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Abstract. Let i;,(A) and i,(A) be the numbers of the eigenvalues of a finite matrix A lying inside and
outside the unit circle, respectively. Let Abea perturbed matrix. We obtain the conditions under which
iim(A) = ii(A) and igu(A) = igw(A). Our main tool is the norm estimates for resolvents of operators on
the tensor product of Euclidean spaces. The results for finite matrices are particularly generalized to
Hilbert-Schmidt operators.

1. Introduction and statement of the main result

Let C" be an n-dimensional Euclidean space with a scalar product < .,. >c»=< .,. >, the norm |||, =
v<.,.> and the unit operator I; C"™" means the set of all complex n X n matrices. For an A € C"™",
M(A) (k = 1,..,n) are the eigenvalues of A enumerated in an arbitrary order with their multiplicities,
IAIl = [|All, = sup,ccn lAx]l/l|x]l;; is the (operator) spectral norm, 0(A) denotes the spectrum of A, A* is the

adjoint to A, AT is the transposed one and A™! is the inverse to A; [|Al|lr = Vtrace AA* is the Hilbert-Schmidt

,,,,,

o(A) and a point A € C.

The inertia In(A) of a matrix A with respect to the imaginary axis is defined as a triple of nonnegative
integers (11(A), v(A), 6(A)), where n(A) is the number of eigenvalues of A with positive real parts, v(A) is
the number of eigenvalues of A with negative real parts and 0(A) is the number of eigenvalues of A on the
imaginary axis. For a Hermitian matrix S, the inequality S > 0 (S < 0) means that S is positive (negative)
definite.

The classical theorem of Ostrowski and Schneider [13] asserts that for a given matrix A, there exists a
Hermitian matrix H, such that R(AH) = ((AH)" + AH)/2 > 0 if and only if 6(A) = 0. If R(AH) > 0, then
In(A) = In(H). In the paper [3] the just mentioned result has been reduced to the semi-definite case.

The inertia, Ing(A), of a matrix A with respect to the unit circle QO = {z € C : |z| = 1} is defined as a triple
of nonnegative integers (i;,(A), iout(A), ia(A)), where i;,,(A) is the number of the eigenvalues of A taken with
their multiplicities, lying inside Q, i,:(A) is the number of the eigenvalues of A outside Q, and ig(A) is
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the number of the eigenvalues of A on Q. In the paper by Wimmer [16] , the result similar to the inertia
theorem of Ostrowski and Schneider has been derived for Ing(A) (see Theorem 2.1 below). Afterwards the
Ostrowski-Schneider and Wimmer results have been generalized in various directions, cf. [1]-[5], [12, 15].
At the same time, to the best of our knowledge, perturbations of the inertia were almost not investigated
in the available literature although they are important for various applications. Here we can only mention
the paper [8] which contains some results devoted to perturbations of the inertia with respect to imaginary
axis. In this paper we establish a condition that provides conservation of the numbers i;,(A) and i,,:(A)
under perturbations.

Let E; = E; = C" and E = E; ® E;, where ® is the symbol of the tensor product. The scalar products
<.,.>pin E is defined by

<y®h%®hp¢:<%%>&<hh>5(%meEthGEg

where < y,11 >g=< Yy, y1 >, is the scalar products in E; (! = 1,2). The norm in E is defined by ||.|[g =
V< .,.>g. Inaddition, Iz = [ ® I is the unit operators on E. It is clear that dim E = n2. Assuming that

.....

0(A) = Akmlin 11— )L]-(A)Xk(A)I >0, (1.1)
k=Lt
put
X(A) = ITg = AT @ A) M.
Now we are in a position to formulate our main result.

Theorem 1.1. Let A, A € C™", and the conditions (1.1) and
X(A)QIAIIFIA = Allr + A = AlF) < 1 (1.2)
hold. Then iy (A) = iju(A) and iyu(A) = igu(A).

