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Abstract. In this paper, we give some properties and results of stability related to the S-spectra, S-

pseudospectra, S-essential spectra and S-essential pseudospectra of multivalued linear operators and we
show some of their characteristics.

1. Introduction

The concept of pseudospectrum was presumably introduced in the domain of linear operators by J. M.
Varah [26] and has been subsequently employed by other authors, such as, H. Landau [23], L. N. Trefethen
[25], D. Hinrichsen, A. J. Pritchard [19] and E. B. Davies [17] and more particularly L. N. Trefethen, who
developed this idea for matrices and operators, and used this concept to study interesting problems in

mathematical physics. The definition of a pseudospectrum of a closed densely linear operator T is as
follows: for every ¢ > 0 is given by:

6.(T) = o(T) U {/\ € C such that (1 - T)"|| > %}

By convention we write [|(A — T)7!|| = oo if (A — T)™! which is unbounded or nonexistent, i.e., if A is in the
spectrum o(T). This means that the pseudospectrum can be introduced as a zone of spectral instability.

In [8-10, 20, 22? ] A. Ammar and A. Jeribi defined the notion of essential pseudospectra of a densely closed,
linear operator in the Banach space by:

ue(N) = () 0T +K)
KeK(X)

where K(X) is the subspace of compact operators from X into X, which gives some properties of essential
pseudospectra (or Weyl pseudospectra).
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Recently, in [11, 12] A. Ammar, H. Daoud and A. Jeribi, have extended the notion of pseudospectra and
essential pseudospectra on multivalued linear operators and cited some properties and results of stability
of this pseudospectra.

In [13], the authors developed the notion of S-spectra, S-pseudospectra, S-essential spectra and S-essential
pseudospectra for a multivalued linear operator and characterized and investigated their properties.

Linear relations (or multivalued linear operators) made their appearance in functional analysis motivated
by the requirement to consider adjoins of non-densely defined linear differential operators (see J. Von.
Neumann in [24] to first appearance) and additionally by the need to consider the inverses of certain
operators, used, for example, in the study of some Cauchy problems associated to parabolic type equations
in Banach spaces (see, example [18]).

This paper presents some characteristics of stability of S-spectra, S-pseudospectra, S-essential spectra and
S-essential pseudo-spectra of multivalued linear operators and shows their specificities.

The aim of this paper is to extend and improve new results of stability related to S-spectra, S-pseudospectra,
S-essential spectra and S-essential pseudospectra of multivalued linear operators. One of the central
questions consists in characterizing the relationship between the norm of S-resolvent according to S-
spectra, S-pseudospectra, S-essential spectra and S-essential pseudospectra of multivalued linear operators
(see Theorem 3.1 and Theorem 4.3).

The paper is organized in the following way: Section 2 contains preliminary and auxiliary properties that
will need to prove the main results of the other sections. Then, Section 3 presents some results about
the stability of S-spectra and S-pseudospectra of linear relations. Section 4 is devoted to developing this
properties and results on S-essential spectra and S-essential pseudospectra, where we apply the results
obtained in Section 3 to investigate this S-essential spectra and S-essential pseudospectra.

2. Preliminary and auxiliary results

The concept of a linear relation in a linear space generalizes the one of a linear operator to that of a

multivalued linear operator. A systematic treatment was given by Arens [14] and by Coddington [15]. This
concept has been studied in a large number of papers, cf. [16].
Let X, Y, Z be vector spaces over K = R or C. A multivalued linear operator or linear relation T from X to Y
is a mapping from a subspace 9(T) of X, called the domain of T, into the collection of nonempty subsets of
Y such that T(ax1 + px2) = aT(x1) + BT(x2) for all nonzero scalars «, f and x1, x, € D(T). If T maps the point
of its domain to singletons, then T is said to be a single valued or simply an operator. We denote the class
of linear relation from X to Y be LR(X, Y) and we write LR(X) = LR(X, X). A linear relation T € LR(X,Y)
is uniquely determined by its graph, G(T), which is defined by

G(T) = {(x,y) € XX Y such that x € D(T),y € Tx},
so that we can identify T with G(T). The inverse of T is the linear relation T~! defined by
G(T™) = {(y,x) € Y X X such that (x, y) € G(T)}.

For @ # N C Y we have
TY(N) = {u € D(T) such that N N Tu # 0}.

In particular, for v € R(T),
T~'v = {u € D(T) such that v € Tu}.
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Let T € LR(X,Y). The symbols R(T), N(T) and T(0) stand for the range, the null space and the multivalued
part of T, which are defined by

RT) = |y: (xy) €GO},
N(T) = {xeD(T): (x,0)€G(T)}, and

TO) = {y: Oy eGD).

T is called injective if N(T) = 0 and T is said to be surjective if R(T) = Y. We denote a(T) := dim N(T), B(T) :=
dim Y/R(T), E(T) := dim Y/R(T) and the index of T is the quantity i(T) := a(T) — B(T) provided a(T) and
B(T) are not both infinite.

For S, T € LR(X,Y), we define the relation S + T by

GS+T)={(x,y) e XXY:y=s+t, where (x,5) € G(S)and (x, t) € G(T)}.
For S € LR(X,Y) and R € LR(Y, Z) where R(S) N D(R) # 0, the product RS is defined by
G(RS) = {(x,z) € X X Z such that (x,y) € G(S) and (y, z) € G(R) for some y € Y}.

For a given closed linear subspace E of X let Q¥ (or simply, Qf) denote the natural quotient map with
domain X and null space E. We shall denote Q% by Qr, or simply Q when T is understood. We define

ITx] := [IQTx]| (x € D(T)) and |IT]| := [IQT]|.

