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Abstract. In this article we investigate the Cauchy problem for a class second-order Fuchsian equations.
We propose a new topological approach to prove the existence of at least one classical solution and at least
two nonnegative classical solutions. The arguments are based upon recent theoretical results.

1. Introduction

In this paper, we investigate the IVP for a class of second-order Fuchsian equations

1292 + 2a(x)tdu + b(x)u f(t,x,u,tdu,dyu), t>0, xeR,

u(0, x)

uO(x)/ x € er

1)
u(0, x)

- ul(x)/ X e R/
where

(H1) a,b € C(R), |al,|b] < B on R, for some positive constant B > %
(H2) feC(R),
[f(t, x, u, tdsu, dxu)l < ay(t, )ul* + ax(t, x)|0ul’? + as(t, x)ldul,

(t,x) €[0,00) xR, 2 € C([0,00) X R),0 < aj < Bon[0,00) xR, p; € R, p; > 0, j € {1,2,3}.
(H3) uo,u; € CY(R), L < up < B, |u1] < Bon[0,) x R.
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In [3] is developed a well-posedness theory in Sobolev spaces for the class of second-order hyperbolic

Fuchsian systems and they are investigated the numerical approximations of these Fuchsian equations

when data are imposed on the singularity of the spacetime and one evolves the solution from the singularity.
The aim of this paper is to investigate the IVP (1) for existence of global classical solutions. Suppose

(H4) g € C([0, 0) X R) is a nonnegative function such that

t X
4(1 +i+ t2)3 1+ |x]) g(t1, x1)dxq
0 IJo

for some constant A > 0.
In the last section, we will give an example for a function g that satisfies (H4). Our main result for existence
of classical solutions of the IVP (1) is as follows.

dti <A, (t,x)€[0,00)XR,

Theorem 1.1. Suppose (H1)-(H4). Then the IVP (1) has at least one solution u € C*([0, ), C'(R)).
Theorem 1.2. Suppose (H1)-(H4). Then the VP (1) has at least two nonnegative solutions uy, uy € C2([0, o0), C1(R)).

The paper is organized as follows. In the next section, we give some auxiliary results. In Section 3 we prove
Theorem 1.1. In Section 3, we prove Theorem 1.2. In Section 4, we give an example to illustrate our main
results.

2. Preliminary Results

Below, assume that X is a real Banach space. Now, we will recall the definitions of compact and
completely continuous mappings in Banach spaces.

Definition 2.1. Let K : M c X — X be a map. We say that K is compact if K(M) is contained in a compact subset of
X. Kis called a completely continuous map if it is continuous and it maps any bounded set into a relatively compact
set.

Proposition 2.2. (Leray-Schauder nonlinear alternative [1]) Let C be a convex, closed subset of a Banach space E,
0 € U c Cwhere U is an open set. Let f: U — C be a continuous, compact map. Then

(a) either f has a fixed point in U,
(b) or there exist x € dU, and A € (0,1) such that x = A f(x).

To prove our existence result we will use the following fixed point theorem which is a consequence of
Proposition 2.2.

Theorem 2.3. Let E be a Banach space, Y a closed, convex subset of E, U be any open subset of Y with 0 € U.
Consider two operators T and S, where

Tx = ¢x, xeﬁ,

for e >0and S : U — E be such that

(@) I-S:U — Y continuous, compact and
(ii) {er:x: A - S)x, xe&U} =0, forany A€ (0, %)
Then there exists x* € U such that

Tx* + Sx* = x".
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Proof. We have that the operator (I - S) : U — Y is continuous and compact. Suppose that there exist
xo € dU and o € (0,1) such that

1
Xo = Ho E(I - S)xo,

that is
xo = Ao (I = S)xo,

where Ag = % € (0, %) . This contradicts the condition (ii). From Leray-Schauder nonlinear alternative, it
follows that there exists x* € U so that

1
X'==(I-9)x", or ex"+Sx"=x", or Tx" +Sx" =x".
€
O

Definition 2.4. Let X and Y be real Banach spaces. A map K : X — Y is called expansive if there exists a constant
h > 1 for which one has the following inequality

IKx = Kylly = hllx = yllx,
forany x,y € X.
Now, we will recall the definition for a cone in a Banach space.

