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On convergence of continued fractions in a Banach algebra
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Abstract. In this paper, we present applications of various criteria for the convergence of continued
fractions in a Banach algebra. We use them to inspect the convergence of power series and continued
fractions in a special form.

1. Introduction and preliminaries

A complex continued fraction is given in the form

e (1)

by +
0 b1+

b2+..

where {a,},en and {b,}nen are the sequences of complex numbers. It is of great importance to find the
conditions for the convergence of continued fractions. One of the important convergence criteria is given
by Sleszytiski-Pringsheim theorem. It says that the sufficient condition for the convergence of continued
fraction (1) is that |b,| > |a,| + 1 for all n € IN.

We consider an analogous situation in Banach algebras.
Let A be a complex unital Banach algebra with unit 1 (with [[1]| = 1). The sets of all invertible elements
of A will be denoted by A~
In this paper, we will consider continued fractions of elements of Banach algebra A in the following
form
bo +ay(by +ax(by +---)"H) 7\, 2)

The formal definition of continued fractions in Banach algebras is given by Baumann [1].
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Definition 1.1. [1] Let {a,}sen and {b,},en, be the sequences of Banach algebra elements. Define
K. = by, n € No,
-1
KI(I:) =by + apn (K::il) , m,n€Nym<n.

If Ké") exists for all n € Ny and if K = lim Ké”) exists, then K is convergent continued fraction.

n—oo

The element K(()") is called nth approximant. The definition is using the backward recurrence algorithm

for defining the nth approximant.
The nth approximant can be expressed as fraction in the form K(()”) = A,B;!, where the numerator A,
and denominator B, are given by forward recurrence algorithm as in the following lemma.

Lemma 1.1. [1] If all approximants K", n € Ny, exist, then K(()") = A,B;;! holds for all n € Ny, where A, and B,
are defined by

Aq=1, Ap = b()/ Ay =Au by + Ay ra,, n€N

B.1=0, By=1, B, = By_1by + By2a,, n €N

Baumann [1] proved the generalized Sleszytiski-Pringsheim theorem for continued fractions of Banach
algebra elements. The Sleszynski-Pringsheim—criterion for convergence is given in the following theorem.

Theorem 1.1. [1] If the conditions

by € A~ and |1b, 1| + llanby ' < 1, ©)
hold for all n € IN, then the continued fraction K in (2) is convergent and we have ||K — bo|| < 1. If there exists ng € IN
such that ||b, M| + llan, byl || < 1, then ||K — bl < 1.

Remark 1.1. If the conditions of Theorem 1.1 hold, then we have ||K(()”) —boll < 1 forall n € Ny. Indeed, we have
0= IIKﬁ,") — byl < 1. Let ||K5;’) — byl < 1 holds for some m € {1,2,...,n}. Then, we have

8, (KE) ] = Nlanby (K 6,H)7)
llamby (KSb,t = byl + 1)71|

K™~ Byl

m—1

< llamb - IKE = BByt + 17
< llamb - (K = byl - 16,11 + 1)
< @= 1B - B+ 1) = 1= B < 1.

So, we have proved that ||K£,’f) —byll <1 holds forallm € {0,1, ... ,n}.

2. Transformation of continued fractions

The transformations of continued fractions are of great use, either as transformations between equivalent
continued fractions or not.

In[1], itis given the transformation between the equivalent continued fractions. The proof was proposed
using the forward recurrence algorithm of continued fractions. In the following lemma, we will show the
relation between the nth approximants of continued fractions connected with this transformation. We will
use the backward recurrence algorithm in the proof.