This theorem is proved in the next two sections.
To formulate our next result introduce the quantity (the departure from normality of A)

n
g(A) = (JAI — T%(A))"/?, where 1(A) := (Z KA,
k=1
In Sections 2.1 and 2.2 of the book [7] it is checked that
FA(A) < ||AI% - [trace A%, g*(A) < [lA — A*|2/2 and g(e" A + zI) = g(A)

forallt € Rand z € C. If A is a normal matrix: AA* = A*A, then g(A) = 0. In addition, if A; and A,
are commuting n X n matrices, then g(A; + Az) < g(A1) + g(Az). By the inequality between geometric and
arithmetic mean values,

1 n n n

(E )3 IMA)F] > [T I So 7(A) < IAIR - n(det A",
k=1 k=1

Below we prove the following

Lemma 1.2. Let condition (1.1) hold. Then x(A) < C(A), where

3n-3 i

(21(A)g(A) + g*(A)y

C(A) = E ‘ .
= o)
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From the definition of g(A) it follows that 27(A)g(A) < 3(A) + g*(A) = ||All2. Since g(A) < ||Allr, we have

3n-3 zj”A”IZ:f
{(A) < ]; N (1.3)
Theorem 1.1 and Lemma 1.2 imply
Corollary 1.3. Let A, A e C™" . Let the conditions (1.1) and
CA)QIANEIA = Al + 1A = AlIF) < 1 (1.4)
hold. Then i;,(A) = i;,(A) and iy (A) = igu(A).

A matrix A is said to be Schur-Cohn stable if its spectral radius is less than one. It is said to be Schur-Cohn
unstable, if |A(A)| > 1 for at least one eigenvalue of A. Making use of Corollary 1.3 we arrive at

Corollary 1.4. Let A,A € C™". If A is Schur-Cohn stable and condition (1.4) holds, then A is also Schur-Cohn
stable.
Moreover, if conditions (1.1) and (1.4) hold, and A is Schur-Cohn unstable, then A is also Schur-Cohn unstable.

2. Proof of Theorem 1.1

We need the following theorem proved in [16].

Theorem 2.1. Let A,Q € C™" and Q be Hermitian strongly positive definite. If X is a Hermitian solution of the
equation
X-AXA"=Q, (2.1)

then X is nonsingular and the number i..(X) of positive (the number i_(X) of negative) eigenvalues of X is equal to
iin(A) (four(A)).

The operator G : C*" — C"™" defined by X = GQ will be called the Green operator to (2.1). Put

IGQII
Gll= sup ——.
IG1= sup Tl
Lemma 2.2. Let A, A € C™", and the conditions (1.1) and
V(A A) = IA - Al IGIIIAI + 1A - All) < 1 (22)
hold. Then the equation
X-AXA* =Q (2.3)
has a unique solution X satisfying
S G
1 < Gl o
1-yA44)
and ~
o _ IGIIQIy(A,A)
IX - X < =) 2.5)
1-yA4,4)

where X is the solution to (2.1).
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Proof. Put Y = X — X,B = A — A. Then, subtracting (2.1) from (2.3), we can write
Y-(A+B)(X+Y)A +B)+AXA" =0.

So
Y - AYA" = Qx + Qy, (2.6)

where Qx := AXB* + BXA* + BXB* and Qy := AYB* + BYA* + BYB*. Or
Qy := (A/B, + BJ/A; + B|B))Y,
where Aj, A, are defined by A;Y = AY, A,Y = YA. Thus,
Y = G(Qx + Qy) = GQx + WY, 27)

where W := G(A;B; + B/A; + B;B;). So due to (2.2),

IWIl < IGIIIANIBI + IBIP) = y(A, A) <1 28)
and therefore (2.7) implies
Y =(-W)"GQx = ) WGQx
k=0
and 3
Y1 = (1 = (A, A)NIGQxI. 29)

Take into account that

IQxIl < IXIIANIBI + 11BI) < IGIIQIIAINBI -+ IBI) = y(A, AIQIl.

Therefore, y
A, A)IIGINQII
vy < LA ANCHION
1- (A, A)
and .
V(A,A)IIGIIIIQIIZ IGINQII

X< IXII+ 1Y < IG + z iy
IXIF < X+ 1Y < IGHNQ 1- (4, 4) 1-9(4,A)

The proof is complete. O

Lemma 2.3. Let conditions (1.1) and (2.2) hold. Then i, (A) = iy (A) and iy (A) = ipu(A).

