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Analytically Riesz operators and Weyl and Browder type theorems

Enrico Boassoa

aVia Cristoforo Cancellieri 2, 34137 Trieste-TS, Italy

Abstract. Several spectra of analytically Riesz operators will be characterized. These results will led to
prove Weyl and Browder type theorems for the aforementioned class of operators.

1. Introduction

Recall that given a Banach space X and an operator T ∈ L(X), T is said to be polynomially compact
(respectively polynomially Riesz), if there exists a complex polynomial P such that P(T) is a compact
operator (respectively a Riesz operator). The structure and the spectrum of a polynomially compact
operators is well known; in fact, it was characterized in [14]. In addition, these results were extended to
polynomially Riesz bounded and linear maps in [13].

More generally, an operator T is said to be analytically Riesz, if there exists an analytical function f
defined on a neighbourhood of the spectrum of T such that f (T) is Riesz. The structure and the spectrum
of analytically Riesz operators were studied in [15]. In particular, according to [15, Theorem 1], such an
operator can be decomposed as T = T0 ⊕ S, where f is locally zero at each point of the spectrum of T0 but it
is not locally zero at any point of the spectrum of S. In addition, S either acts on a finite dimensional space
or it has the decomposition S = T1 ⊕ · · · ⊕ Tn, and in this last case the spectra of Ti are disjoint and there are
λi with the property that Ti − λi are Riesz and f (λi) = 0 (i = 1, . . . ,n).

The first objective of this article is to characterize several spectra of analytically Riesz operators. These
spectra are defined in the infinite dimensional context and among others they are the Fredholm spectrum,
the Weyl spectrum, the Browder spectrum, the upper Fredholm spectrum, the Weyl essential approximate
point spectrum and the Browder essential approximate point spectrum. Moreover, the spectrum of T will
be fully described. This will be done in section 3. To this end, however, some restrictions need to be
considered.

In fact, according to [15, Theorem 1], since f is locally zero at each point of the spectrum of T0, no
information concerning the spectrum of T0 can be obtained. Actually, note that f (T) = f (T0) ⊕ f (S) and
f (T0) = 0. What is more, if S is defined on a finite dimensional Banach space, then it has no sense to study
the aforementioned spectra. As a result, the analytically Riesz operators T that will be considered in this
article will be bounded and linear maps defined on infinite dimensional Banach spaces and the holomorphic
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function f with the property that f (T) is Riesz will be assumed not to be locally zero at any point of the
spectrum of T. Naturally, polynomially Riesz and polynomially compact operators belong to this subclass
of analytically Riesz operators.

In addition, the results obtained in section 3 will be applied in section 4 to prove Weyl and Browder
type theorems for analytically Riesz operators.

The author was kindly invited to contibute to this special issue of Functional Analysis, Approximation
and Computation. For this reason the author wishes to express his indebtedness to Professor Dragan S.
Djordjević.

2. Preliminary definitions and facts

Fron now on X will denote an infinite dimensional complex Banach space and L(X) the algebra of all
bounded and linear maps defined on and with values in X. If T ∈ L(X), then N(T) and R(T) will stand for
the null space and the range of T, respectively. Note that I ∈ L(X) will be the identity map defined on X.
In addition, K (X) ⊂ L(X) will denote the closed ideal of compact operators defined on X, C(X) the Calkin
algebra of X and π : L(X) → C(X) the quotient map. Furthermore, X∗ will stand for the dual space of X
and if T ∈ L(X), then T∗ ∈ L(X∗) will denote the dual operator. Moreover, given T ∈ L(X), σ(T) will stand
for the spectrum of T and if K ⊂ C, then acc K will be the set of limit points of K and iso K = K\ acc K the
set of isolated points of K.

Recall that T ∈ L(X) is said to be a Fredholm operator if α(T) = dim N(T) and β(T) = dimX/R(T) are finite
dimensional, in which case its index is given by

ind(T) = α(T) − β(T).