For U and V be nonempty subsets of a normed space, we define the distance between U and V by the
formula dist(U, V) := inf{|lu — v||such thatu € U,v € V}. We shall write dist(x, V), or dist(V,x) for the
distance between {x} and V. The minimum modulus of T is the quantity y(T) := sup{A such that || Tx]|| >
Adist(x, N(T)) for x € D(T)}. T is said to be continuous if ||T]| < oo and T is called open if y(T) > 0. If
D(T) = X and if ||T|| < oo, then we shall say that T is bounded.

The relation T is called closed if its graph G(T) is closed in X X Y, or equivalently, if T = T. T is said to
be closable if T is an extension of T i.e., if

Tx = Tx for all x € D(T).

We denote the class of all closed linear relations from X to Y by CR(X, Y) and we write CR(X) = CR(X, X)
and K'R(X, Y) will denote the class of all compact linear relations from X to Y where T € LR(X,Y) is called
compact if QrTBy is compact and By is the unit ball of X. Let X denote the completion of the normed space
X and let T denote the linear relation in LR(X, Y) whose graph is the completion of G(T), we call T the
completion (or complete closure) of T.

Let X denote the completion of the normed space X and let T denote the linear relation in LR(X, Y) whose
graph is the completion of G(T), we call T the completion (or complete closure) of T.

Definition 2.1. Let T € LR(X,Y) where X, Y are normed space.

(i) T is said to be upper semi-Fredholm, if there exists a closed, finite, codimensional subspace M of X, such that the
restriction Ty has a single valued continuous inverse.

(ii) T is said to be lower semi-Fredholm linear relation if its conjugate T is upper semi-Fredholm linear relation.

We denote by F.(X,Y), which we abbreviate as F,, the set of upper semi- Fredholm linear relations and by F_(X,Y)
(or F_) the set of lower semi-Fredholm linear relations. o

In the case when X and Y are Banach spaces, we extend the classes of closed single-valued Fredholm type
operators given earlier to include closed multivalued operators, and note that the definitions of the classes
F.(X,Y) and F_(X, Y) are consistent, respectively, with
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O (XY) = {T € CR(X,Y): a(T) < oo and R(T) is closed in Y}, and
®_(X,Y):={T € CR(X,Y): B(T) < oo and R(T) is closed in Y},
D.(X,Y) = D (X, Y) UD_(X,Y), (resp. D(X,Y) = ©,(X,Y) N D_(X, Y)).

IfX =Y, then, P.(X,Y),DP_(X,Y), (X, Y) and P(X, Y) are replaced respectively by @, (X), D_(X), D.(X)
and ©(X). T. Several authors in [3, 4, 6, 7] has studied some properties of Fredholm relations that we need
to study the concept of demicompactness.

Lemma 2.1. Let X and Y be normed spaces and T € LR(X,Y) then

(1) [16, PropositionI1.1.2] QT is single valued.

(ii) [16, Proposition 11.1.4] ||Tx|| = dist(y, T(0)) for any y € Tx.

(iif) [16, Proposition I1.1.4] [|Tx|| = dist(Tx, T(0)) = dist(Tx,0) (x € D(T)).
(iv) [16, Proposition I1.1.6] ||T|| = sup||Tx|| with Bx :={x € X : [|x|| < 1}.

x€By

(v) [16, Theorem I1.2.5]  ¥(T) = ||IT~||™". ¢

Lemma 2.2. [16, Proposition 1.2.8] Let T € LR(X,Y) where X and Y linear spaces. Then for x € D(T), we have
the following equivalence:

(@) yeTx o Tx =y +T(0).
In particular,
(i) 0eTx e Tx=T(0). &

Remark 2.1. Let X and Y be linear spaces and T € LR(X,Y) then from Lemma 2.2,
N(T) = {x € D(T) such that Tx = T(0)}. o
Lemma 2.3. [16, Corollary 1.2.4] Let T be a linear relation. Then T(0) and T~1(0) are linear subspaces. o

Lemma 2.4. [16, Corollary II1.7.7] Let T € LR(X,Y) where X, Y are normed spaces be open and injective with

dense range. Then for any relation S such that S(0) € T(0), D(S) D> D(T) and ||S|| < y(T),
we have T + S is open injective with dense range. o

Lemma 2.5. [12, Lemma 2.5] Let T,S € LR(X) where X is a normed space such that T is injective, open and
S(0) € T(0). Then

YT = S) = y(T) - |IS]. o
Definition 2.2. Let T € LR(X) and where X is a normed space, let A € C,
RAT) =(A-T)"
called the resolvent of T (corresponding to A). The resolvent set of T is the set
p(T) = {A € Csuch that A — T is injective, open with dense range on X}.
The spectrum of T is the set o(T) := C\p(T). o

Remark 2.2. From [16, Definitions VI.1.1] and [16, Exercise V1.1.2], we observe that if T € CR(X) where X is a
complete space, we have

p(T) = {A € C such that (A — T)™ is a bounded linear operator on X}. o
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Definition 2.3. Let X bea Banach spaceand let S, T € LR(X) such that S is continuous, T is closed with S(0) C T(0)
and D(S) > D(T), in [2], T. Alvarez, A. Ammar and A. Jeribi defined the notion of S- resolvent set of T by :
ps(T) = {A € C such that AS — T is bijective}
and the S-spectrum of T by os(T) = C\ps(T) and the S- essential spectra of T by
dus(N= [ os(T+K)

KeKr(X)
where
Kr(X) = {K € KR(X) such that D(K) D D(T) and K(0) c T(0)}. O

Proposition 2.1. [2, Theorem 3.1]. Let T € CR(X) where X is a Banach space and S is continuous, with S(0) C T(0)
and D(S) D D(T), then

0ws(T) = C\{A € C such that AS — T € d(X) and i(AS — T) = 0). o

3. Stability of S-spectra and S-pseudospectra of linear relations
In this section, we study results of stability and properties of S-spectra and S-pseudospectra.

