p < o) of a o-finite atomic measure space (X, S, u), where X = [, A,
and A,,’s are disjoint atoms of finite measure. We start our main results with the following easy observations.

Proposition 3.1. Let u € L*(X) and uC, be a weighted composition operator on LF(X). If u|A, — 0, then uCy is
decomposable.

Proof. Tt can be easily seen that if u|A, — 0, then uC, is compact. Now the proof follows from the fact that
every compact operator is decomposable. [

Proposition 3.2. Let u € L*(X) with ess inf |u| > 0 and uCy be a weighted composition operator on LF(X). Then
range of uCy is given by
uCy)(LP) = {f eLr: £|¢‘1(An) is constant almost everywhere for each n > 1} )

Proof. The proof is similar to that of [14, Theorem 2.1.1]. O

Proposition 3.3. Let u € L*(X) with ess inf |u| > 0 and uCy be a weighted composition operator on LF(X). Then
range of uC, is closed.

Proof. The proof is similar to that of [14, Theorem 2.1.2]. [

Proposition 3.4. Let u € L™ (X) with ess inf [u| > 0 and uCy be a weighted composition operator on LF(X). Then
the analytic core K(uCy) = (uCy)*(LP (X)), the hyper-range of uC.

Proof. The inclusion K(uCyp) C (uCy)*(LP(X)) follows from the definition of K(uCy). Also from the preceding
Proposition 3.2, we have

f
u(uodd)...(uo dr1)

(uC¢)k(Lp(X)) = {f e L’(X): qb,;l(A,,) is constant for each n > l} .

Hence
uCy)* (L (X)) = ﬂ(uC¢>)k(U’ (X))
k=1
= { fell(X): f |¢,:1 (A,) is constant

u.uod@)...(uopr-1)

for each n > 1 and for each k > 1}.
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Suppose that f € (uCy)*(LP(X)). Then for each n € IN, define

f
w(uo)...(uopy1)

(This ™ has nothing to do with the n-th derivative.)

YA, for each m > 1.

f(n)|Am =

: f
Since oy a1
and f™ € LP(X) for each n > 1. Now for n > 0,

WCH)f™ D = (uCy) Y (FMNAn,,
m=1

(o)

f
Z (M|Am u.(uo)...(uody)

m=1

Note that ¢; ' (An) C ¢ L, (P(An)), thereforeif Ay C ¢, (An)
is constant, so we get

qb;il(qb(Am))) X

, then ¢, (Ax)

(Ay;)is constant for each n > 1and for each k > 1, therefore each f™|A,, is well-defined

_ : f -
= A,,. Since u|Aﬂ,mlqbnil(¢(Am))

A s = /A
"o d)... (o gy) T ul A ulp(Ag) - . . ulpn(A)
_ ulAp. f1AK
T ulAgulp(Ap) - . ulAy,
_ flAk
ulAulp(Ax) . . . uldpn-1(Ar)
_ f -
(o d)...(uody) P (An)
— f(n)IAm~
Thus (uCy) f"*) = f® for each n > 0, where f© = f. Further, for any n > 0,
AR 2||f<">|Ak||”
-1 b
= - M ° ¢) (M ° ¢n n (Ak)
< ai Z Hf|¢n =ess inf |ul

1
P

F1P
am

That is, [If™ < LIIfll.

|1 )

k=1 [Am Q(P,;l (Ak)

Now taking § = 1,

the sequence (™), satisfies all the conditions of K(uCy).
Consequently, (uCy)*(LP(X)) € K(uCy). Hence, K(uCyp) = (uCy)™(LP(X)).

a

Corollary 3.5. Let u € L*(X) with ess inf |u| > 0 and uCy be a weighted composition operator on LP(X). Then the

analytic core of uCy on LF(X) is closed.