If α(T) and β(T) are finite and equal, so that the index is zero, T is said to be a Weyl operator. The set of
Fredholm operators will be dented by Φ(X).

The ascent (respectively descent) of T ∈ L(X) is the smallest non-negative integer a (respectively d) such
that N(Ta) = N(Ta+1) (respectively R(Td) = R(Td+1)); if such an integer does not exist, then asc(T) = ∞
(respectively dsc(T) = ∞). The operator T will be said to be Browder, if it is Fredholm and its ascent and
descent are finite.

These classes of operators generate the Fredholm or essential spectrum, the Weyl spectrum and the
Browder spectrum, which will be denoted by σe(T), σw(T) and σb(T) respectively (T ∈ L(X)). It is well
known that

σe(T) ⊆ σw(T) ⊆ σb(T) = σe(T) ∪ acc σ(T) ⊆ σ(T).

Recall that T ∈ L(X) is said to be a Riesz operator, if σe(T) = {0}. The set of all Riesz operators defined on
X will be denoted by R(X). More generally, T will be said to be an analytically Riesz operator, if there exists
a holomorphic function f defined on an open neighbourhood of σ(T) such that f (T) ∈ R(X) (H(σ(T)) will
denote the algebra of germs of analytic functions defined on open neighbourhoods of σ(T)). In particular,
T will be said to be polynomially Riesz (respectively polynomially compact), if there exists P ∈ C[X] such that
P(T) ∈ R(X) (respectively P(T) ∈ K (X)).

The concept of Fredholm operator has been generalized. An operator T ∈ L(X) will be said to be
B-Fredholm, if there exists n ∈ N for which R(Tn) is closed and the induced operator Tn ∈ L(R(Tn)) is
Fredholm. Note that if for some n ∈ N, Tn ∈ L(R(Tn)) is Fredholm, then Tm ∈ L(R(Tm)) is Fredholm for
all m ≥ n; moreover ind(Tn) = ind(Tm), for all m ≥ n. Therefore, it makes sense to define the index of T
by ind(T) = ind(Tn). Recall that T is said to be B-Weyl, if T is B-Fredholm and ind(T) = 0. Moreover, T is
said to be a B-Browder operator, if there is some n ∈ N such that R(Tn) is closed, Tn ∈ L(R(Tn)) is Fredholm
and asc(Tn) and dsc(Tn) are finite. Naturally, from these classes of operators, the B-Fredholm spectrum,
the B-Weyl spectrum and the B-Browder spectrum of T ∈ L(X) can be derived, which will be denoted by
σBF(T), σBW(T) and σBB(T), respectively. Clearly,

σBF(T) ⊆ σBW(T) ⊆ σBB(T) ⊆ σ(T).



Enrico Boasso / FAAC 7 (2) (2015), 1–7 3

On the other hand, recall that a Banach space operator T ∈ L(X) is said to be Drazin invertible, if there
exists a necessarily unique S ∈ L(X) and some m ∈N such that

Tm = TmST, STS = S, ST = TS.

Recall that necessary and sufficient for T to be Drazin invertible is that asc(T) and des(T) are finite ([16,
Theorem 4]). If DR(L(X)) = {A ∈ L(X) : A is Drazin invertible}, then the Drazin spectrum of T ∈ L(X) is
the set σDR(T) = {λ ∈ C : T − λI < DR(L(X))}, see [9, 10]. Note that according to [7, Theorem 3.6] and [16,
Theorem 4], σBB(T) = σDR(T). In particular, σBW(T) ⊆ σDR(T) ⊆ σ(T).

In order to state the (generalized) Weyl’s and the (generalized) Browder’s theorems, some sets need to
be recalled.