Definition 3.1. In [13], A. Ammar, H. Daoud and A. Jeribi introduced the definition of S-spectrum of a linear

relation in a normed space X. Let T € LR(X), S a continuous linear relation such that S(0) C T(0) and D(S) > D(T),
then we the S-resolvent set of T by

ps(T) := {A € C such that (AS — T) is injective, open with dense range on X}.
We denote the S- spectra set of T by:
as(T) = C\ps(T). ¢

It is clear that if T € CR(X) and X is complete, we will return to the S- spectrum definition in a Banach space with
closed linear relation. In this case

ps(T) := {A € C such that AS — T is bijective} (see Definition 2.3).
= {A € C such that (AS — T)™! is a bounded linear operator on X}. .

Proposition 3.1. Let T, S € LR(X) where X is a normed space, S is continuous such that S(0) C T(0) and
D(S) > D(T), then for any A, p € Cwith f #0

N(AS—BT) = N AS-T),
RAS—PT) = REIAS-T)
and y(1S-BT) = |l p(B'AS~T). o

Proof. Letx € N(AS—BT),if and only if, x € D(AS — BT) = D(AS)ND(T) = D(T) and 0 € (AS — BT)x, if and
only if, x € DBIAS = T) = DPBAS) N D(T) = D(T) and 0 € (B1AS — T)x, i.e., x € N(BIAS = T).
On the other hand, since D(AS — BT) = D(B~IAS = T) = D(T),

R(AS — BT) (AS — BT)(D(AS — BT))
(AS - BT)(D(T))
= FAS-BTI(D(T))
(115 - T)(D(T))
(8115 ~ TY(D(B'AS ~ T))
RIS - T).
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Finally, we have

y(AS —BT) = supi{A such that [|[(AS — BT)x|| > Adist(x, N(AS — BT)) for x € D(T)}
= sup{A such that |Bl[(8'AS — T)x|| > Adist(x, N(8~'AS — T)) OED
for x € D(T)) ED.
= Bl yEAS = T).

Corollary 3.1. LetT, S € LR(X) where X is a normed space, S is continuous such that S(0) C mand D(S) > D(T),
then for any p € C with § # 0

ps(BT) = ps(T) p

and os(BT) = os(T) B. o

Proposition 3.2. Let T, S € LR(X) where X is a normed space, S is continuous such that S(0) C m and
D(S) > D(T), and € > 0. Then for any a, p € C with B # 0 we have,

ps(@S+pT)=a + ps(T)p
and os(aS+pT) =a + os(T)B. o

Proof. Let A € ps(aS + BT), if, and only if, (A — a)S — BT is injective, open with dense range, if, and only if,
(A —a) € ps(BT), if, and only if, (A — a) € ps(T) B.

In similar way, we obtain os(aS + fT) = a + os(T) B. Q.E.D.

Definition 3.2. Let X be a Banach space, € > 0, let T € CR(X), and S € LR(X) such that S continuous, S(0) C T(0)
and D(S) > D(T). In [13], A. Ammar, H. Daoud and A. Jeribi defined the S-pseudospectra of T as follows:

0es(T) = os(T)U {/\ € C such that (1S — T)"|| > %}
We denote the S-pseudoresolvent set of T
1
pes(T) = C\oes(T) = ps(T) N {/\ € C such that [[(AS — T)!|| < E}' o

Proposition 3.3. Let X be a Banach space, ¢ > 0. Let T € CR(X) and S € LR(X) is a continuous linear relation
such that S(0) C T(0) and D(S) > D(T). Then ||S|| = 0 implies p.s(T) = @ or C. o

Proof. In [13, Lemma 2.3], we have A € ps(T), if, and only if, T is injective, open with dense range, i.e,

AS — T is injective, open with dense range, if, and only if, T is injective, open with dense range. Thus, we
discus two case:

case 1: if T is not injective, open with dense range, then p, s(T) = 0.

case 2: if T is injective, open with dense range, then
1
pes(T) = {A € C such that [[(AS — T) || < E}'

Using Lemma 2.1 (v), we have

pes(T) = {A € C such that y(AS = T) > ¢}.
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Since S(0) c T(0), then AS(0) c T(0) and hence T(0) — AS(0) € T(0).On the other hand, it is clear that
T(0) c T(0) — AS(0) and for x € D(AS — T) = D(AS) N D(T) = D(T), we have
I(AS = T)xll (T — AS)x||
dist(Tx — ASx, (T — AS)(0))
dist(Tx — ASx, T(0))

Now, since ||S|| = 0, then, using [13, Lemma 2.2], ASx € R(S) C % C W, hence,

[I(AS = T)x|| dist(Tx, T(0))

= Tl
Finally, it is obvious, since T is injective, open with dense range, that AS — T is injective, open with dense
range and

Y(AS=T) sup {a such that [[(AS — T)x|| > a dist(x, N(AS — T)) for x € D(AS - T)}
sup {a such that [[(AS — T)x|| > «a dist(x, 0) for x € D(AS - T)}
sup {a such that ||Tx|| > a dist(x, N(T)) for x € D(T)}

y(D),

and we obtain that
pes(T) = {A € C such that y(T) > ¢}.