Proof. The proof is evident from the above proposition and the foregoing Proposition 3.3. [



Shailesh Trivedi, Harish Chandra /FAAC 7 (1) (2015), 1-13 6

Corollary 3.6. Let u € L¥(X) with ess inf |u| > 0 and uCy be a weighted composition operator on LP(X). If ¢ is
injective almost everywhere, then K(uCyp) = LP(X).

Proof. 1f ¢ is injective almost everywhere and ess inf [u| > 0, then uC, is surjective. Therefore from above
Proposition 3.4, K(uCy) = LP(X). O

The proof of next lemma can be found in [20]. We state it for the sake of completeness.

Lemma 3.7. Let X be a complex Banach space and T € B(X). Suppose that o(T) is not a singleton and ﬂ or(x) #0,

xeX
x#0

then T has SVEP but does not have decomposition property () and hence, T is not decomposable.

Corollary 3.8. Let X be a complex Banach space and T € B(X). Suppose that o(T) is not a singleton and K(T) = {0}.
Then T has SVEP but does not have decomposition property (0).

Proof. The proof follows from Theorem 2.10 and Lemma 3.7 above. [J

Proposition 3.9. Let u € L¥(X) with ess inf [u| > 0 and uCy be a weighted composition operator on LF(X). If uC
is not quasinilpotent and K(uCgy) = {0}, then uCy has SVEP but does not have decomposition property (5).

Proof. 1f K(uCy) = {0}, then from Theorem 2.10 above, we get LZC (X)(C\{0}) = {0}. Thatis, 0 € ﬂ ouc, (%).
% ¢

xelP(X)
x£0

Also, since uC, is not quasinilpotent, therefore o(1Cy) is not a singleton. Hence, from Lemma 3.7, it follows
that uCy has SVEP but does not have decomposition property (6). O

Proposition 3.10. Let u € L*(X) with ess inf |u| > 0 and uCy be a weighted composition operator on LP(X). If ¢ is
injective but is not surjective almost everywhere, then uCy does not have SVEP.

Proof. Let ng € N be such that ¢p1(4,,) = 0. For each positive integer k, put A,, = Px(Ay,). Since ¢ is
injective almost everywhere, all A,,’s are disjoint. Suppose that a = ess inf |u|. Let G = {A € C: [A| < a}.
Now define amap f : G — LP(X) by f(A) = fi, where

1, ifn=mny
_ Ak e
falAy = o) o) Ap,, fn=mn,k>1
0, otherwise.

Then for each A € G,

A=uCp)fi = (A=uCp) Y (AlAnX,,
k=0

/\k+1

= /\XA”O + ; (M(M o (P) ...(uo (Pk—l)

A ~ kZ;(ulAn»(fA A )Xo,

©0 AkH
- Z(u(uo¢)...(u0¢k—l)

k=1

Al’lo) XA"k

Ang ) XA”I(
/\k+1

u(uod)...(uo¢dg)

((ulAnk)

Ano) XAnk

0
k=1
= 0.

Clearly, f is a non-zero analytic function. Hence uCg does not have SVEP. O
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The following corollary easily follows from above proposition.

Corollary 3.11. Let u € L*(X) with ess inf [u| > 0 and uCy be a weighted composition operator on LP(X). If ¢ is
injective but is not surjective almost everywhere, then {A € C : |A| < a} C 0,(uCy), where a = ess inf |ul.

Proposition 3.12. Let u € L*(X) and uC, be a weighted composition operator on LP(X). If there is a positive integer
N such that on(Ay) = Ay up to a null set for all n > 1, then uCy is decomposable.

Proof. Note that if ¢n(A,) = A, up to a null set for all n > 1, then (uCy)N is a multiplication operator
induced by the function v = u(u o ¢)(u o ) ... (1 o Ppn-1). As observed by Rho and Yoo ([4], Examplel), the
multiplication operator M,, induced by the function v, is spectral. In fact, the spectral measure E is given

by
E(B) = My, oo for all Borel sets B of C.