Proof. Lemma 2.2 implies the existence of a unique solution to equation (2.3) and by Theorem 2.1 A does
not have unitary eigenvalues, i.e. the eigenvalues whose absolute values are equal to one. Now consider
the matrix A; = A + H({A — A) (0 < t < 1). Taking into account that

IGIIANIA = Adl + 1A = AdP) < p(A, A) < 1,

we prove that A; does not have unitary eigenvalues. Furthermore, assume in contrary that the lemma is
false: ij,(A) # i;s(A). Since the eigenvalues depend continuously on ¢, A; for some ¢ should have unitary
eigenvalues. This contradiction proves the required result. O

Proof of Theorem 1.1: Following [10], with each matrix A = (a;;) € C"™" associate the vector vec (A) € c”
defined by

vec (A) := column (a1, ..., As1, 012, vy 52y coeey Alpry -eey Aspy)-
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For a solution X of (2.1) we have (I — AT ® A*)vec(X) = vec(Q), cf. [10, p. 255]. Consequently,
vec(X) = (I - AT ® A" vec(Q),

Thus
IXIlF = llvec (X)l,2 = I(I = AT ® A*)'vec(Q)ll,2
< x(A)lvec(Q)llz = x(AIQIlE-
IGQIle

Therefore, [|Gllr := supgeenm o, < X(A). Hence, replacing in Lemma 2.3 the spectral norm by the Frobe-
nious one, we prove the theorem. O

3. Proof of Lemma 1.2

As it is well-known, by Schur’s theorem [10], for any C € €™, there is an orthogonal normal basis
(Schur’s basis) {ex};_; in which C is represented by a triangular matrix:

k
Cey = Z cirej with cj =< Cey,e; > (k=1,...,n),
j=1

and cj; = Aj(C). So C = Dc + V¢ (0(C) = o(Dc)) with a normal (diagonal) matrix D¢ defined by Dce; =
Aj(C)e; (j = 1,...,,n) and a nilpotent (strictly upper-triangular) matrix V¢ defined by

=

-1
Vcek = c]-ke]- (k = 2,..., Tl), Vce1 =0.

]

1l
—_

D¢ and V¢ will be called the diagonal part and nilpotent part of C, respectively.
Below |C| = |C|sy means the operator, whose entries in some its Schur basis {e} are the absolute values
of the entries of operator C in that basis. That is,

k
Cle = Y laele; (k=1,...,n).
j=1

We will call |C| the absolute value of C with respect to its Schur basis {ex}. It can be directly checked that
IClle = Il ICl llr and g(C) = l|VcllF, cf. [7, Lemma 2.3.2]. The smallest integer vc < 1, such that [V¢["¢ = 0 will
be called the nilpotency index of C. By [8, Lemma 2.2], for any C € C™**,

A
c-apy <y ==
]-Z_:: Vit (G A)

Put K = AT ® A*. Due to Lemma 3.2 from [8], we have v < 3n —2. Since 6(AT ® A*) = 6(AT) X 6(A*), we can
write p(K, 1) = 6(A). Thus,

(A ¢ a(0)).

3n-3 i
el 7'(K)
IK = 1) ||s]; NI (3.1)

Since A = Ds+V 4, where D, is the diagonal part of A, and V4 is the nilpotent part of A, we have K = Dg+ Vk,
where Dx = D4 ® D, is the diagonal part of K,

Vk=Da®V,+Vi®D, +V eV,
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is the nilpotent part of K.
Since 7(A) = ||Dallg, we obtain

g(K) = IVkllr < 2IDAllEVallr + IVallf = 27(A)g(A) + 5*(A).
This and (3.1) prove Lemma 1.2. O

Note that due to [9, Corollary 5.5] the sharper but more complicated estimate

3n-3

1
K-ADY < .
(K = A1) ||<]ZO,9]+1(A)

k1 +k
Y, @),
O<ki tho<j

is valid, where
) /!

