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Abstract. In this paper, we give sufficient conditions for the existence and uniqueness of S -Asymptotically
w-periodic solutions for a nonlinear differential equation with generalized type argument (EGTA) in a
Banach space. This is done using the Banach fixed point Theorem.

1. Introduction

This work is concerned with the existence of asymptotically w-periodic and S asymptotically w-periodic

solutions, valued in a Banach space X, to the following differential equation of generalized type argument
(EGTA):

{ X' (t) = Ax(t) + L, Ajx(i(t) + f(t x(@na (D)) 1)
x(0) = co.

Here, ¢y € X, £ is a continuous function on R* x X, A generates a semi-group exponentially stable and for
j=1,..,N+1, j(t) is a measurable real function and Aj is a bounded linear operator. Moreover each
function ¢; is subject to the functional relation: @;(t +s) = @;(t) +s; (t,s) € Rx§;, where §; is a subset of R
and 7 is a positive integer.

The existence of almost periodic, almost automophic ([5, 15]), asymptotically w-periodic ([7, 10, 12, 23-25])
and S asymptotically w-periodic fonctions ([3, 6, 8,9, 11]) is one of the most attracting topics in the qualitative
theory of differential equations, due both to its mathematical interest and to the applications. The study
of differential equations with piecewise constant argument (EPCA) is an important subject because these
equations have the structure of continuous dynamical systems in intervals of unit length. Therefore they
combine the properties of both differential and difference equations. Application of these equation to the
problems of biology can be found in [1, 2, 4].

There have been many papers studying EPCA, see for instance [13, 18-22] and the references therein.
However, to the best of the authors’s knowledge, the theory of differential equation with generalized type
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argument who generalises the concept of differential equation with piecewise constant argument is recent,
and there is no paper dealing with the existence of S asymptotically w-periodic solution of these differential
equations. In this paper, we give sufficient conditions for the existence of asymptotically w-periodic and S
asymptotically w-periodic solution of (1) considering asymptotically w-periodic functions in the Stepanov
sense, S asymptotically w-periodic functions in the Stepanov sense and the Banach fixed point theorem.
This paper is organized as follows. In Section 2, we recall the concepts of asymptotically w-periodic
functions, asymptotically w-periodic functions in the Stepanov sense, S asymptotically w-periodic functions,
S asymptotically w-periodic functions in the Stepanov sense and their basic properties. In Section 3,
we present some results showing the existence of functions wich are not asymptotically w-periodic but
asymptotically w-periodic in the Stepanov sense. In section 4, we study the existence and uniqueness of
asymptotically w-periodic and S asymptotically w-periodic solution of the equation (1).

2. Preliminaries

Let X be a Banach space. We denote by BC(R*, X) the space of the continuous bounded functions from R*
into X. Endowed with the norm ||f]|e := sup,,, [If(t)ll, BC(R*, X) is a Banach space. Set Co(R*,X) = {f €
BC(R*,X) : limy,e f(f) = 0} and P,(R*,X) = {f € BCR*,X) : fis w-periodic}.

Definition 2.1. A function f € BC(R",X) is said to be asymptotically w-periodic if it can be expressed as f = g+h,
where g € P,(R*,X) and h € Co(R*,X). The collection of such functions will be denoted by AP,,(R*, X).
Theorem 2.2. [23] Let f € BC(R*,X) and w > 0. Then the following statements are equivalent:

(i) f € AP,(R*,X)

(i) g(t) = lim,—e f(t + nw) uniform on R*;
(iii) g(t) = lim,—e f(t + nw) uniformly on compact subset of R*;
(iv) g(t) = lim,— f(t + nw) is well defined for each t € R* and g(t) = lim,—« f(t + nw) uniformly on [0, w].
Let p € [1, oo[. The space BSP(IR*, X) of all Stepanov bounded functions, with the exponent p, consists of all

measurable functions f : R* — X such that f* € L*(RR, L*([0, 1]; X)), where f” is the Bochner transform of f
defined by f¥(t,s) := f(t +s),t € R*,s € [0,1]. Then BSP(R*, X) is a Banach space with the norm

t+1
Iflls> = I1fllLsqe ) = sup ( f If()lPdr)
teR+ t
Obviously, if p > g > 1 we have (R, X) c BSP(R,X) C Lfoc(]R, X) and BSP(IR, X) c BSY(R, X) . Define the
subspaces of BSP(R*, X) by
SPP,(R*,X) =
(f € B, X): [ 1If(s +w) - f(s)Pds = 0,¢ > 0)

and
BS@(]RJUX) ={f € BSP(R*,X) : lim{ ftm [If(s)IIFds = 0}.