Hence (uCy)N = M, is decomposable. If U is any open disk containing o(uCy), then f : U — C, defined as
f(A) = AN forall A € U,
is non-constant analytic function. Hence by [7, Theorem 3.3.9], uCy is decomposable. [
If ¢ is bijective and (A,,);2__ is a cycle of infinite length with ¢(A,,) = Ay,,,, we puta, = likrr_1) glf ‘u(Ank)é

and b, = liin inf ‘u(An_k)é. In view of Theroem 2.13, it is easy to see that 4, > 0 and b, < co. Henceforth, we

assume that a, < co and b, > 0.

Proposition 3.13. Let u € L*(X) with ess inf [u| > 0 and uCy be a weighted composition operator on LF(X). Suppose
that ¢ is bijective almost everywhere. If each atom lies in a cycle of finite length, then uCy has SVEP. If there is an
atom Ay, which lies in a cycle of infinite length, say (An,);2 _ with ¢(Ay) = Au,,,, then uCy has SVEP if and only if

allikminf|u(u 0 ). (1o r)lAn|" < by limsup|(uo ¢ Yo dyl)... (o drHIA|
(4 —® k—oo

for each such Ay,.
Proof. Suppose that each atom lies in a cycle of finite length. For each k > 1, put
Bi={AeC: A= (u|An,) )(W|An,) . . . (U|Ay,) for ny,ny, ..., 1 € N}
Then By is countable for each k > 1. Let A € ,(uCy). Then
(A = uCy)f = 0 for some non-zero f € LF(X). (1)

Hence there is an atom A, such that f|A,, # 0. Suppose that A,, lies in a cycle (A, Ay, - .., Ap,) of length
k. Then from (1) we have,

AflAn, = (ulAn)(flAn)
/\f|Al’lz = (ulAnz)(ﬂAm)
AﬂAnH = (ulAnk—])(f|Ank)
/\fIAnk = (”lAnk)(ﬂAnl)-

Thus, (A* — (ulA,,)lAL,) . . . (WlAL,)) flA,, = 0. Since f|A,, # 0, therefore A* = (u|A,,)(lAy,) ... (ulA,,). That

is, A € Bx. Hence 0,(uCyp) C U By. Thus, in this case, the eigenvalues of uC; are countable and consequently

k=1
uCy has SVEP.



Shailesh Trivedi, Harish Chandra /FAAC 7 (1) (2015), 1-13 8

Suppose that there is an atom A, which lies in a cycle of infinite length, say (A,);2_ with ¢(Ay) = Ay, -
Let C denote the collection of all such atoms. Let A € ,(uCgp). Then there is a non-zero f € LF(X) such that

(A =uCy)f =0. (2)
Since f # 0, there is an atom A,, such that f|A,, # 0. If A, lies in a cycle of finite length, then, as above,

A e U By. If Ay, lies in a cycle of infinite length, then without loss of generality we may assume that

k=1
Ay = Ay,- Then from (2) we have

/\f|An,1 = (u|An71)(f|Ano)
AflAn, = (ulAn)(flAn)
Af|An1 = (u|An1)(f|Anz)

Solving above we get

_ AYf
flAy,, = o 0). . (o dy) Ay, foreachk >1 (3)
and
o™ o). (uo !
flA,, = (o™ )u (Pj\k) (o g )f A, foreach k > 1. ()

[

Also, we must have 2 | f |A,,k|p U(Ay) < oo, which gives that

- /\kf k=0

uo@)...(uor1)