Thide ™ Gtk — i — k)P

4. Perturbation of triangular matrices

For a matrix A = (”jk)?,kzlf put

0 a2 a1y 0 0 0
Vv, = 0 0 Aoy V.= an 0 0
0 0 e 0 a1 -+ Apn-1 0

and D = diag (a11,02, ..., ). It is assumed that

o(D) := krrun lajjan — 11 > 0. (4.1)
i

.....

Put A, = D + V,. We have 0(D) = 6(A,) and g(A,) = ||[V,|r. In addition, i;,(D) = i;,(A,) is the number of
ajj, such that |a;;| < 1. Similarly, 7y,:(D) = 7out(A+) is the number of a;;, such that |a;;| > 1. We have

- _3”23<2||D||p||v+||p+||A+||2 323 27)A.
A= Jii(D) Jiei(D)’
j=0 )

Besides,
n

DI =) lawl

k=1
Applying Corollary 1.3 with A, instead of A and A instead of A, we obtain
Corollary 4.1. Let condition (4.1) hold and
CADIALENIV-lIE + IV-IP) < L. (4.2)
Then ii(A) = isn(D) and iout(A) = iour(D).

In particular, if max lax| < 1 and (4.2) holds, then A is Schur-Cohn stable.
Moreover, if conditions (4.1) and (4.2) hold, and maxy lal| > 1, then A is Schur-Cohn unstable.
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5. Compact operators

In this section we are going to extend Theorem 1.1 to Hilbert-Schmidt operators in a Hilbert space H .
Our results below can be easily extended to Schatten-von Neumann operators, since for any Schatten-von
Neumann operator B there is a natural number m, such that B” is a Hilbert-Schmidt operator. Note that
the inertia index with respect to the imaginary axis in the infinite dimensional case was investigated, in
particular, in [11, 14].

Let A and A be Hilbert-Schmidt operators in H:

lAllF = Vtrace AA* < oo, ||A|lF < oo. (5.1)
Again put
9(A) = (IAI - T(A))"? , where 7(A) = (Z AP,

Here Ak(A) (k = 1,2,...) are the eigenvalues of A enumerated with the multiplicities in the non-increasing
order. In the infinite dimensional case g(A) has the same properties as in the finite dimensional one,
cf. [7, Section 6.4]. As it is well-known [6], under condition (5.1), A is a limit in the norm ||A||r of n-
dimensional operators A, (n < o). Besides Ax(A,;) — Ax(A). Hence we have g(A,) — g(A). Again denote
by iin(A) (iout(A)) the number of the eigenvalues of A taken with their multiplicities, lying inside (outside)
the unit circle and assume that _

0(A) = jki?g 1= A;(A)A(A)] > 0. (5.2)

,,,,,,

Certainly, under consideration it can be 7;,(A) = co. Put

\ (2T(A)g(A) + gAY
C(A) = :
;; NHCLVY

Now Corollary 1.3 implies
Corollary 5.1. Let conditions (5.1), (5.2) and (1.4) hold. Then iout(A) = i (A).

Certainly, the result similar to Corollary 1.4 is also valid with the replacement of n by infinity.
As in the finite dimensional case we have

i 2IIAIIY
Vo)

By the Schwarz inequality

= 22| AlY = 8jAllY V2 4)1A|Iz
C(A)<Z Zkz T = exp (3 5.
2j/2 \/_9]+1(A) i 2 J1O2U+D(A 6(A) 6%2(A)
If A = V is quasinilpotent, then by the Schwarz inequality
||V|| 22V 2J||V||4f S
«(v) = Z Z ): Z )2 = V2exp (IVI). (5.3)

= 2R

Example 5.2. Let V be a quasi-nilpotent Hilbert-Schmidt operator and A = V + B, where B is an arbitrary Hilbert-
Schmidt operator.

Since i,,,(V) = 0, if
V2QIIVIIIIBIIE + [IBI) exp (IVIIE) < 1
then by (5.3) and Corollary 5.1 we have i, (A) = 0.
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