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A new iterative technique for solving fixed point problem
involving quasi-nonexpansive and firmly nonexpansive mappings

T.M.M. Sowa

aGaston Berger University, Saint Louis, Senegal

Abstract. In this paper, we introduce a modified Halpern algorithm to approximate a common fixed
points of quasi-nonexpansive and firmly nonexpansive mappings in real Hilbert spaces. We start by
showing that Fix(T1 ◦ T2) = Fix(T1) ∩ Fix(T2) without commuting assumption and establish strong
convergence theorems for the proposed iterative process. Our strong convergence theorems extend and
improve some known corresponding results in the contemporary literature for a wider class of nonexpan-
sive type mappings in Hilbert spaces. Finally, applications of our theorems to equilibrium problems and
monotone inclusion problems are given.

1. Introduction

Let H be a real Hilbert space and K be a nonempty, closed and convex subset of H. Let T : H → H be
a nonlinear mapping, a point x ∈ H is called a fixed point of T if Tx = x. We denote the set of all fixed
points of T by Fix(T ). Let D(T ) ⊂ H, then T is said to be

(1) a contraction if there exists b ∈ [0, 1) such that:

‖Tx− Ty‖ ≤ b‖x− y‖ x, y ∈ D(T ).

If b = 1, T is called nonexpansive;
(2) quasi-nonexpansive if Fix(T ) 6= ∅ and

‖Tx− p‖ ≤ ‖x− p‖, x ∈ D(T ), p ∈ Fix(T );

(4) firmly nonexpansive if for all x, y ∈ D(T ), we have

‖Tx− Ty‖2 ≤ 〈Tx− Ty, x− y〉.

Remark 1.1. Easily, we obtain the following conclusions:

2010 Mathematics Subject Classification. 47H05, 47J20.
Keywords. Common fixed points; Composition of nonlinear mappings; Halpern algorithm.
Received: 22 October 2019; Accepted: 28 January 2020
Communicated by Dragan S, Djordjević
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1 Every firmly nonexpansive mapping is nonexpansive.

2 Every nonexpansive mapping with a a fixed point is quasi-nonexpansive.

Finding the fixed points of nonlinear operators is an important topic in mathematics, due to the fact that
many nonlinear problems can be reformulated as fixed point equations of nonlinear mappings. One of efficient
methods to solve fixed point problem involving nonlinear mappings is the iterative method. Constructed it-
eration approaches to find fixed points of nonlinear mappings have received vast investigation, (see, e.g., Yao
et al.[17], Chidume [2], Marino et al. [7], Moudafi [10], Halpern [4], Sow et al. [11] and the references therein).

For nonexpansive mappings with fixed points, Mann iterative method [6] is a ordinary tool to study
them. However, only weak convergence is guaranteed in infinite dimensional spaces. Thus a natural question
rises: could we obtain a strong convergence result by using the well-known Krasnoselskii-Mann method for
nonexpansive mappings? In this connection, in 1975, Genel and Lindenstrass [3] gave a counterexample.
Hence the modification is necessary in order to guarantee the strong convergence of Mann’s iterative method.
In order to get the strong convergence, in 1967, Halpern [4] constructed the following iteration scheme for
computing a fixed point of a nonexpansive mapping T. For fixed u ∈ K and an initial guess x0 ∈ K, let the
sequence {xn} be generated iteratively by

xn+1 = αnu+ (1− αn)Txn, n ≥ 0, (1)

where {αn} is a sequence in (0, 1). Algorithm (1) was referred to as the Halpern algorithm. Halpern pointed
out that the control conditions:
(C1) lim

n→∞
αn = 0,

(C2)

∞∑
n=0

αn =∞ are necessary for the strong convergence of the iteration (1) to a fixed point of T. At the

same time, he also put forth the following open problem.

Problem 1.2. Are the control conditions (C1) and (C2) sufficient for the convergence of the Halpern iter-
ation (1) to a fixed point of T?