Let T ∈ L(X) and denote by E(T) = {λ ∈ iso σ(T) : 0 < α(A−λ)} (respectively by E0(T) = {λ ∈ E(T) : α(A−
λ) < ∞}) the set of eigenvalues of T that are isolated in the spectrum of T (respectively the eigenvalues of finite
multiplicity of T isolated in σ(T)). In addition, denote byΠ(T) = {λ ∈ σ(T) : 0 < asc(T −λ) = dsc(T −λ) < ∞}
(respectively Π0(T) = {λ ∈ Π(T) : α(T − λ) < ∞}) the set of poles of T (respectively the set of poles of finite
rank of T). Note that σ(T) \ σDR(T) = Π(T) ([16, Theorem 4]) and σ(T) \ σb(T) = Π0(T) ([5, Proposition 2]). In
particular, σDR(T) ⊆ σb(T).

Definition 2.1. Consider a Banach space X and T ∈ L(X). Then, it will be said that
(i)Weyl’s theorem (Wt) holds for T, if σw(T) = σ(T) \ E0(T).
(ii) Generalized Weyl’s theorem (1Wt) holds for T, if σBW(T) = σ(T) \ E(T).
(iii) Browder’s theorem (Bt) holds for T, if σw(T) = σ(T) \Π0(T).
(iv) Generalized Browder’s theorem (1Bt) holds for T, if σBW(T) = σ(T) \Π(T).

Next the definitions of (generalized) a-Weyl and (generalized) a-Browder theorems will be recalled. To
this end, however, some preparation is needed first.

Recall that T ∈ L(X) is said to be bounded below, if N(T) = 0 and R(T) is closed. Denote the approximate
point spectrum of T by σa(T) = {λ ∈ C : A − λI is not bounded below}. In addition, if R(T) is closed and α(T)
is finite, then T ∈ L(X) is said to be upper semi-Fredholm. Note that in this case ind (T) is well defined. Let
σΦ+ (T) = {λ ∈ C : A − λI is not upper semi-Fredholm} denote the upper Fredholm spectrum.

The Weyl essential approximate point spectrum of T ∈ L(X) is the set ([17])

σaw(T) = {λ ∈ σa(T) : T − λI is not upper semi-Fredholm or 0 < ind(A − λI)}.

In addition, the Browder essential approximate point spectrum of T ∈ L(X) is the set σab(T) = {λ ∈ σa(T) : λ ∈
σaw(T) or asc(T − λI) = ∞} ([17]). It is clear that σaw(A) ⊆ σab(A) ⊆ σa(A).

On the other hand, upper semi B-Fredholm operators can be defined in a similar way as B-Fredholm
operators. Set σSBF−+ (T) = {λ ∈ C : T − λI is not upper semi B-Fredholm or 0 < ind(A − λ)} ([8]).

Next denote by LD(X) = {T ∈ L(X) : a = asc(T) < ∞ and R(Ta+1) is closed} the set of left Drazin invertible
operators. Then, given T ∈ B(X), the left Drazin spectrum of T is the set σLD(T) = {λ ∈ C : T − λI < LD(X)}.
Note that according to [8, Lemma 2.12], σSBF−+ (T) ⊆ σLD(T) ⊆ σa(T).

Let T ∈ L(X) and denote by Ea(T) = {λ ∈ iso σa(T) : 0 < α(T − λI)} (respectively by Ea
0(T) = {λ ∈

Ea(T) : α(T − λT) < ∞}) the set of eigenvalues of T that are isolated in σa(T) (respectively, the eigenvalues
of finite multiplicity of T isolated in σa(T)). In addition, denote by Πa(T) = {λ ∈ σa(T) : a = asc(T − λI) <
∞ and R(T − λI)a+1 is closed} (respectively Πa

0(T) = {λ ∈ Πa(T) : α(T − λI) < ∞}) the set of left poles of T
(respectively, the left poles of finite rank of T). Clearly, σa(T) \ σLD(T) = Πa(T). Moreover, according to [17,
Corollary 2.2], [12, Corollary 1.3.3] and [12, Corollary 1.3.4], σa(T) \ σab(T) = Πa

0(T).
Next follows the definitions of (generalized) a-Weyl and (generalized) a-Browder theorems.