Lemma2.1. Let K = by +a1(by +ax(by+---) ") L bea continued fraction in the Banach algebra A. Let {pn}neN,ui-1}
such that p, € A foralln € No U {—1} and

ay = P;Ezanpn/ n €N, En = P,;llbnpn/ n € Ny, (4)

Then, the continued fraction K = by + d(by + @y (by + - --)™") ! satisfies K(()”) = ij(()")pofor all n € Ny.
Also, K is convergent if and only if K is convergent and it holds K = p~1Kpo.
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Proof. Firstly, we have K" = b, = p-',b,p, = p;1, K" p, for n € Ny. Now, suppose that K} = p~1 K%’p,,
holds for somem € {1,2,...,n}. Further it holds

R™. = By + (R
= pulabutpuat + Pt pu(p L K o)
= Proabme1pmet + Pyt zaumPml(K ) pm
= pplaOnr + anK) pus
= P;11—2K,(21Pm—1-

So, for all m € {0,1,...,n} we have that K =p1 K ")pm holds.

Therefore, K(") = p_lKO po has been proved. Also, we have K = ijpo. O

Note that for p_; = pg = 1, the transformation (4) gives the equivalent continued fractions.

Remark 2.1. It is interesting to see what sequence {py}nenui-1) will transform the continued fraction (2) to the
continued fraction
1+a(1+a(1+---)™H™L (5)

Using simple calculations, with the assumptions b, € A1, n € Ny, it can be proved that this transformation is given

by
On = b;lbil ...bgl, nelNg and p_1=1.

Remark 2.2. For the transformation of the continued fraction (2) into the continued fraction in the form
by + (b1 + (bp +---)™)7! (6)
with assumptions a, € A1 neN, the sequence {pnlneN, is given by

“1,-1 -1 :
alal . a n is even
pn:{af n=2ttn2 Y ,neN and pp=1, p1=1.

-1 .
..ay’, mnisodd

Transformations of continued fractions can be helpful in getting another convergence criterion. The
following theorem is proved in the paper [3] for continued fractions in a Banach space. It also holds for
continued fractions in a Banach algebra, as stated in [1].

If we use the transformation p, = q14 ... glIb; '[lIIb; ... [Ib; ]| - 1, where g; > 0,i = 1,...n, and we get the
following convergence criterion.

Theorem 2.1. Let {g,}qen be a sequence of non-negative real numbers. If

-1
g>1 and ||b;11||||anb;1||sg"—q, n=2,34,.,

n-14n

then the continued fraction (2) converges.

3. Power series and continued fractions

When we want to connect power series and continued fractions, we can use the famous Euler’s continued
fraction formula, which is proved for continued fractions of complex numbers. Euler’s formula can be, also,
used for representing the power series in the form of continued fraction for the elements of a Banach algebra.
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For t € A, we can define the sequences {a,}, and {b,}, as follows:

l’)OZO, blzl, bn:1+t, n=273,... (7)
m=1 a,=-t, n=273,....

The continued fraction that is defined by the sequences in (7) is

A-tA+t—tA+t-tC)"HHHL

Theorem 3.1. The continued fraction (1 — (1 + t — (1 + t — #(...)™1)™1)™)~! converges if and only if the power series
+00

Y, t" converges.

n=0

Proof. We will prove that the nth approximant of the given continued fraction is equal to the nth partial
sum of the given power series. The required equivalence is then obvious.

Let K(()") = A,B;! be the nth approximant of the given continued fraction, and let S, be the nth partial
sum of the power series. If we have the sequences {a,}, and {b,}, as in (7), then we have

Aq=1, Ag=0, A =1, Ay =An1(1+8) —Apat, n1=2,3,..
B.1=0, Bp=1, Bi=1, B, = Bn_l(l + t) —B,t, n=2,3,...

Note that, for n € IN\{1}, we have

Ay —Ang = (Apg —Ap)t = (Aua — Apg)? = - = (A — A" = 1"
By —By1 = (By-1 = Bya)t = (Bua = Bya)t* = --- = (B1 = Bo)t"™ = 0
S0,
Ap=Ap g+t = A+ 2+ = =1t 47 =S,
B, =1,

and then Ké") =S, O

Now, if we use the generalized Sleszyriski-Pringsheim Theorem 1.1, we get the following statement.

Theorem 3.2. If 1+t € AL and ||(1 + 7Y + [|#(1 + £)71|| = 1, then continued fraction (1 — t(1 + ¢ — t(1 + ¢ —
t(..)"H ™)™ converges.