Many researchers carefully considered this problem, for instance, [5, 8, 15]. However, in 2005, Suzuki [4]
gave the a counterexample which shows that (C1) and (C2) are not sufficient for the strong convergence.

In 2017, Yao et al. [16], motivated by the fact that firmly nonexpansive mappings play an important
role in nonlinear analysis, proved the following theorem.

Theorem 1.3. [16] Let K be a nonempty closed convex subset of a Hilbert space H. Let T : K →
K be a firmly nonexpansive mapping with Fix(T ) 6= ∅. Assume {αn} satisfies the following conditions:
(C1) lim

n→∞
αn = 0,

(C2)

∞∑
n=0

αn =∞.

Then, the sequence {xn} generated by (1) converges strongly to x∗ = PFix(T )u.

Remark 1.4. Note that Suzuki’s conclusion can not be used to the class of firmly type nonexpansive map-
pings. Theorem 1.3 gives a positive answer to the Halpern open problem for the class of firmly nonexpansive
mappings.

Inspired by the results in the literature, we consider the following fixed point problem :

find x∗ ∈ K such that x∗ ∈ Fix(T1 ◦ T2), (2)

where T1 and T2 are quasi-nonexpansive and firmly nonexpansive mappings respectively.
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Almost results existing for solving fixed points problem with a finite family of nonexpansive mappings
commuting assumptions are needeed on the operators to get strong convergence (see, e.g., [2]) and authors
assume that Fix(T1) ∩ Fix(T2) is nonempty.

Above discussion suggests the following questions.

Question 1.5. Is it always true that Fix(T1) ∩ Fix(T2) = Fix(T1 ◦ T2) without commuting assumptions?

Question 1.6. Could we construct a modified Halpern algorithm such that it converges strongly to a solu-
tion of problem (2) in Hilbert spaces without compactness assumption?

The purpose of this paper is to give affirmative answers to these questions mentioned above. Applications
are also considered.

2. Preliminaries

Let us recall the following definitions and results which will be used in the sequel.

Definition 2.1. Let K be a nonempty, closed convex subset of a real Hilbert space H and T : K → K be a
single-valued mapping. I − T is said to be demiclosed at 0 if for any sequence {xn} ⊂ D(T ) such that {xn}
converges weakly to p and ‖xn − Txn‖ converges to zero, then p ∈ Fix(T ).

Lemma 2.2 ([1]). Let H be a real Hilbert space, K be a closed convex subset of H, and T : K → K be a
nonexpansive mapping. Then I − T is demiclosed.

Lemma 2.3 ([2]). Let H be a real Hilbert space. Then for any x, y ∈ H, the following inequalities hold:

‖x+ y‖2 ≤ ‖x‖2 + 2〈y, x+ y〉.

‖λx+ (1− λ)y‖2 = λ‖x‖2 + (1− λ)‖y‖2 − (1− λ)λ‖x− y‖2, λ ∈ (0, 1).

Lemma 2.4 ( [14]). Assume that {an} is a sequence of nonnegative real numbers such that an+1 ≤ (1 −
αn)an + αnσn for all n ≥ 0, where {αn} is a sequence in (0, 1) and {σn} is a sequence in R such that

(a)

∞∑
n=0

αn =∞, (b) lim sup
n→∞

σn ≤ 0 or

∞∑
n=0

|σnαn| <∞. Then lim
n→∞

an = 0.

Lemma 2.5. [9] Let tn be a sequence of real numbers that does not decrease at infinity in a sense that there
exists a subsequence tni

of tn such that tni
such that tni

≤ tni+1
for all i ≥ 0. For sufficiently large numbers

n ∈ N, an integer sequence {τ(n)} is defined as follows:

τ(n) = max{k ≤ n : tk ≤ tk+1}.

Then, τ(n)→∞ as n→∞ and
max{tτ(n), tn} ≤ tτ(n)+1.

3. Main Results

We start by the following result.