"
u(uo@)...(uodr1)

k=0

p

Any| H(An) < co. The radius of convergence R; of the series

p
Ano) [J(Ank)

is given by,

1
i = limsu f A k (A )ﬁ
Ry o o @) . o g [ |
1 ; 1
> limsu liminf u(A,, )%
NP o 0) (o e A | o A

ap

liin inf |u(u o)...(uo (Pk_l)lAn(,'%

1 [
Hence || < ;—Pnin inf |u(i o ¢)... (u o Pr_1)lAn|*. Again, since Z |14 u(An,) < oo or

k=1
o o p ™o prh). . (uo gt

i ((u cpNuodsl)... (uop;h)

p

An,| U(An,) < oo, therefore, the radius of convergence R; of the series

P
/\k Ang] ,U(An,k)

k=1
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is given by, Ry < - r. Hence |A| > b, limsup|(u o MHu o
k—o0

b, . -1 -1 1 x
limsup [( 0 ™) (w0 ¢3?)... (u o hr A

k—o0

3. (uo ¢;1)|An0|?. Thus

op(uCy) < U {/\ : by lim sup |(u o Huody')...(uo (p;l)lAnOﬁ <AL
A, €C k—o0

o

Ltiminf (o ). (o x| U B
» —00 purt

Now if & lim inf |u(uo@)... (o dr-1)lAn|" < bylimsup (o ™) uod3")... (uopr")Ay|" foreach A, €C,
—e k—o0

then 0,(uC,) has empty interior and hence uCy has SVEP.
Conversely, suppose that there is an atom A, lying in a cycle (A,,);>__, of infinite length for which

by limsup (1 0 ™) (w0 ¢3")... (1o o )AW|" < al lim inf |u(uo ¢)... (1o pr1)lAn |-
k—co p —00

1 1
PutG = {/\ t by limsup (10 @) (w0 3)... (o ¢ A" <Al < al lim inf |u(uo)...(uo ¢k_1)|AnO|k} and
k—o0 14 —
define f : G — L”(X) by f(A) = fi for each A € G, where

1/ lf n=nmny
Ak I
f |A _ ) u(uod)...(uocpx-1) A”IO/ ifn = le,k = 1/
Aldn = o wod=)...(uod=1 .
(o™ )(u (i/:i )ee-(uogp ) Ay, ifn=ngk>1
0, otherwise.

Then it is easy to see that f(A) is a non-zero analytic function which satisfies (A — uCy)f(A) = 0 for each
A € G. Hence uCy does not have SVEP. [

Lemma 3.14. Let u € L*(X) and uCy be a weighted composition operator on LF(X)(1 < p < oo). Then (uCgy)" :
LY(X) — LI(X) (% + % = 1) is given by

wCor Y (A, =i[ Y A (flAY
n=1

n=1 \ A1 (An)

XAH

foreach f € L1(X).
Proof. Let f € LY(X). Then for each g € LF(X), we have

i (glAn)XAn
n=1

[(uc¢)* Y (flAnxa,
n=1

Y (1A, WCs) Y (@1An)a,
n=1

n=1
(e8]

Y (A @A) Glo(A)
n=1

[ () @AY(fIAN)xa,

n=1  Arep1(Ay)

i (glAn )XA,, .

n=1

8
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XA,- O

Therefore, (uCyp)* Z(flAn))(A,, = Z[ Z (ulAR)(f1Ax)

n=1 n=1 \ Aep=1(A,)

Proposition 3.15. Let u € L*(X) with ess inf [u| > 0 and uCy be a weighted composition operator on LP(X)(1 < p <
o). Suppose that ¢ is bijective almost everywhere. If each atom lies in a cycle of finite length, then (uCy)* has SVEP.
If there is an atom Ay, which lies in a cycle of infinite length, say (Ay,);> _ ., with ¢(An) = Ay,,,, then (uCy)* has
SVEP if and only if

1

5 liin inf‘(u o ql)*l)(u o qbgl) o(uo ql),;l)lAno)% <a lirkn sup |u(u o@)...(uo qbk_l)lAno)%
9 —00 o0

for each such Ay,.

Proof. From Lemma 3.14 above, (uCy)" : L1(X) — L1(X) takes the form

Co) Y (flANXA, = Y (™ (ANFO™ (A,
n=1 n=1

for each f € L9(X). Now rest of the proof is similar to that of Proposition 3.13. O
Theorem 3.16. Let u € L*(X) with ess inf |u| > 0 and uCy be a weighted composition operator on LF(X)(1 < p < o0).