Thus p,s(T) =0 or C. Q.E.D.

In the sequel of the paper, X will denote a Banach space, ¢ > 0and S, T € LR(X) such that S is continuous,
T is closed with S(0) € T(0), D(S) > D(T) and ||S|| # 0 except where stated otherwise.

Proposition 3.4. Let o, § € C such that p # 0, then,
oes(aS +ﬁT) =a + Gl%l S(T)ﬁ. ¢

Proof. A €o.5(aS + pT),if, and only if, A € o5(aS + pT) or
(A —a)S = BT) 71| > %, if, and only if, (A — a)S — BT is not injective, open with dense range or [[(371(A —

@S - )71 = [BI(A - a)S — BT) 1| > @ ie, (A —a) € as(BT) or (1A — )S — T)7|| > @ if, and only if,

BHA —a) €os(T)or |(BHA —a)S - T)7H|| > L:;', if, and only if, B71(A — a) € oﬁs(T). Q.E.D.

Proposition 3.5. For 6 > 0, we have
GS,S(T) c Dé + GE,S(T) c Us+6,S(T)/

where Dy = {A € C such that |A| < ﬁ}. o

Proof. LetA € Djs+0,5(T), then there exists A; € Ds and A, € 0,5(T) such that A = A1 + A,. ewline Assume
1
that A € 0,155(T), then A1 + A5 € ps(T) and [|(A1 + A2)S = T)7 Y| < Pt Therefore (A1 + A,)S — T is injective,

surjective, open and y((A1 + A2)S — T) > € + 6. Using the fact that ||A1S|| = [A4]||S]| < 0 < 6 + € and applying
Lemma 2.4, we obtain (A; + A2)S = T — 415 = 14,5 — T is injective, surjective and open, i.e., A; € ps(T). On
the other hand, by Lemma 2.5,

y(AS=T) y(T = A25)

W(T = 155 — 115 + 11S)
Y(T = (A2 + A1)S) — ISl
e+0—MllISI

E.

VIV IV I
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Thus

(A28 = D)7 <

M| =

Finally, we conclude

Ay ¢ 0.5(T),
and this is a contradiction. Q.E.D.

Proposition 3.6. Let B € LR(X) such that B(0) c T(0), D(B) > D(T) and ||B|| < ¢, then
Oe—B),5(T) € 0e,s(T + B) C 0erypy,s(T)- o

Proof. Itis simply to show, since B(0) c T(0), D(B) > D(T) and B is continuous, using [1, Lemma 3.5], that
T + B is closed

1
. - < ——
Let A & oevpys(T), i-e., A € ps(T) and ||(AS = T) || < € +|B|l

Y(AS=T) = &+||B||. Wehave B(0) c (AS—-T)(0) = T(0), D(B) > D(AS-T) = D(T) and ||B|| < e+||B|| < y(AS-T),
then, using Lemma 2.4, we obtain AS — T — B is injective, open with dense range, i.e., A € ps(T + B). On the
other hand, by Lemma 2.5, we have

,i.e.,, AS — T is injective, open, surjective and

Y(AS=T=B) > y(AS—-T)~-|B|
> e+|Bll - Bl
> &
Then
_ 1
IS = (T + Byl < <.
Hence

A ¢ 0.5(T +B).

For the first inclusion, let A ¢ o, (T + B). Then A € ps(T + B) and |[(AS — T — B)7}|| < % Hence AS-T - Bis

injective, open, surjective and y(AS —T —B) > ¢ > ||B||. Using Lemma 2.4, AS— T — B+ B = AS — T is injective,
open with dense range. Then A € ps(T). In similar way, by Lemma 2.5, we have

Y(AS-T) = y(AS-T-B+B)
> y(AS—T-B)-|B|
> ¢—|BIl
Then
1
AS—-T)7 Y < ——-.
148 = D)7 <
Hence
A ¢ U‘c_‘_”B”,S(T). QED

We give some further results on the location of the pseudospectra. We start with the following general
result. Although the result is well known, we include the proof. For a subset Q3 € C we set as usual

dist(A, Q) = inf{|z — A| such that z € Q},

and note that if Q) is compact, then the infimum is attained for some point in Q.
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Theorem 3.1. (i) Let T, S € LR(X), where X is a normed space, such that S is continuous,, ||S|| # 0, S(0) € T(0)
and D(S) D D(T), then A ¢ o5(T), implies

1

1 e ——
IAS =D = G sl

(i)) Let T € CR(X), S € LR(X), where X is a Banach space, such that S is continuous, ||S|| # 0, S(0) c T(0) and
D(S) > D(T), then A & o.5(T), implies
ol 1
> = :
dist(A, o, s(D)IISII + &

Proof. (i) Let A € ps(T), we have dist(A, 05(T)) = inf{|z — A| such that z € o5(T)}. Then for all > 0 there
exists z;, € 0s(T) such that

(AS =T) 3

A = z,| < dist(A, a5(T)) + 1.

We first show that (AS — T)(0) = T(0). In fact, since S(0) ¢ T(0) then (AS — T)(0) € T(0), so, (AS — T)(0) c T(0).
On the other hand, since S(0) is a linear subspace (Lemma 2.3), then T(0) € AS(0) —T(0) = (AS —T)(0), hence
T(0) C (AS — T)(0).