Definition 2.3. [23] A function f € BSP(IR*, X) is called asymptotically w-periodic in the Stepanov sense if it can be
expressed as f = g+ h, where g € SPP,(R*,X) and h € BS,(R*,X). The collection of such functions will be denoted
by SPAP,(R*, X).

Definition 2.4. [23] A function f € BSP(R*xX) with f(t,x) € Lfo (R*,X) for each x € Xis said to be asymptotically
w-periodic in the Stepanov sense uniformly on bounded sets of X if there exists a function g : Ry, x X — X with
g(t,x) € SPP,(R*, X) for each x € X such that for every bounded set K C X we have

t+1 1
( f If(s + new, x) = g(s, ¥)|Pds)” — 0
t

as n — oo pointwise on R* uniformly for x € K. The collection of such functions will be denoted by SP AP,(R* x X).
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Theorem 2.5. [23] Let f € Lfoc(lRﬁ X) and w > 0. Then the following statements are equivalent:
(i) f € SPAP(RT,X);

(ii) There exists a function g € SPP,(R*,X) such that j;m Ilf(s + nw) — g(s)llPds — 0 as n — oo uniformly for
t e R*;

(iii) There exists a function g € SPP,(R*,X) such that ftm lf (s + nw) — g(s)IPds — 0 as n — oo pointwise for
teR".

Lemma 2.6. [23] Suppose f € SPAP,(R*,X), f = g+ h where g € SPP,(R*,X) and h € BS,(R*,X). Let
w =ny + 60, where ng € N and 6 € (0,1). Then the following statements are true.

@ [ IFElds < (no + DlIflls» for each t € RY;

(ii) fttw llg(s + mw) — g(s)llds = 0 for each t € R* and any m € IN;

t+w
(iii) lim f lh(s + n)llds = 0 uniformly for t € R*.
n—oo t

Proposition 2.7. [7] Let u € AP,(R*,X) where w € IN*. Then the function t — u([t + k]), where k € N is
Asymptotically w-periodic in the Stepanov sense but is not Asymptotically w-periodic.

Theorem 2.8. [7] Let w € IN*. Let f : R X X — X be a continuous function such that:

@ Vtx)e RxX, f(t+w,x) = f(t,x);

(i) AL >0, Y(t,x) € Rx X
If u € AP,(R*,X), then the function t — f(t, u([t])) is Asymptotically w-periodic in the Stepanov sense but is not
Asymptotically w-periodic.

Lemma 2.9. [7] Let w € IN*. Assume that f € SPAP,(R* X X, X) and assume that f satisfies a Lipschitz condition
in X uniformly in t € R*:

I/t x) = f(t Il < Lllx = yll
forall x,y € Xand t € R*, where L is a positive constant. Let u € AP,(R*,X). Then the function F : R* — X
defined by F(t) = f(t,u([t])) is asymptotically w-periodic in the Stepanov sense.
Now, we give the definition of S Asymptotically w-periodic functions.
Definition 2.10. ([11]) A function f € BC(R*, X) is called S-asymptotically w periodic if there exists w such that
}im( ft +w) — f(t)) = 0. In this case we say that w is an asymptotic period of f and that f is S-asymptotically w
periodic. The set of all such functions will be denoted by SAP,(R*,X).

Definition 2.11. ([11]) A continuous function f : R* X X — Xis said to be uniformly S-asymptotically w-periodic
on bounded sets if for every bounded set K* C X, the set {f(t,x) : t 2 0, x € K*} is bounded and

tlim(f(t,x) - ft+w,x)=0
uniformly in x € K*.