Proof. Let 1 + t be an invertible element in A and let the sequences {a,}, and {b,}, be defined as in (7). It
holds from Theorem 1.1 that if we have

611+ llaby 1 = 1A+ D7+ 1A+ D7 < L,

then continued fraction (1 — #(1 + t — #(1 + ¢ — #(...)™})™})7!)~! converges.
Sincel=(1+H1+H) =10+ +t1+1)7", then

L= = I+ HA+ D < IA+H7H+ I+ 67

So, the condition ||b;]| + |la,b, || < 1 is equivalent to the condition [|(1 + )7+ [H(1 + )7 =1. O

Similarly, we can represent the alternating power series using continued fractions. If ¢ € A, we use the
following

bp=0, b1=1, b,=1-t, n=2,3,...

m=1, a,=t, n=273,...

(8)

to get the continued fraction
A+tA—t+tQ -+t HHHL
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Theorem 3.3. The continued fraction (1 + t(1 —t + +(1 — t + #(...) ")™Y~ converges if and only if the alternating

+00
power series ), (—t)" converges.
n=0

Proof. The proof is very similar to the proof of the Theorem 3.1. We will prove that the nth approximant of
the given continued fraction is equal to the nth partial sum of the alternating power series.

Let Ké") = A,B;! be the nth approximant of given continued fraction, and S, be the nth partial sum of
the alternating power series. If we have the sequences {a,}, and {b,}, as in (8), then we have

Aq1=1, Ag=0, A1 =1, A, = An_l(l - t) +A,ot, n=2,3,...
B1=0, Bp=1, By=1, B, = Bn_l(l - i’) +B,t, n=2,3,..

For n € N\{1}, we have

An - An—l = (An—l - An—Z)(_t) = (An—Z - An—S)(_t)z == (Al - AO)(_t)n_1 = (_t)n_1
By — Byt = (By1 — Busa)(—t) = (Bu—z — Byg)(—)? = -+- = (B; — Bo)(—)" ' = 0
so,
Ay =Ap 1+ ()" = A+ ()2 + ()" = =1 (=) + -+ (=D)L =S,
B,=1,

and then Ké") =S, O

4. Convergence of continued fractions in a special form

Firstly, we will discuss the continued fractions in the form (5), i.e. 1 +a;(1+ax(1 +---)™)7L

1 ) . .
Theorem 4.1. Let A > 2 and ||a,|| < ﬁfor all n € IN. Then the continued fraction (5) converges. Also, it holds

1 1
IKG” =1l <+ and |K =1 < 5.

Proof. Let K be the continued fraction obtain by the transformation (4) where p, = A", n € Ng U {—1} and
A > 2. So, we have d, = A%a, for alln € N and b, = A for all n € Ny. Also, we obtain IZEJ”) = /\Kg”), n € Ny
and K = AK. ) )

Since it holds IIE;1II + IIEHE;1II < 1 + Alla,|| < 1 <1, we can apply Theorem 1.1 (and Remark (1.1)) to the
continued fraction K. Then, we get ||IZ(()”) —All<1,neNand ||K - Al| € 1. Therefore, for all # € N we have

IR =All = IAKS =All = AIKS” -1]| < 1, which implies K" 1] < % Also, [[K=A|| = [[AK=A| = AIK=1]| < 1,
which implies ||[K — 1| < % O

Notice that A cannot be lower then 2 and for A = 2 we obtain Worpitzky’s Theorem [2].

On the other hand, for A > 1, if we apply Theorem 2.1 to the continued fraction (5) with g, = A, for all
n € IN, we get the following criterion.

A=1

Theorem 4.2. Let A > 1 and ||a,|| < B

, for all n € IN. Then the continued fraction (5) converges.

Note that, for A > 2, if the conditions in Theorem 4.1 hold, then the conditions in Theorem 4.2 are also
satisfied. For 1 < A < 2, we cannot use Theorem 4.1, but we can use Theorem 4.2.
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