Lemma 3.1. Let H be a real Hilbert space and let K be a nonempty closed convex subset of H. Let T1 :
K → K be a quasi-nonexpansive mapping and T2 : K → K be a firmly nonexpansive mapping. Then,
Fix(T1) ∩ Fix(T2) = Fix(T1 ◦ T2) and T1 ◦ T2 is a quasi-nonexpansive mapping on K.
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Proof. We split the proof into two steps.
Step 1: First, we show that Fix(T1)∩Fix(T2) = Fix(T1◦T2). We note that Fix(T1)∩Fix(T1) ⊂ Fix(T1◦T2).
Thus, we only need to show that Fix(T1 ◦ T2) ⊆ Fix(T1) ∩ Fix(T2). Let p ∈ Fix(T1) ∩ Fix(T2) and
q ∈ Fix(T1 ◦ T2). By using properties of T1 and T2, we have

‖q − p‖2 = ‖T1 ◦ T2q − T1p‖2

≤ ‖T2q − p‖2. (3)

Using the fact that T2 is firmly nonexpansive, we have

‖T2q − p‖2 ≤ 〈T2q − p, q − p〉

=
1

2
(‖T2q − p‖2 + ‖q − p‖2 − ‖T2q − q‖2),

which yields

‖T2q − p‖2 ≤ ‖q − p‖2 − ‖T2q − q‖2. (4)

Using (3) implies that (4) becomes

‖T2q − p‖2 ≤ ‖q − p‖2 − ‖T2q − q‖2

≤ ‖T2q − p‖2 − ‖T2q − q‖2.

Clearly, ‖T2q − q‖ = 0 which implies that
q = T2q.

Keeping in mind that T1 ◦ T2q = q, we have

q = T1 ◦ T2q = T1q.

Thus, q ∈ Fix(T1) ∩ Fix(T2). Hence, Fix(T1) ∩ Fix(T2) = Fix(T1 ◦ T2).
Step 2: We show T1 ◦ T2 is a quasi-nonexpansive mapping on K. Let x ∈ K and p ∈ Fix(T1 ◦ T2). Then,
p ∈ Fix(T1) ∩ Fix(T2) by step 1. We observe that,

‖T1 ◦ T2x− p‖ = ‖T1 ◦ T2x− T1p‖
≤ ‖T2x− p‖
≤ ‖x− p‖.

This completes the proof.

We now prove the following theorem.

Theorem 3.2. Let K be a nonempty, closed convex subset of real Hilbert space H. Let T1 : K → K be a
quasi-nonexpansive mapping and T2 : K → K be a firmly nonexpansive mapping such that Fix(T1 ◦T2) 6= ∅.
Let {αn} and {βn} be two sequences in (0, 1). Let {xn} be a sequence defined as follows:

x0 ∈ K,

yn = βnxn + (1− βn)T1 ◦ T2xn,

xn+1 = αnu+ (1− αn)T1 ◦ T2yn,

(5)

where u ∈ K is fixed. Suppose the following conditions hold:

(i) lim
n→∞

αn = 0,

∞∑
n=0

αn =∞,

(ii) lim
n→∞

inf βn(1 − βn) > 0. Assume that I − T1 ◦ T2 is demiclosed at origin. Then, the sequence {xn}
generated by (5) converges strongly to x∗ ∈ Fix(T1) ∩ Fix(T2), where x∗ = PFix(T1)∩Fix(T2)u.
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Proof. Pick p ∈ Fix(T1 ◦ T2). By using (5) and Lemmas 3.1 and 2.3, we have

‖yn − p‖2 =
∥∥∥βnxn + (1− βn)T1 ◦ T2xn − p

∥∥∥2
=

∥∥∥βn(xn − p) + (1− βn)(T1 ◦ T2xn − p)
∥∥∥2

= βn‖xn − p‖2 + (1− βn)‖T1 ◦ T2xn − p‖2 − βn(1− βn)‖T1 ◦ T2xn − xn‖2.