Definition 2.12. ([11]) A continuous function f : R* X X — Xis said to be asymptotically uniformly continuous
on bounded sets if for every ¢ > 0 and every bounded set K*, there exist Lox- > 0 and 6.x- > 0 such that
If(t,x) = ft, Il < e forall t > Ly g and all x, y € K* with |lx — y|| < O¢ k-

Lemma 2.13. ([3]) Let Xand Y be two Banach spaces, and denote by B(X, Y), the space of all bounded linear operators
from X intoY. Let A € B(X,Y). Then when f € SAP,(R*,X), we have Af := [t = Af(t)] € SAP,(R",Y).
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Lemma 2.14. ([11]) Let f : R* x X — X be a function which is uniformly S-asymptotically w-periodic on bounded
sets and asymptotically uniformly continuous on bounded sets. Let u : R* — X be a S-asymptotically w-periodic
function. Then the Nemytskii operator ¢(-) := f(-,u(-)) is a S-asymptotically w-periodic function.

Lemma 2.15. ([25]) Assume f : R* X X — X be a function which is uniformly S-asymptotically w periodic on
bounded sets and satisfies the Lipschitz condtion, that is, there exists a constant L > 0 such that

If(t,x) = f(E, Il < Lllx = yll, VE 2 0,¥x, y € X.
Ifu € SAP,(R*,X), then the function f(t,u(t)) belongs to SAP,(R", X).

Let p € [0, oo[. The space BSP(R*, X) of all Stepanov bounded functions, with the exponent p, consists of all
measurable functions f : R* — X such that f* € L*(R, L([0, 1]; X)), where f? is the Bochner transform of
f defined by f(t,s) := f(t +s),t € R*,s € [0, 1]. It is well-known that BS’(IR*, X) is a Banach space with the
norm

t+1 1
IAllse = If0lhore oy = Sup(f ||f(T)||pdT)”.
telR+ t

It is obvious that LP(IR*,X) c BSP(R*,X) C LZC(IRJ') and BSP(R*,X) c BSY(R*,X) for p > g > 1. We denote

by BSZ(]R*) the subspace of BSP(IR*, X) consisting of functions f such that ft e lf(s)IIPds — 0 when t — oo.
Now we give the definition of S-asymptotically w-periodic functions in the Stepanov sense.

Definition 2.16. [12] A function f € BSP(R*,X) is called S-asymptotically w-periodic in the Stepanov sense (or
SP-S-asymptotically w-periodic) if

t+1
tim [ (s + @) - fIPds =0,
—00 t
Denote by SPSAP,(R*,X) the set of such functions.
Remark 2.1. It is easy to see that SAP,(R*, X) c SPSAP,(R*, X).

Definition 2.17. [12] A function f : R* X X — Xis said to be uniformly S-asymptotically w-periodic on bounded
sets in the Stepanov sense if for every bounded set B C X, there exist positive functions g, € BSP(R*,R) and
hy, € BS,(R*,R) such that f(t,x) < gy(t) forall t > 0, x € Band || f(t + @, x) — f(t, X)|| < hy(t) forall t > 0, x € B.

Denote by SPSAP,,(R* x X, X) the set of such functions.

Definition 2.18. [12] A function f : R* X X — X is said to be asymptotically uniformly continuous on bounded
sets in the Stepanov sense if for every € > 0 and every bounded set B C X, there exist t, > 0 and 6, > 0 such that

f+1
f 15, ) — fs, p)lPds < &,

forallt > t. and all x,y € B with ||x — y|| < 0.

Lemma 2.19. [12] Assume that f € SP'SAP,(R* x X, X) is an asymptotically uniformly continuous on bounded
sets in the Stepanov sense function. Let u € SAP,(R*,X), then v(.) = f(., u(.)) € SP"SAP,(R* x X, X).

Corollary 2.20. [8] Let u € SAP,(R*,X) where w € IN*, then the function t — u([t]) is S-asymptotically w-periodic
in the Stepanov sense but is not S-asymptotically w-periodic.