Definition 2.5. A closed, convex set P in X is said to be cone if

1. ax € P for any a > 0 and for any x € P,
2. x,—x € P implies x = 0.

Denote P* = P\{0}. The next result is a fixed point theorem which we will use to prove existence of at least
two nonnegative global classical solutions of the IVP (1). For its proof, we refer the reader to [4] and [6].

Theorem 2.6. Let P be a cone of a Banach space E; ) a subset of P and Uy, U, and Us three open bounded subsets
of P such that U; ¢ U, € Uz and 0 € Uy. Assume that T : Q — P is an expansive mapping, S : Uz — E is a
completely continuous map and S(Us) c (I - T)(Q). Suppose that (U, \U)NQ#0, (Us \ Uy) NQ # 0, and there
exists ug € P* such that the following conditions hold:

@) Sx # (I—T)(x— Aug), forall A > 0and x € IU; N (Q + Aug),

(ii) there exists € = 0 such that Sx # (I — T)(Ax), forall A >1+e¢, x € dUyand Ax € Q,

(iii) Sx # (I —T)(x — Aug), forall A > 0and x € Uz N (Q + Auy).

Then T + S has at least two non-zero fixed points x1,x2 € P such that

X1 e&llanandxze(U3\Ez)ﬁQ,

or
x1 € (U \ Uy) N Qand x, € (Us \ Uy) N Q.
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3. Proof of Theorem 1.1
Let X = C?([0, o), C'(R)) be endowed with the norm

lul| = max{ sup lu(t, x)|, sup [ (t, x)|,
(t,x) € [0,00) x R (t,x) € [0,00) x R
sup |utt(tl X)|, sup |Mx(t, X)l, }r
(t,x) € [0,00) X R (t,x) € [0,00) X R

provided it exists. For u € X, define the operator

Squ(t,x) = u(t,x) —up(x) — tuqg(x)

¢
+ f(; (t- tl)((tf - 1)8t2u(t1,x) + 2a(x)t dsu(ty, x) + b(x)u(ty, x)

_ fULLMhJLh&MhJL&Mhm»Ph,(LME[QM)XR.

Lemma 3.1. Suppose (H1)-(H3). If u € X satisfies the equation
Siu(t,x) =0, (t,x)€[0,00)XR,
then it is a solution of the IVP (1).

Proof. Let u € X is a solution of the equation (2).

0 u(t, x) — ug(x) — tui(x)

+

¢
f (t- tl)((t% - 1)8t2u(t1,x) + 2a(x)t10su(ts, x) + b(x)u(ty, x)
0

f(tl/ X, u(tll x)/ t]&tu(tl, x)/ axu(tl/ x)))dtl/ (t/ x) € [0/ OO) X R.

We differentiate (3) with respect to t and we find
0 = du(t,x)—u(x)

ﬁﬁﬁﬁ—nﬁmmw+mum&mmw+wwmm@

—f(t1,x, u(ts, x), t18tu(t1,x),&xu(tl,x)))dtl, (t,x) € [0, 00) X R.

Now, we differentiate (4) with respect to t and we get

0 = J*u(t,x)+ (> — 1)*u(t, x) + 2a(x)tdu(t, x) + b(x)u(t, x)
—f(t, x, u(t, x), tdu(t, x), dxu(t, x))
= 20%u(t, x) + 2a(x)tdsu(t, x) + b(x)u(t, x)

—f(t, x, u(t, x), tdu(t, x), dxu(t, x)), (t,x) €[0,00) xR,

60

(2)

3)
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i.e., u satisfies the first equation of (1). Now, we put ¢t = 0 in (3) and (4) and we arrive at

0 = u0,x)—up(x)

0

du(0,x) —u1(x), x€eR.
Therefore u satisfies (1). This completes the proof. [
Let
B; = max {ZB, 2B2 B + B2 + B+l 4 gl 4 BP3+1} .
Lemma 3.2. Suppose (H1)-(H3). For u € X with ||u|| < B, we have
IS1u(t, x)| < Bi(1 +t +t3)?,  (t,x) € [0,00) X R.