Using the fact that T1 ◦ T2 is quasi-nonexpansive, we obtain

‖yn − p‖2 ≤ βn‖xn − p‖2 + (1− βn)‖xn − p‖2 − βn(1− βn)‖T1 ◦ T2xn − xn‖2

≤ ‖xn − p‖2 − βn(1− βn)‖T1 ◦ T2xn − xn‖2. (6)

Since βn ∈]0, 1[, we have,

‖yn − p
∥∥∥ ≤ ‖xn − p∥∥∥. (7)

From (5) and (7), we have

‖xn+1 − p‖ = ‖αnu+ (1− αn)T1 ◦ T2yn − p‖
≤ αn‖u− p‖+ (1− αn)‖yn − p‖
≤ (1− αn)‖xn − p‖+ αn‖u− p‖
≤ max {‖xn − p‖, ‖u− p‖}.

By induction, it is easy to see that

‖xn − p‖ ≤ max {‖x0 − p‖, ‖u− p‖}, n ≥ 1.

Hence, {xn} is bounded and {yn}.
By using (6) and convexity of ‖.‖2, we obtain

‖xn+1 − p‖2 ≤ ‖αnu+ (1− αn)T1 ◦ T2yn − p‖2

≤ αn‖u− p‖2 + (1− αn)‖T1 ◦ T2yn − p‖2

≤ αn‖u− p‖2 + (1− αn)‖yn − p‖2

≤ αn‖u− p‖2 + (1− αn)(‖xn − p‖2 − βn(1− βn)‖T1 ◦ T2xn − xn‖2).

Thus,

(1− αn)(1− βn)βn‖T1 ◦ T2xn − xn‖2 ≤ ‖xn − p‖2 − ‖xn+1 − p‖2 + αn‖u− p‖2.

Hence,

(1− αn)(1− βn)βn‖T1 ◦ T2xn − xn‖2 ≤ ‖xn − p‖2 − ‖xn+1 − p‖2 + αn‖u− p‖2. (8)

Now we prove that {xn} converges strongly to x∗. We divide the proof into two cases.
Case I. Assume that the sequence {‖xn−x∗‖} is monotonically decreasing. Then {‖xn−x∗‖} is convergent.
Clearly, we have

lim
n→∞

[
‖xn − x∗‖2 − ‖xn+1 − x∗‖2

]
= 0.

It then implies from (8) that

lim
n→∞

(1− βn)βn‖T1 ◦ T2xn − xn‖2 = 0. (9)

Since βn ∈]0, 1[ and lim
n→∞

inf βn(1− βn) > 0, we have

lim
n→∞

∥∥∥xn − T1 ◦ T2xn∥∥∥ = 0. (10)
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Next, we prove that lim sup
n→+∞

〈x∗ − u, x∗ − xn〉 ≤ 0. Since H is reflexive and {xn} is bounded, there exists a

subsequence {xnk
} of {xn} such that xnk

converges weakly to a in K and

lim sup
n→+∞

〈x∗ − u, x∗ − xn〉 = lim
k→+∞

〈x∗ − u, x∗ − xnk
〉.

From (10) and I − T1 ◦ T2 is demiclosed, we obtain a ∈ Fix(T1 ◦ T2). Using Lemma 3.1, we have a ∈
Fix(T2) ∩ Fix(T1). On other hand, using property of x∗ (x∗ = PFix(T1)∩Fix(T2)u), we then have

lim sup
n→+∞

〈x∗ − u, x∗ − xn〉 = lim
k→+∞

〈x∗ − u, x∗ − xnk
〉

= 〈x∗ − u, x∗ − a〉 ≤ 0.

Finally, we show that xn → x∗. Applying Lemma 2.3, we get

‖xn+1 − x∗‖2 = ‖αnu+ (1− αn)T1 ◦ T2yn − x∗‖2

≤ ‖(1− αn)(T2 ◦ T1yn − x∗)‖2 + 2αn〈x∗ − u, x∗ − xn+1〉
≤ (1− αn)‖yn − x∗‖2 + 2αn〈x∗ − u, x∗ − xn+1〉
≤ (1− αn)‖xn − x∗‖2 + 2αn〈x∗ − u, x∗ − xn+1〉.