Definition 2.2. Consider a Banach space X and T ∈ L(X). Then, it will be said that
(i) a-Weyl’s theorem (a-Wt) holds for T, if σaw(T) = σa(T) \ Ea

0(T).
(ii)Generalized a-Weyl’s theorem (a-1Wt) holds for T, if σSBF−+ (T) = σa(T) \ Ea(T).
(iii) a-Browder’s theorem (a-Bt) holds for T, if σaw(T) = σa(T) \Πa

0(T).
(iv)Generalized a-Browder’s theorem (a-1Bt) holds for T, if σSBF−+(T) = σa(T) \Πa(T).
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Finally, recall that an operator T ∈ L(X) is said to have the single–valued extension property (SVEP for
short), at a (complex) point λ0, if for every open discD centered at λ0 the only analytic function f : D −→ X
satisfying (T − λ) f (λ) = 0 is the function f ≡ 0. We say that T has SVEP, if it has SVEP at every point of C.
Trivially, every operator T has SVEP at points of the resolvent ρ(A) = C \ σ(T). Also T has SVEP at every
point of the boundary ∂σ(T) of the spectrum. See [1, Chapter 2] for more information on operators with
SVEP.

3. Spectra of analytically Riesz operators

As it was explained in the Introduction, to study several spectra of analytically Riesz operators, it is
necessary to consider a subclass of these operatores. To this end, given T ∈ L(X), set HRNLZ(σ(T)) = { f ∈
H(σ(T)) : f (T) ∈ R(X) and f is not locally zero at any point of σ(T)}. In the following remark some basic
facts will be considered.

Remark 3.1. LetXbe an infinte dimensional Banach space and consider T ∈ L(X) such thatHRNLZ(σ(T)) , ∅.
Let f ∈ HRNLZ(σ(T)).
(i). According to the proof of [15, Thorem 1],

σe(T) ⊆ σw(T) ⊆ σb(T) ⊆ f−1(0).

(ii). Recall that acc σ(T) ⊆ σDR(T) ([10, Theorem 12(iv)]). In particular, since σDR(T) ⊆ σb(T),

acc σ(T) ⊆ σDR(T) ⊆ f−1(0).

(iii). Since f is not locally zero at any point of the spectrum of T, the set f−1
σ(T)(0) = {λ ∈ σ(T) : f (λ) = 0} is

finite. Define
nT = min{♯ f−1

σ(T)(0) : f ∈ HRNLZ(σ(T))}.

The function h ∈ HRNLZ(σ(T)) will be said to be a minimal analytical function associated to T, if nT = ♯h−1
σ(T)(0).

In addition, recall that there exists an analytic function 1 defined on a neighbourhod of σ(T) such that
1(z) , 0, z ∈ σ(T), and f (z) = (z − λ1)k1 . . . (z − λn)kn1(z), where f−1

σ(T)(0) = {λ1, . . . , λn}.
On the other hand, when T ∈ L(X) is a polynomially Riesz operator, a polynomial Q ∈ C[X] will be said to
a minimal polynomial associated to T, if Q(T) ∈ R(X), and if P ∈ C[X] is such that P(T) ∈ R(X), then the degree
of Q is less or equal to the degree of P.
(iv). Note that σ(T) is countable. In fact, it is a consequence of (ii)-(iii) and [11, Theorem 2.2].

Applying Remark 3.1, the following properties can be deduced.

Corollary 3.2. Let X be a Banach space and consider T ∈ L(X) such that HRNLZ(σ(T)) , ∅. Then, the following
statements hold.
(i) T and T∗ have the SVEP.
(ii) σ(T) = σa(T) and σe(T) = σΦ+ (T).
(iii) E(T) = Ea(T) and E0(T) = Ea

0(T).
(iv) Π(T) = Πa(T) and Π0(T) = Πa

0(T).