Suppose that ¢ is bijective almost everywhere. If uCy is decomposable, then for each cycle (Ay,)2._ . of infinite length,
we have

allillcninf|u(u o)...(uo gbk—l)lAn[)‘% < b, lim sup |(u o Huody')...(uo (;[)]:1)|Ano|%
14 —0 k—o0
and
1 1
bllikm inf|(uo ¢ ) o P3")... (o d A |" < aglimsup [u( o @)... (1o dror)lAy|"
q —e k—oo

Proof. Combining Proposition 3.13 and Proposition 3.15 and using the fact that an operator T is decompos-
able if and only if both T and T* have Bishop’s property (8) , we get the proof. [J

The conditions in Theorem 3.16 are not sufficient. For example, let LF(X) = I’(IN), the sequence spaces,
and ¢ : N — IN be defined as

o) = 2
¢(2n) = 2(m+1)foreachn>1
¢(2n+1) = 2n-1foreachn>1.

Taking no = 1, we get ny = 2k and n_ = 2k + 1 for each k > 1. Now u = (Un e € [*(IN) is defined as

Up_ Uy, ... Uy

1
» 2—m,ifm£k<2m,m€]Nand

11
uy, = nforeachk>0,wherene (E' %)
. L1 - 11
Then ap = a5 = bp = bq =1, lim sup |un,1 Up_yevn un_klk - % and 11]1;1'1 inf Iun,lun,z o un_k|k - E Hence both
k—o0 o

the conditions of Theorem 3.16 are satisfied. Since, for x,, € I'(N), ||(MC¢)kX{n0]||% = |uy_ ., ...unfkl%
does not converge, therefore from [21, Proposition 1.5], uCy does not have property () and hence it is not
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decomposable.

Let (X, S, u) be a o-finite atomic measure space and ¢ : X — X be surjective almost everywhere. For
each atom A, put

Ap, = Pr(Ay) for each k > 0,

where ¢o(A,) = A,y = Ay Fork <0, let A, be an atom in qb;l(An). Now define the set E as
E ={A, : A, s are disjoint for all k € Z}.

Now we have the following result.

Theorem 3.17. Let u € L™ (X) with ess inf [u| > 0 and uCy be a weighted composition operator on LP(X). Suppose
that ¢ is surjective almost everywhere but is not injective almost everywhere. Then uC, does not have decomposition
property (0). Further, if

1. . } . }
— lim inf |l Au) @A) ... (ulAy )|F < by limsup |[(ulA,)(WlA,L) ... @lA,)|* (5)
4 —0 k—oo

for each Ay, € E, then uCy has SVEP.

Proof. Since ¢ is surjective almost everywhere, ess inf [u| > 0 and range of uC, is closed, therefore (uCy)*
is surjective. But (1Cy)* can not have SVEP. For, if it has SVEP, it would imply that (uC,)" is invertible [6].
This contradicts the fact that uC, is not invertible. Thus uCy does not have decomposition property ().

Further, assume that uC, does not have SVEP. Then there exist an open set G and a non-zero analytic
function f : G — LP(X), defined as

f(A) = fiforeach A € G
which satisfies (1 —uCy)f(A) = 0 for each A € G. Without loss of generality, we may assume that f is never

zero on G. Choose Ay € G such that Ag ¢ U By U {0}, where By’s are as defined in Proposition 3.13. Since
k=1

f(Ag) # 0, therefore there is an atom A, such that f,|A,, # 0. We claim that A,, € E. For, if A,, ¢ E,

then there are distinct integers i and j such that A,, = A,,. Leti < j. Theni+ k = j for some k > 0. Since

(Ao — uCy)f1, = 0, therefore we have

Aof/\o |An,- = (MlAl’li)(fAO |A”z+l )