From Lemma 2.4, its follows that xn → x∗.
Case II. Assume that the sequence {‖xn − x∗‖} is not monotonically decreasing. Set Γn = ‖xn − x∗‖ and
τ : N → N be a mapping for all n ≥ n0 (for some n0 large enough) by τ(n) = max{k ∈ N : k ≤ n, Γk ≤
Γk+1}. We have τ is a non-decreasing such that τ(n) → ∞ as n → ∞ and Γτ(n) ≤ Γτ(n)+1 for n ≥ n0.
From (8), we have

(1− ατ(n))(1− θτ(n))θτ(n)‖xτ(n) − T1 ◦ T2xτ(n)‖2 ≤ ατ(n)‖u− p‖2 → 0 as n→∞.

Since βn ∈]0, 1[ and lim
n→∞

inf(1− θτ(n))θτ(n) > 0, we can deduce

lim
n→∞

‖xτ(n) − T1 ◦ T2xτ(n)‖ = 0. (11)

By a similar argument as in Case I, we can show that xτ(n) and yτ(n) are bounded in K and lim sup
τ(n)→+∞

〈x∗ −

u, x∗ − xτ(n)〉 ≤ 0. We have for all n ≥ n0,

0 ≤ ‖xτ(n)+1 − x∗‖2 − ‖xτ(n) − x∗‖2 ≤ ατ(n)[−‖xτ(n) − x∗‖2 + 2〈x∗ − u, x∗ − xτ(n)+1〉],

which implies that
‖xτ(n) − x∗‖2 ≤ 2〈x∗ − u, x∗ − xτ(n)+1〉.

Then, we have
lim
n→∞

‖xτ(n) − x∗‖2 = 0.

Therefore,
lim
n→∞

Γτ(n) = lim
n→∞

Γτ(n)+1 = 0.

Thus, by Lemma 2.5, we conclude that

0 ≤ Γn ≤ max{Γτ(n), Γτ(n)+1} = Γτ(n)+1.

Hence, lim
n→∞

Γn = 0, that is {xn} converges strongly to x∗. This completes the proof.

We now apply Theorem 3.2 when T1 is a nonexpansive mapping. In this case demiclosedness assumption (I−
T1 ◦ T2 is demiclosed at origin) is not necessary.
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Theorem 3.3. Let K be a nonempty, closed convex subset of real Hilbert space H. Let T1 : K → K be a
nonexpansive mapping and T2 : K → K be a firmly nonexpansive mapping such that Fix(T1 ◦ T2) 6= ∅. Let
{αn} and {βn} be two sequences in (0, 1). Let {xn} be a sequence defined as follows:

x0 ∈ K,

yn = βnxn + (1− βn)T1 ◦ T2xn,

xn+1 = αnu+ (1− αn)T1 ◦ T2yn,

(12)

where u ∈ K is fixed. Suppose the following conditions hold:

(i) lim
n→∞

αn = 0,

∞∑
n=0

αn =∞,

(ii) lim
n→∞

inf βn(1−βn) > 0. Then, the sequence {xn} generated by (12) converges strongly to x∗ ∈ Fix(T1)∩
Fix(T2), where x∗ = PFix(T1)∩Fix(T2)u.

Proof. We have T1 ◦ T2 is nonexpansive mapping, then, the proof follows Lemma 2.2, Remark 1.1 and
Theorem 3.2.

Remark 3.4. Our results are applicable for finding a common fixed point of two firmly nonexpansive map-
pings without demiclosedness assumption.