Proof. We have

IS1u(t, %)l

u(t, x) — uo(x) — tuy(x)

t
+ f (t-— tl)((tf - 1)8fu(t1,x) + 2a(x)t dsu(ts, x) + b(x)u(ty, x)
0

_f(tll X, u(tll x)/ tlatu(tl, x)/ &xu(tll x)))dtl

< fult, )|+ [uo(x)] + Hua (x)]
t
+ f (t- tl)((t% + 1)|9Fu(ty, )| + 2a(x)|t[u(ts, 2)| + [b)lu(tr, x)|
0
Hf 1,3, u(01,2), 19, ), 9, ) )
t
< 2B+1B+ f (t— tl)((tf +1)B + 2B + B
0
+ay (t, X)u(ty, )P + az(tr, ©)dwu(ty, )P + aa(tl,x)IBxu(tl,x)I”3)dt1
< 2B+tB+ tz((tz +1)B + 2Bt + B? + B/** 4 BP2*l 4 B”f’“)
< By +tBy +BitA (P +t+1) < By(1+t+ 3%, (t,x) €[0,00) x R.

This completes the proof. [J

For u € X, define the operator

t X
Sou(t,x) = f f (t = t1)*(x — x1)g(t1, x1)S1u(ts, x1)dxidt;, (£, x) € [0,00) X R.
0 Jo

Lemma 3.3. Suppose (H1)-(H4). For u € X, ||u|| < B, we have ||Syu|| < ABy.

61



Proof. We have

and

and

|S2u(t, %)

|9xSau(t, %)

|0 Sou(t, x)|

IA

IN

IN

IA

t
I
2B4(1 + |x) f ' f (t—t)?g(t, x1)(1 + 1 + £)2dxy

0 0

t
2B (1 + [x))(1 +  + 2)° f
0
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t X
f f (t — t1)*(x — x1)g(t1, x1)S1u(ts, x1)dx1dby
0 Jo

dh

X
f (t = t1)?|x — x11g(t1, x1)IS1u(t1, x1)ldxy
0

dt

dt

f g(t1, x1)dxq
0

ABl/ (t/ x) € [0/ 00) X R/

IA

IA

IN

IA

IA

IA

IA

IN

t X
‘f f (i’ - tl)Zg(tl,xl)Slu(tl,xl)dxldtl
0 0

r

t X
B f f (t—t)?g(t, x1)(1 + t + £)2dxy
0 0

t X
Bi(1+t+1t%)3 f f g(t1, x1)dx1
0 0

ABi, (tx)€[0,00) X R,

dh

X
f (t — t1)*g(tr, x1)IS1u(tr, x1)ldx1
0

dh

dty

2

t X
f f (t = t1)(x = x1)g(t1, x1)S1u(t1, x1)dx1dt
0o Jo
t
2|
0
t
4B.(1 + |x|)f
0

t
4B1(1 + [x)(1 + ¢+ £2)3 f
0

dty

f (t = t)lx — x1lg(te, x1)IS1u(t, x1)ldx;
0

dt

X
fo (t - (b, x0)(1 + b + £,

f g(t1, x1)dxq
0

dt

ABi, (tx)€[0,00) X R,

62
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and

107 Saut, )|

t X
2' f f (x— xl)g(tl,xl)Slu(tl,xl)dxldtl
0 0
t
2,
0
t
4B.(1 + |x|)f
0

4B1(1 + |x)(1 + t + £2)? f

IN

dt;

f |x — x11g(t1, x1)IS1u(ty, x1)ldxy
0

IA

dh

X
jo‘ g(tl,xl)(l + 1+ t%)zdxl
X
f g(t1, x1)dxq
0

Consequently [|Syul| < AB1. This completes the proof. 0O

IA

dh

t
0

IN

ABi1, (t,x)€[0,00) X R.