We suppose that [A - z,| < )/(A”:;JHT)I since AS — T is injective open with dense range, (z;, — A)S(0) = S(0) C

(AS =T)(0) = T(0), D((z — A)S) = D(S) 2 D(AS = T) = D(T) and ||(z;; — A)S|| = |A = zllIS|| < y(AS = T), then,
AS =T +(z, — A)S = z,;S — T is injective open with dense range (using Lemma 2.4). Hence z,, € ps(T). This is
a contradiction.

y(AS-T)

Therefore |A — z,| > B for all 7 > 0. Thus
AS—-T
% < M-z
< dist(A,05(T))+ 1 foralln > 0.
S0 AS—-T
YAS=D) _ dist(d, os(T)).
[ISII
Hence
1
AS=T)7 Y > ——o——.
148 =172 G5, osrls

(if) Let A € p,s(T), since dist(A,05.(T)) = inf{lz — A| such thatz € 0g.(T)}, then for n > 0, there exists
zy € 05,(T) such that |A — z;| < dist(A, 05.(T)) + 1. We discuss two case:

Y(AS-T)

Case 1: if [A — z,| > T then,
y(AS —T)
T < oA
< dist(A,0.5(T)) +1, foralln>0.
Hence
y(AS = T) .
———= < dist(A, 0.5(T)),
lISI|
y(AS=T) < dist(A, 0. s(T)ISII-
Thus

1

1
A5 =D G5t s sy
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Case 2: if |A — z,| < L5222, ie., [I(A — z)SIl < y(AS = T), since (z; — 1)S(0) = S(0) € (AS — T)(0) = T(0),
D((zy = A)S) = D(S) > D((AS = T)) = D(AS) N D(T) = D(T) and AS — T is injective open with dense range

(as A € ps(T)), then, using Lemma 2.4, we have AS — T + (z, — A)S = 2,5 — T is injective open with dense

1
range, i.e., z, € ps(T). But z, € 0.,5(T), then ||(z,S — 7 > = ie,y(z,S-T)<e.
Now, using Lemma 2.5, we obtain

Y(z,S=T) YAS =T +(z; = A)S)

vVl

VAS = T) = [z — AllSI.
Therefore
YAS=T)  y(zS-T)
< —_
E S
< ﬁ +dist(A, 0.5(T) +n, ¥ 1n>0.
Thus (AS-=T)
Y - & .
— < — + dist(A, 0. 5(T)),
o = gy + st oes(D)
ie.,
Y(AS = T) < & + dist(A, 7. s(TY) IS
Then

1

el
AS =D Gt o syisi+ &

QE.D.

Corollary 3.2. Let T € CR(X), S € LR(X), where X is a Banach space, such that S is continuous, ||S|| # 0,
S(0) ¢ T(0) and D(S) > D(T), then

{1 € C such that dist(A, o5(T)) < ﬁ } C 0.5(T). o
Proof. LetA ¢ 0.5(T), then A ¢ 05(T), using Theorem 3.1 (i), we have
1 1
— < -7l <-=.
st oy < ST
Therefore
dist(A, os(T))|IS|| = e.
Hence
dist(A, o5(T)) > ”%” QE.D.

Theorem 3.2. Let T € CR(X) where X is a Banach space and assume that V is a bounded single valued relation in
LR(X) such that 0 € p(V). Let k = ||V|[IIV7Y||. Let B= VTV, Then

os(T) = oysy-1(B) 3.1
and for k # 0, we have

O¢ sk, vsv-1(B) € 0¢,5(T) € Ok ysy-1(B) (3.2)
and

ek, s(T) € ¢ vsv-1(B) € Oke,s(T). (3.3)

¢
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Proof. We first show that B is closed. Since V is a bounded linear operator, i.e., V(0) = {0}, D(V) = X
and V is continuous, then, by [16, Definitions II.5.1 (6)], V is closed thus V has a closed range, R(V) = X,
(as 0 € p(V)). We have a(V) = 0 < o0 and y(V) > 0 (as V injective and open), by [16, Proposition 11.5.17],
VT is closed. Moreover, since V' is single valued and bounded, then VTV lis closed (using [16, Exercise
11.5.18]). Hence B is closed. It is simply to verify since S(0) € T(0), D(S) > D(T) and S is continuous that
VSV-10) = VS(0) c VT(0) = VTV~1(0) = B(0),

DSV = VD(VS) (using [16, 1.1.3 (2)])
Vixe X, SxnDV) + 0} (using [16, 1.1.3 (1)])

= VixeX, Sx=+0} (since D(V) = X)
= V(D(S5))
> V(D(T)
= VDT =VixeX, TxnDV) %0
= DTV (using [16, 1.1.3 (2)])
= D(B),

and ,by [16, Proposition I1.3.13],

VsVt < VSV (since V71(0) = 0)
< VISV (since D(V) = X)
<

KlIS|I.

Using [1, Lemma 3.5], we prove that AS — T and AVSV~! — B are closed.

On the other hand,
AS—-T = AS-V7'BV

(AS-T)V-! = (AS—-VBV)V-!

(AS-T)V1 = (ASV'-VBVV™) (using[16, Proposition 1.4.2 (d)])

(AS-T)V-! = (ASV™1-VB) (as V(0) =0)
VAS-T)V! = V(ASV™!-VB)
V(AS-T)V'! = (AVSV1-VV~IB) (using[16, Proposition1.4.2 (e)])
V(AS-T)Vv! = (AVSV™1-B) (as V(0) =0)

AS-T) = VYAVSVI-B)V (as V is injective.)