4. Applications

In this section, we apply our main results for finding a common solution of fixed points problems involving
quasi-nonexpansive mapping and equilibrium problem.
Let H be a real Hilbert space and let K be a nonempty closed convex subset of H. Let g : K × K → R
be a bifunction where R is the set of real numbers. The equilibrium problem corresponding to g is to find
x∗ ∈ K such that

g(x∗, y) ≥ 0, ∀ y ∈ K. (13)

The set of solutions of (13) is denoted by EP (g). Numerous problems in physics, optimization, and eco-
nomics are reduced to find the solution of an equilibrium problem (e.g., see [13]). For solving the equilibrium
problem we assume that the bifunction g satisfies the following conditions:
(A1) g(x, x) = 0 for all x ∈ K;
(A2) g is monotone, i.e., g(x, y) + g(y, x) ≤ 0 for all x, y ∈ K;
(A3) for each x, y, z ∈ K,

lim
t→0

g(tz + (1− t)x, y) ≤ g(x, y);

(A4) for each x ∈ K, y → g(x, y) is convex and lower semicontinuous.
For solving (13), many authors introduce the following lemma.

Lemma 4.1. [13] Assume that g : K ×K → R satisfies (A1)-(A4). For r > 0 and x ∈ H, define a mapping
T gr : H → K as follows

T gr (x) = {z ∈ K, g(z, y) +
1

r
〈y − z, z − x〉 ≥ 0, ∀y ∈ K},

for all x ∈ H. Then, the following hold:
1.T gr is single-valued;
2.T gr is firmly nonexpansive, i.e., ‖T gr (x)− T gr (y)‖2 ≤ 〈T gr x− T gr y, x− y〉 for any x, y ∈ H;
3.F ix(T gr ) = EP (g);
4.EP (g) is closed and convex.
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Now, we introduce the following fixed point problem:

Problem 4.2.

find x ∈ K such that x = Tx, (14)

where T : K → K be a qasi-nonexpansive mapping. Therefore, by Theorem 3.2, the following result is
obtained.

Theorem 4.3. Let K be a nonempty, closed and convex subset of a real Hilbert space H. Let g be a bifunction
from K × K → R satisfies (A1)-(A4) and, let T : K → K be a quasi-nonexpansive mapping such that
Fix(T ◦ T gr ) 6= ∅. Let {αn} and {βn} be two sequences in (0, 1). Let {xn} be a sequence defined as follows:

x0 ∈ K,

yn = βnxn + (1− βn)T ◦ T gr xn,

xn+1 = αnu+ (1− αn)T ◦ T gr yn,

(15)

where u ∈ K is fixed. Suppose the following conditions hold:

(i) lim
n→∞

αn = 0,

∞∑
n=0

αn =∞,

(ii) lim
n→∞

inf βn(1 − βn) > 0. Assume that I − T ◦ T gr is demiclosed at origin. Then, the sequence {xn}
generated by (15) converges strongly to a common solution of problem (13) and problem (14).

Finally, we apply our main results for finding a common solution of fixed points problems involving quasi-
nonexpansive mapping and monotone inclusion problem.
We consider the following inclusion problem.

Problem 4.4.

find x ∈ H such that 0 ∈ Ax, (16)

where A be a maximal monotone operator. Given a maximal monotone operator A : H → 2H and λ > 0,
its associed resolvent of order λ, defined by

JAλ := (I + λA)−1,

where I denotes the identity operator, is a firmly nonexpansive mapping from H to H with full domain and
the set of fixed points of JAλ coincides with the solutions set of problem 4.4.

Theorem 4.5. Let H be a real Hilbert space H. Let A be a maximal monotone operator on H and, let
T : H → H be a quasi-nonexpansive mapping such that Fix(T ◦ JAλ ) 6= ∅. Let {αn} and {βn} be two
sequences in (0, 1). Let {xn} be a sequence defined as follows:

x0 ∈ H,

yn = βnxn + (1− βn)T ◦ JAλ xn,

xn+1 = αnu+ (1− αn)T ◦ JAλ yn,

(17)

where u ∈ H is fixed. Suppose the following conditions hold:

(i) lim
n→∞

αn = 0,

∞∑
n=0

αn =∞,

(ii) lim
n→∞

inf βn(1 − βn) > 0. Assume that I − T ◦ JAλ is demiclosed at origin. Then, the sequence {xn}
generated by (17) converges strongly to a common solution of Problem 4.2 and Problem 4.4.
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