Proof. (i). According to Remark 3.1(iv), σ(T) = ∂σ(T). In addition, since σ(T) = σ(T∗), σ(T∗) = ∂σ(T∗). In
particular, T and T∗ have the SVEP.
(ii). Apply [1, Corollary 2.45, Chapter 2, Section 3] and [1, Corollary 3.53, Chapter 3, Section 4], respectively.
(iii). It can be derived from statement (ii).
(iv). According to [6, Theorem 2.7] and [10, Theorem 12(i)], Π(T) = Πa(T), which in turn implies that
Π0(T) = Πa

0(T).

In the following theorem the Fredholm, Weyl and Browder spectra of analytically Riesz operators will
be characterized.
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Theorem 3.3. Let X be a Banach space and consider T ∈ L(X) such that HRNLZ(σ(T)) , ∅. Let h ∈ HRNLZ(σ(T))
be a minimal analytic function associated to T. Then, the following statements hold.
(i) σe(T) = σw(T) = σb(T) = h−1

σ(T)(0).
(ii) σ(T) \ h−1

σ(T)(0) = Π0(T).

Proof. (i). According to Remark 3.1(i) ([15, Theorem 1]), it is enough to prove that h−1
σ(T)(0) ⊆ σe(T). Recall that

there exist n ∈ N and λ1, . . . , λn ∈ σ(T) such that h−1
σ(T)(0) = {λ1, . . . , λn} and h(z) = (z − λ1)k1 . . . (z − λn)kn1(z),

where 1 is an analytic function defined on a neighbourhod of σ(T) such that 1(z) , 0, z ∈ σ(T). Suppose that
there is j, 1 ≤ j ≤ n, such that λ j < σe(T). In particular, (z − λ j)k j ∈ L(X) is a Fredholm operator.

Let Ui ∈ L(X) and Ki ∈ K (X), i = 1, 2, such that U1(T − λ j)k j = I − K1 and (T − λ j)k j U2 = I − K2. Set
h1(z) = Π1≤i≤n,i, j(z − λi)ki1(z) and consider Π : L(X) → C(X). Note that σ(π(h(T))) = {0}, π(U1) = π(U2) =
(π(T − λ j)k j )−1 and

π(h(T)) = π(h1(T))π(T − λ j)k j = π(T − λ j)k jπ(h1(T)).

However, an easy calculaton proves that

π(U1)π(h(T)) = π(h(T))π(U1) = π(h1(T)).

In particular, σ(π(h1(T)) = {0}, equivalenty h1(T) ∈ R(X), which is impossible because n = nT.
(ii). Apply statement (i) and [5, Proposition 2].

Remark 3.4. Let X be a Banach space and T ∈ L(X). Suppose thatHRNLZ(σ(T)) , ∅ an let h ∈ HRNLZ(σ(T))
be a minimal analytic function associated to T.
(i). Recall that Π(T) ⊆ iso σ(T). Let I(T) = iso σ(T) \ Π(T). Then, according to [10, Theorem 12], σ(T) =
σDR(T) ∪ Π(T), σDR(T) ∩ Π(T) = ∅ and σDR(T) = acc σ(T) ∪ I(T). Then, since σDR(T) ⊆ σb(T), according to
Theorem 3.3,

h−1
σ(T)(0) = σe(T) = σb(T) = acc σ(T) ∪ I(T) ∪ (Π(T) \Π0(T)).

(ii). Suppose that T ∈ L(X) is Polynoially Riesz and consider Q ∈ C[X] a minimal polynomial associated to
T. Applying arguments similar to the ones in Remark 3.1(i) and Theorem 3.3 it is not difficult to pove that

σe(T) = σw(T) = σb(T) = {λ ∈ C : Q(λ) = 0}.

Therefore, when T is a polynomially Riesz operator and Q is a minimal polynomial associated to T,
nT = ♯{λ ∈ C : Q(λ) = 0}.

Next the Weyl approximation essential point spectrum and the Browder approximation essential point
spectrum will be characterized.

Theorem 3.5. Let X be a Banach space and consider T ∈ L(X) such that HRNLZ(σ(T)) , ∅. Let h ∈ HRNLZ(σ(T))
be a minimal analytic function associated to T.Then, the following statements hold.
(i) σ(T) \ h−1

σ(T)(0) = Πa
0(T).