Now, if A € pg(T) then the closed relation AS — T is injective, surjective and open. By [16, Proposition
V1.5.2]) V(AS — T)V~! = AVSV~! — B is also closed, bounded below (injective and open), surjective. Hence
A € pysy-1(B).

Conversely, if A € pysy-1(B) then the closed relation (AVSV~! — B) is injective, surjective and open, by
[16, Proposition V1.5.2], V-Y(AVSV~! = B)V = AS — T is also closed, bounded below (injective and open),
surjective. Hence A € ps(T), which implies the first result.

Now, we have V-1(AVSV~! - B)V = (AS — T) and V(AS — T)V~! = (AVSV~! — B). Then V-}(AVSV~! —
BV = (AS — T)~! and V(AS — T)~1V-! = (AVSV-! — B)~1. Thus

NAS-T) M = [V IHAVSV - BV
< IVHAVSVL =BV (using [16, Proposition 11.3.13],
since V(0) = 0.)
< WWVIAVSVL =B)YIVIl  (using [16, Proposition 11.3.13],
since D(V1) = R(V) = X))
< KJ(AVSV-T = B).

In the same way,
IAVSV" = B)Y|| < KI(AS = T)71).
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For A € o,y ysy-1(B),

A € oygy-1(B) or [[(AVSVL =B > IE‘
Then,
1 1
Aeaos(T)or ||(AS=T)7Y > Z l(AVSVL =B > -
Hence
A€ o.s(T).
Therefore

ek vsv-1(B) € 0e,s(T).

On the other hand, for A € g, 5(T),

Aeaos(T)or ||(AS-T)7Y > %

Then,
1 1
A € aysy-1(B) or [(AVSVTT = B) I = 2 IAS = T) 1l > .
Hence
A € ogevsy-1(T).
Therefore

0e,5(T) € Oke,vsy-1(B).
With similar reasoning, we prove that

0esk,s(T) C 0¢ysy-1(B) C 0ke,s(T). Q.E.D.

Corollary 3.3. Let T € CR(X) where X is a Banach space, let S € LR(X) be continuous such that S(0) c T(0) and
D(S) D D(T) and assume that V is a bounded single valued relation in LR(X) such that 0 € p(V). Letk = [|[V|[IV7I.
Let B=VTV~L
If S commute with V (i.e., SV = VS) or S commute with V= (i.e., SV=! = V71S) (for example S = 1), then

os(T) = as(B) (34)
and for k # 0, we have

ek, 5(B) € 06,5(T) S Oke,s(B) (3.5)

and

Oesk,s(T) € 0¢,5(B) S Oe,5(T). (3.6)
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4. Stability of S-essential spectra and S-essential
pseudospectra of linear relations

In this section, we study results of stability and properties of S-essential spectra and S-essential pseudospec-
tra.

Definition 4.1. In [13, Definition 4.1], the authors introduced the following definition: Let T be a linear relation in
CR(X) where X is a Banach space. The S-essential pseudospectra of T is the set

Gues(M = ) oes(T+K)
KE(](T(X)

where Kr(X) := {K € KR(X) such that D(K) > D(T) and K(0) c T(0)},
and The S-essential pseudoresolvent set

Puw,es(T) = C\Ow,e,s(T). ¢
Theorem 4.1. [13, Theorem 4.2] The following properties are equivalent:
(D) A ¢ 0w,e,s(T).
(i1) For all continuous linear relations B € LR(X) such that D(B) D> D(T), B(0) C T(0) and ||B|| < &, we have
T+B-ASe®X) and i(T+B-AS)=0.

(iif) For all continuous single valued relations D € LR(X) such that D(D) > D(T) and ||D|| < &, we have
T+D-ASe®X) and i(T+D-AS)=0. o

Proposition 4.1. [13, Proposition 4.4] Let T € CR(X). Then

(l) IfO <& <& then Gw/s(T) C Ow,é'1,S(T) C O'wrgzrs(T).

(i) For € > 0, 0y e,5(T) C 0.5(T).

(le) m£>0 O’w,é’,S(T) = Uw,S(T)~ &

Theorem 4.2. [13, Theorem 4.9]

Uw,s,S(T) = ﬂ GE,S(T + P) %
PePr(X)

Proposition 4.2. Let J(X) be a subset of LR(X).
If Kr(X) ¢ J(X) € Pr(X), then

Gw,g,S(T) = m O-E,S(T + ])
JeT(X)

Proof.

Oues() = (] oes(T+P)C () aes(T+NC [ 0es(T+K) = 0ues(T).

PePr(X) JeT(X) KeKr(X)
QED.

Corollary 4.1. It follows, from the definition of S-Essential Pseudospectra, Theorem 4.2 and Corollary 4.2 that

(i) 0w,e,s(T + K) = 04 ¢,5(T) for all K € Kr(X).

(i1) Ow,e,s(T + P) = 0w, s(T) for all P € Pr(X).

(ii1) Oa,e,5(T + ]) = 0u,e,5(T) for all | € J(X) such that Kr(X) € J(X) € Pr(X). o
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Proposition 4.3. Let o, € C such that p # 0, then

Owes@S+pT) =a+ Uzu,v%‘,S(T) B. ¢

Proof. Leta,p € Cwith g # 0. It is simply to verify that {K : K € Kr(X)} = Kr(X). In fact, if K € Kr(X),
BK(0) = K(0) c T(0), D(BK) = D(K) > D(T), moreover since K is compact, QgxfKBx = fQxKBx = BQxKBx
is compact, then K is compact hence K € Kr(X). Therefore {8K : K € Kr(X)} € Kr(X).