Lemma 3.4. Suppose (H1)-(H3) and let g € C([0, 00) X R) be a nonnegative function. If u € X satisfies the equation
SZM(t/ x) = O/ (t/ x) € [O/ OO) X I[{/ (5)
then u is a solution to the IVP (1).

Proof. We differentiate three times with respect to t and two times with respect to x the equation (5) and we
find

g(t, x)S1u(t,x) =0, (t,x)€[0,00)XR,
whereupon
Su(t,x) =0, (tx)€[0,00)xR.
Hence by using Lemma 3.1, we conclude that u is a solution to the IVP (1). This completes the proof. O

Below, suppose

(H5) € €(0,1), A and B satisfy the inequalities €eB1(1 + A) <1 and AB; < 1.

Let Y denote the set of all equi-continuous families in X with respect to the norm [|-||. Letalso, Y =YU {ug, ur},
Y =Y and

1
u = {ueY:I|u|I<B, if uz0 then u(O,x)>§, xe]R"}.

For u € U and € > 0, define the operators

Tu(t,x) = eu(t, x),

Su(t,x) = u(t,x)—eu(t,x)—eSu(t,x), (tx)el0,00)xIRR.

For u € U, we have
(I = S)ul| = |leu + €Saul| < €llul] + €l|Soul| < €By + €ABy.

Thus, S : U — X is continuous and (I — S)(U) resides in a compact subset of Y. Now, suppose that there is a
u € dU so that
u=A(I-9Su,
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u = Ae (u + Syu),

for some A € (0, %) Then, using that S,u(0,x) = 0, we get

whereupon Ae = 1, which is a contradiction. Consequently

(6)

u(0,x) = Ae(u(0, x) + Sou(0,x)) = Aeu(0,x), x€R",

fuel:u=M(1-Su uedlf=0

for any Ay € (0, %) Then, from Theorem 2.3, it follows that the operator T + S has a fixed point u* € Y.

Therefore

u*(t, x)

Tu*(t,x) + Su™(t, x)

whereupon

Sou'(t,x) =0,

eu*(t,x) + u*(t,x) — eu(t, x) — €Su*(t, x),

(t,x) € [0,00) X R,

(t,x) € [0, 00) X R.

From here, u* is a solution to the problem (1). From here, it follows that u is a solution to the IVP (1). This
completes the proof.

4. Proof of Theorem 1.2

Let X be the space used in the previous section. Suppose

(H6) Letm > 0belarge enoughand A, B, 7, L, R; be positive constants that satisfy the following conditions

Let

2
r<L<Ry, €>0, R1>(—+1)L, AB1<£.
5m 5

P={ueX:u20 on [0,00)xR}

With P we will denote the set of all equi-continuous families in P.Forve X, define the operators

Tio(t) = 10
L
S3u(t) = —€Syu(t) — mev(t) — eE,
t € [0, ).

= P=foeP:|ol<r}
U = Pr={veP:loll<L},
Us = Pr,={ve?: ol <R,
R2 = R1+éBl+L,

m 5m
Q = Pr,={veP: ol <Ry

(1 + me)o(t) - e£,

Note that any fixed point v € X of the operator T + S is a solution to the IVP (1). Define
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1. For v1,v, € Q), we have
ITro1 = Thooll = (1 + me)lor — 2|,
whereupon T; : Q — X is an expansive operator with a constant h = 1 + me > 1.
2. For v € Pg,, we get

L L
< — < —_
S50l < ellSzoll + melll] + &5 < e(AB1 + mRy + 10).

Therefore 53(5&) is uniformly bounded. Since S3 : i’Rl — X is continuous, we have that S3(¢R1) is
equi-continuous. Consequently Sz : Pr, — X is a 0-set contraction.
3. Letv; € Pg,. Set
1 L
Up =01+ —52?]1 + —.
m 5m
Note that S,v; + % > 0 on [ty, o0). We have v, > 0 on [ty, o0) and
1 L A L
[o2ll < [lorll + =lIS201ll + = < R1 + =B1 + =— = Ro.
m 5m m 5m
Therefore v, € Q and
—emuy = —emuy — €S0 —e£ - e£
o = 1 201 10 10/
or

L
(I-Ty)v, = —emvy + SE = S304.