(ii) σΦ+ (T) = σaw(T) = σab(T) = h−1
σ(T)(0).

Proof. According to Corollary 3.2(iv) and Theorem 3.3(ii), statement (i) holds.
On the other hand, since Πa

0(T) = Π0(T), according to Theorem 3.3(i) and Corollary 3.2(ii),

σΦ+ (T) ⊆ σaw(T) ⊆ σab(T) = σb(T) = σe(T) = σΦ+ (T).
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4. Weyl and Browder type theorems

In first place, Browder type theorems will be considered.

Theorem 4.1. Let X be a Banach space and consider T ∈ L(X) such that HRNLZ(σ(T)) , ∅. Then, the following
statements hold.
(i) (Generalized) Browder’s theorem holds for T.
(ii) (Generalized) a-Browder’s theorem holds for T.
(iii) Given f ∈ H(σ(T)), generalized a-Browder’s theorem holds for f (T) and f (T∗).

Proof. (i). Theorem 3.3(i) implies that Browder’s theorem holds. According to [4, Theorem 2.1], Browder’s
theorem and generalized Browder’s theorem are equivalent.
(ii). Theorem 3.5(ii) implies that a-Browder’s theorem holds. According to [4, Theorem 2.2], a-Browder’s
theorem and generalized a-Browder’s theorem are equivalent.
(iii). Apply Corollary 3.2(i) and [3, Theorem 3.2].

Recall that generalized a-Browder’s theorem is equivalent to a-Browder’s theorem ([4, Theorem 2.2])
and it implies generalized Browder’s theorem ([8, Theorem 3.8]), which in turn is equivalent to Brow-
der’s theorem ([4, Theorem 2.1]). Therefore, under the same hypothesis of Theorem 4.1(iii), (generalized)
Browder’s theorem and a-Browder’s theorem hold for f (T) and f (T∗).

Corollary 4.2. Let X be a Banach space and consider T ∈ L(X) such thatHRNLZ(σ(T)) , ∅. Then,

σBW(T) = σDR(T) = σLD(T) = σSBF−+ (T).

Proof. Note that generalized Browder’s theorem (respectively a-generalized Browder’s theorem) is equiv-
alent to σBW(T) = σDR(T) (respectively σLD(T) = σSBF−+ (T)). In adition, since σ(T) = σa(T) and σ(T) = ∂(T)
(Corollary 3.2), according to [6, Theorem 2.7], σDR(T) = σLD(T).

Next Weyl type theorems will be considered.

Theorem 4.3. Let X be a Banach space and consider T ∈ L(X) such that HRNLZ(σ(T)) , ∅. Then, the following
statements are equivalent.
(i) Weyl’s theorem holds for T (respectively T∗).
(ii) a-Weyl’s theorem holds for T (respectively T∗).
In addition, the following statements are equivalent.
(iii) Generalized Weyl’s theorem holds for T (respectively T∗).
(iv) Generalized a-Weyl’s theorem holds for T (respectively T∗).

Proof. Recall that T and T∗ have the SVEP (Corollary 3.2(i)). Then apply [2, Theorem 3.6] and [3, Theorem
3.1]

Theorem 4.4. Let X be a Banach space and consider T ∈ L(X) such that HRNLZ(σ(T)) , ∅. Suppose that iso
σ(T) = E(T) = Π(T). Then, given f ∈ H(σ(T)), generalized a-Weyl’s theorem holds for f (T).

Proof. Apply Corollary 3.2(i) and [4, Corollary 2.4]

Since generalized a-Weyl’s theorem implies a-Weyl’s theorem ([8, Theorem 3.11]), generalized Weyl’s
theorem ([8, Theorem 3.7]) and Weyl’s theorem ([8, Corollary 3.10]), the statement of Theorem 4.4 holds if
instead of generalized a-Weyl’s theorem the other Weyl type theorems are considered.
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