Conversely, by the same way, if K € Kr(X), 71K € Kr(X). Then Kr(X) C {BK : K € Kr(X)}. Therefore

Oues@S+T) = () oes(@S+pT+K)
KeKr(X)

= ﬂ oes(aS + T + BK)

KeKr(X)

= ﬂ e s(aS + B(T + K)).

KeKr(X)

Using Proposition 3.4,

Oues@S+pT) = () (a+ o ST+R)P)
KeKr(X)
= a+( ﬂ oe (T +K)B.
KeKr(X)
= a+ Gw,ﬁil,s(T) B.

QE.D.

Proposition 4.4. For 6 > 0, we have

Ow,e,S (T) c Db + O‘w,s,S(T) c Gw,s+b,S(T)- N

Proof. LetK € K7(X), then K is compact hence it is continuous (by [16, Corollary V.2.3]). Using [1, Lemma
3.5], T + K is closed. By Proposition 3.5,

Ds + Gé-,s(T + K) - U€+(§,5(T + K)

Then
Do+ [ 0es(T+K)C () 0erss(T+K).
KeKr(X) Ker(X)
Hence
Ds + 0w,,5(T) C 0w,e40,5(T). Q.E.D.

Proposition 4.5. Let B € LR(X) such that B(0) c T(0), D(B) D D(T) and ||B|| < ¢, then we have
Ow,e—B1,S(T) € 0w,e,s(T + B) C 0,e4y,5(T)- o

Proof. LetK € Kr(X), then K is compact hence it is continuous (by [16, Corollary V.2.3]). Using [1, Lemma
3.5], T + K is closed.
Moreover, since B € LR(X) such that B(0) c T(0) = (T + K)(0), D(B) > D(T) = D(T + K) and ||B|| < ¢, then,
from Proposition 3.6,

Oé-f\\BH,S(T +K)Co.s(T+B+K)C CTH”B”,S(T + K).

Hence
m U‘(_'_”B”,S(T +K) C ﬂ 0:s5(T+B+K)C m GE+||B||,S(T + K).
KeXr(X) Ker(X) Ker(X)



A. Ammar, H. Daoud, A. Jeribi /FAAC 16 (2) (2024), 1-18 15

But, since T(0) = (T + B)(0) and D(T) = D(T + B), then Kr(X) = K7+ (X). Thus

ﬂ GE—HBH,S(T + K) C ﬂ o:5(T+B+K)C ﬂ G£+HBH,S(T + K).
KEWT(X) KE?(T+B(X) KE(](T(X)

Therefore

0w,e—BILS(T) € Ow,e,s(T + B) € 0w, e+ ), s(T)- Q.E.D.

Theorem 4.3. Let T € CR(X), S € LR(X), where X is a Banach space, such that S is continuous, ||S|| # 0,
S(0) € T(0) and D(S) > D(T),
(D) if A & 0u,s(T), then
1

AS=T)7H| > — '
AS =D Gt ms IS

(i1) if A & 0wes(T) and (AS — T) is injective and open (for example A ¢ o5(T)), then
1

- > )
WAS =112 T, owes (YIS + £

Proof. (i) Let A ¢ 04,5(T), then, by Proposition 2.1, AS — T € ®(X) and i(AS — T) = 0. Since dist(A, 04,5(T)) =
inf{|z — Al such that z € 04,5(T)}, then, for all n > 0, there exists z, € 0,,5(T) such that

[A = zy| < dist(A, 04,5(T)) + 1.

If A - z,] < 25522, since (z, — 1)S(0) = S(0) € (AS — T)(0), D((zy — 1)S) = D(S) > D((AS—T)) = D(T)

and ||(z, = A)SI| = |A = z|lISI| < y(AS = T) then, by [7, Proposition 10],AS = T + (z, = A)S = z,S - T ¢
®(X) and i(z,S = T) = i(AS = T + z,S — AS) = i(AS = T) = 0. Hence z,, € py,s(T), and this is a contradiction.

Therefore |A — z,| > MGS_”T) for all n > 0. Thus

AS-=T
Y8 - T) & ) < iz
< dist(A, 04s(T)) +n foralln>0.
50 AS—T
u < dist(A, 0y 5(T)).
lISI
Hence
1
I(AS = T)

> = :
dist(A, 04,5 (T))IIS]]

(1) Since dist(A, 0u,¢,5(T)) = inf{|z — A| such that z € 0y 5(T)}, then, for 7 > 0, there exists z, € 0y,,s(T) such
that [A — z,| < dist(A, 0,e,5(T)) + 1.

Let B be a linear relation such that B(0) C T(0), D(B) > D(T) and ||B|| < €. Let A € 0y¢,s(T), then by Theorem
41,AS-T-B e ®(X)and i(AS-T - B) =0.

Now, if |A — z,| < ZE==2 since (z, — A)S(0) < (AS — T - B)(0), D((z; — A)S) > D((AS — T — B)) = D(T) and
Iz = A)SII = A - nll(SII <y(AS =T - B), then, by [7, Proposition 10], A\S =T -B+z,S-AS=2,S-T-B¢€
®O(X)and i(z,S - T - B) = i(AS-=T - B +2,5—-AS) = i(AS = T — B) = 0. Hence z; € py,s(T). This is a

contradiction. Therefore )’(ASHETB) < |A = zy|. On the other hand, since (AS — T) is injective and open, then

yAS=T-B) = y(AS-T)~|Bl

> Y(AS-T)—-¢
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Thus
YAS-1)  _ yAS-T-B) =«
IS IS I
&
A— Znl + o
A=zl + g
< dist(A, owe,s(T)) + 1 + ”g?”
Hence
Y(AS = T) < dist(A, 7 s(TIS] + .
Then

> — ! .
it 0w s (TSI + €

I(AS = T) Q.ED.