AOng |Ani+k—1

(ulAni+k-1 )(f/\o |Ani+k)
= (MlAn,-J,k,l )(f/\o |Anj)
= (ulAl’lHk—l )(f/\o |Ani)

which gives (A5 = (ulA,)(ulAy,) . @WlAn,,.,)) flAn, = 0. Since Ao ¢ |_| By, s0 fi,|Ay, = 0. Again,
k=1

AOfAU |Ang (ulAno)(f/\o |An1)

/\OfA(] |Ani,1 (ulAnk] )(fA(] |Anl) = O‘

Since Ag # 0, therefore by backward substitution, we get f3,|A,, = 0, which is a contradiction. Hence
Ay, € E. Now using (A9 — uCy)fa, = 0, we get

A](()fﬂo |A"o
(MIAH())(ulAVll) ce (ulAl’lk_1)

on |Ank =
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and

(lAn ) WlAn,) - .. (ulAn, f2,lAn,)
f/\olAn_k = = - /\k Lt

0

for each k > 1. Now following the steps of Proposition 3.13, we get

. 1 1. . 1
bp lim sup [(u|lA,_, ) (WlAn,) ... (A )]F < Aol £ - hin inf |[(u|An ) (WlAy,) - .. (WA, )IF.
p —00

k—o0

That is,

. 1 1
by lim sup |(ulA,,_ ) (ulAn_,) ... (A, )F < a—hkm inf [(u|Ap )(W|Ay,) - .. (WA, )IF.
p —00

k—o0

Thus condition (5) implies that uCy has SVEP. [J

4. Examples

Now we give examples which support preceding results.

Example 4.1. Let X = IN, S = the power set of N and y = counting measure. Let u, = 1+ % for all n € N and
define ¢ : N — N as

P(1) = $(2) = P(3) =2
and
¢(n)=n—-2foralln>4.

Then it is easy to see that ]}im cf),;1(2) = Nand consequently, (uCy)*(LP(X)) = K(uCy) = {0}. Hence from Proposition
3.9, uCy does not have decomposition property (0).
Example 4.2. Let X = N, S = the power set of N and y = counting measure. Let ¢ : IN — IN be defined as
(1) =2,
¢@2n) =2n+2and p(2n +1) = 2n —1 forall n € N.
Let no = 1 and (uy); , is given as
1+ %, if nis odd,
U, =
2+ 1, ifniseven.

n’

. . 1
An easy calculation shows that imsup |u,_,uy,, ... u,_|* = 1, whereas

k— 00

likm inf (U tty, ... Uy, , =2, Therefore, by Theorem 3.16, uCy is not decomposable.

In case when ¢ is neither injective nor surjective almost everywhere, uCy may or may not be decomposable.
The following examples illustrate our statement.

Example 4.3. Let X = IN, S = the power set of N and p = counting measure. Let
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1, ifnisodd,
Uy =
-1, ifniseven

and ¢ : N — IN is defined as

n, if nis odd,
¢o(n) =

n—1, ifniseven.

Then it is not difficult to see that uCgpisa projection. That is, (uC(p)2 = qu). Hence, from [7, Proposition 1.4.5], uC¢,
is decomposable.

Example 4.4. Let X = IN, S = the power set of IN and u = counting measure. Suppose that ¢ : N — IN is defined
as

¢(2n—1) = p(2n) =2n+ 3 foralln € N
and u, = 1foralln € IN. Let D denote the open unit disc in the complex plane. Now define a map f : D — LF(X) as
F) = (x1(A), x2(A), ... ) forall A € D,
where
x1(A) = x2(A) = x3(A) = x4(A) =1
and
X4n+1(A) = X4n42(A) = X4043(A) = Xgn41)(A) = A" for all n € N.

Then f is a non-constant analytic function which satisfies (A — uCy)f(A) = 0 for all A € D. Thus uCy does not have
SVEP and hence uCy is not decomposable.
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