Consequently 53(5&) c (I-T)(Q).
4. Assume that for any uy € $* there exist A > 0 and x € P, N (Q + Aug) or x € IPx, N (Q+ Aug) such that
S3x = (I - Tl)(x - Auo).

Then

L L L
—€Sox — mex — GE = —me(x — Aug) + eﬁ or —Syx = Amug+ 5

Hence,

L L
S =||A + = —.
1S4l H muo + £ > £

This is a contradiction. .
5. Suppose that for any €; > 0 small enough there exist a x; € P, and A1 > 1 + €1 such that A1x; € Pp,
and

S3x1 = (I = T1)(A1x1). 7)

In particular, for €; > im, we have x; € 9P, A1x1 € ¢)le A1 > 1+ €7 and (7) holds. Since x; € 0P, and
Ax1 € ?’Rl, it follows that

(i + 1)L < ML = Ayl < Ry
5m

Moreover, . . !
—€Sox1 — mexy — eﬁ = —-AMmex1 + €E’ or Syxi+ 5 = (A — Dmx;.
From here,

L
2— >
52

L 2
Sox1 + EH = (Al - 1)m||x1|| = (/\1 - 1)mL, and 5_771 +1> A4,

which is a contradiction.
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Therefore all conditions of Theorem 1.2 hold. Hence, the IVP (1) has at least two solutions u; and u; so that

lluall = L <lluzll <Ry or 7 <[lug|l <L <[uzll <Ry.

5. An Example

Below, we will illustrate our main results. Let

p1=2, p2=3, p3=4,

and
Ri=B=10, L=5 r=4, m=10" A—L e—;
tmEm e R TE R T TR T T BBI(1+ A)
Then
B1=max{20, 2107, 10+102+103+1o4+105}=10+102+103+104+105,
and

1
AB; = H <B, eBi(1+A)<1,

i.e., (H5) holds. Next,

2 L
r<L<Ry, €>0, R1>(—+1)L, AB; < =.
5m 5

i.e., (H6) holds. Take

1+Sll\/§+522 511\/5

h(S) = log m, l(S) = arctan 1_—322, seR, s#=+l1.
Then
, 22 V2510(1 — s22)
W (s) ,
(1= s V2 +52)(1 + 511 V2 +522)
, 11 V2510(1 + s2)
l (S) T, eR, s#=+l.
Therefore
—co < lim (1 45+ s?)h(s) < oo,
S—+o0
—00 < lim(l+s+ s2)(s) < oo
S—+00
Hence, there exists a positive constant C; so that
1 1+ s V2 + 52 1 142
1+s+ 52)3( log V24 + arctan s \/2_2 < (G,
442 T 1-s11V2452 2242 1-s

s € R. Note that lim1 I(s) = § and by [7] (pp. 707, Integral 79), we have
s—+

f dz__ 1 lo 1+z\/§+zz+ arctan ——
T+28 440 Bl _svat22 ov2 1-22
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Let

SlO

(1 +s¥)(1 + 5 +52)27

Qls) =

s€eR,

and

g1t x) = Q(HQ(x), te[0,00), x€eR.

Then there exists a constant C > 0 such that

4 1 23 t X d
( +t+t) (1 + [x]) 1 g1(t1, x1)dx

g(t,x) = %m(t,x), (t,x) € [0,00) X R.

41 23 t X d
( +t+t) (1 + |x]) 1 g(t1, x1)dxq

i.e., (H4) holds. Therefore for the IVP

dt; <C, (t,x)€[0,00) X R.

Let

Then

dti <A, (t,x)€[0,00)XRR,

1

Tal? + mig (tou)® + —Lo(dwu)t, t>0,

20 2 1 _
tdju + toju + zu = T+ e

1+x2

u(0,x) = d;u(0, x)

x €eR,

_1__
A+x2)8 7

are fulfilled all conditions of Theorem 1.1 and Theorem 1.2.
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