Theorem 4.4. Let T € CR(X) where X is a Banach space and assume that V is a bounded single valued relation in
LR(X) such that 0 € p(V). Let k = |[VIIIV7Y|, k # 0. Let B= VTV~L. Then
0w,s(T) = 0y, vsv-1(B),
Ow,efkvsv-1(B) € 0w,e,s(T) € 0y ke, vsv-1(B)
and
Ow,e/kS(T) € Oue,vsv-1(B) € Owe,s(T). ¢

Proof. Let K € Kr(X), then K is compact hence it is continuous (by [16, Corollary V.2.3]). Using [1, Lemma
3.5], T + K is closed. Moreover

V(T + K)V!

V(TV-1 + KV™1)  (using [16, Proposition 1.4.2 (d)])
VTVt + VKV~! (using [16, Proposition 1.4.2 (e)])
B+ VKV,

From Theorem 3.2, for ¢ > 0, we have
0eps(T+ K) C 0, ysy1 (B + VKV™) C ok s(T + K).

Hence
() oensT+KC () oysyaB+ VKV C (] 0kes(T+K).

KeXKr(X) KeKr(X) KeXKr(X)
But {VKV™!: K € Kr(X)} = Kp(X). In fact if K € Kr(X), then K(0) c T(0), hence VKV~1(0) = VK(0)
VT(0) = VTV~1(0) = B(0). Moreover, since V is bounded, D(VK) = {x € X : Kx N D(V) # 0} = D(K) and
DVT) ={x € X: TxNnDV) # 0} = D(T). Then DVKV ) = {x € X: VIxNnDVK) # 0} D {x € X :
VixnDVT) # 0} = D(VTVY) = D(B).
On the other hand, K is compact V is continuous and V(0) = {0} C D(K). Then by [16, Proposition V.2.10]
VK is precompact. Thus, by [16, Theorem V.2.2], fo(VK) = 0. Furthermore, since V! is single valued
(0 € p(V)), by [16, Proposition 1V.2.15], we have [o(VKV~') < To(VK)To(V!) = 0. Hence, by [16, Theorem
V.2.2], VKV~ is precompact and we have X is complete then VKV~! is compact. Therefore

VKV : K e Kr(X)} € Kp(X).

In the similar way, if K € Kp(X), then Kz(0) C S(0), hence V-1KgV(0) = V-1Kg(0) c V-'B(0) = V'BV(0) =
T(0). Moreover, since V™! is bounded (as 0 € p(V)), D(VKg) = {x € X : Kgx N D(V!) # 0} = D(Kp) and
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DVS) = {x € X : Sx N ND(V1)eqd} = D(B). Then D(VIKzV) = {x € X : Va N D(VKp)eqd} D {x € X :
Vx N D(V1B)egd} = D(VIBV) = D(T).
Moreover, Kj is compact, V! is continuous and V71(0) = {0} c D(Kg) as 0 € p(V). Then, by [16, Proposition
V.2.10], V71Kj is precompact. Thus by [16, Theorem V.2.2] fo(V‘lKB) = 0. Furthermore, since V is single
valued, by [16, Proposition 1V.2.15], To(V"'KzV) < To(V"'Kp)To(V) = 0. Hence by [16, Theorem V.2.2],

V-IKpV is precompact and we have X is complete then V-1KgV is compact. Therefore V-'KgV € Kr(X).
Hence

Kz(X) c {VKV™! : K € Kr(X)).

Therefore

() onsT+KCS [ oovsriB+KIC ) 0res(T +K).

KE?(T(X) KeKp (X) KE(](T(X)

Then, for any ¢ > 0
Uw,s/k,S(T) C Oy,e,vsy-1 (B) < Gw,ke,S(T)~

In similar way, we prove that

() GemysvaB+VKVYC () 0os(T+K)C (] Orevsv(B+ VKV,
KeKr(X) KeKr(X) KeKr(X)

which implies that

() oensB+KIC (] 0esT+K)S (] Oreysv (B+K).

KeKs(X) KeXKr(X) KeKp(X)

Then

Ow,e/k,VSV-1 (B) c Gw,e,S(T) - Ow ke, VSV-1 (B)

Moreover, by Proposition 4.1,

ﬂ O‘w,s/k,S(T) c ﬂ Ow,e,VSV-1 (B) c ﬂ Gw,ks,S(T)-

>0 >0 >0
and from the proof of Theorem 3.2, we show that B is closed, then, we have,

0w,5(T) € 0y, vsv-1(B) € 0w,s(T).
Which implies the first result. Q.ED.
Corollary 4.2. Let T € CR(X) where X is a Banach space, let S € LR(X) be continuous such that 5(0) c T(0) and
D(S) > D(T) and assume that V is a bounded single valued relation in LR(X) such that 0 € p(V). Letk = VIV,

k+#0. Let B=VTVL
If S commute with V (i.e., SV = VS) or S commute with V=! (i.e.,, SV=! = V=1S) (for example S = 1), then

Gw,S(T) = Uw,S(B)l

Uw,e/k,S(B) c Uw,s,S(T) c qu,ks,S(B)
and

Ow,e/k, S(T) C Owe,s (B) C Owke,s (T) o
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