Lemma 2.21. [8] Let w € IN*. Assume f : R* X X — X be a function which is uniformly S-asymptotically w
periodic on bounded sets and satisfies the Lipschitz condition, that is, there exists a constant L > 0 such that

f(t, x) = ft, Il < Lllx — yll, Yt > 0,¥x,y € X.
Ifu € SAP,(R*,X), then
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(1) the bounded piecewise continuous function t — f(t, u([t])) satisfies
lm(f(t +w, ([t +w]) - £t u([t])) = 0.

(2) the function t — f(t, u([t])) belongs to SPSAP,(R*, X).
(3) the function t — f(t, u([t])) does not belongs to SAP,(R*, X).

Lemma 2.22. [8] Let w € IN*. Assume that f : R* x X — Xis uniformly S-asymptotically w-periodic on bounded
sets in the Stepanov sense and asymptotically uniformly continuous on bounded sets in the Stepanov sense. Let
u: R* — X be a function in SAP,(R*, X), and let v(t) = f(t,u([t])). Then v € SP'SAP,(R*,X).

Lemma 2.23. [23] Let {S(t)}=0 € B(X) be a strongly family of bounded and linear operators such that ||S(t)|| <
(), t € R, where ¢p € LY(RY) is nonincreasing. Let f € SPAP,(RY,X), then u(t) = fOtS(t —5)f(s)ds
AP, (R*,X).

m

IA

Lemma 2.24. [24] Let {S(f)}0 € B(X) be a strongly family of bounded and linear operators such that ||S(t)||
(), t € RY, where ¢ € LY(IR") is nonincreasing. Let f € SPSAP,(R*,X), then u(t) = fOtS(t —5)f(s)ds
SAP,(R*,X).

m

3. Main Results

Definition 3.1. A solution of (1) on R* is a function x(t) that satisfies the conditions:

(1) x(t) is continuous on R*.

(2) The derivative x'(t) exists at each point t € R*, with the possible exception of the points t, € R* where one-sided
derivatives exists.

(3) The equation (1) is satisfied on each interval [t,, t,1[ with n € IN.

We assume that A generates a semi-group (T(¢)) in X. Then the function g defined by g(s) = T(t — 5)x(s),
where x is a solution of (1), is differentiable for t > 0 and we have:

"ff:) = AT( - sxe) + Tt - 9 2

= —AT(t —s)x(s) + T(t — 5)Ax(s)

N
+ Y T = 9) A(gy(s)) + T(t = 5) (s, X(p(5))
=0
which gives
d N
be) Y T0=9) At 6) + T4 x5 @

The functions x(pj(s)) are a step functions. Therefore for all j = 0,...,N, T(t —s) Aopx(¢j(s)) is integrable
on [0,f[. By (H1), f(s,x(¢(s))) is piecewise continuous. Therefore f(s, x(¢(s))) is integrable on [0, ¢] where
t € R*. Integrating (2) on [0, {] we obtain that

N t t
x(t) = T(t)co = ;‘ f(; T(t —s) Ajx(pj(s))ds + f(; T(t —s)f(s, x(p(s)))ds.

Therefore, we define
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Definition 3.2. We assume (H1) is satisfied and that A generates a semi-group T(t)) in X. The continuous function
x given by

=1 + 3 t I'(t—s)A ds + t I'(t— d
x(t) (H)co ]2_0 fo (t —s) Ajx(pj(s))ds fo (t =) f(s, x(¢p(s)))ds

is called the mild solution of equation (1).

Now we make the following hypothesis.

(H1): A generates an exponentially stable semi-group T(f) in X:

(1) T(0) = I for all t > 0 where I is the identity operator.

(2) T(t+s)=T@E#T(s) forallt >s > 0.

(8) The map t — T(t)x is continuous for every fixed x € X.

(4) There exist K > 0 and a > 0 such that ||T(¢)|| < Ke™ for t > 0.

Let 5 denote a subset of IR which is not void and {0}. For every non zero real number r we consider the
function 6, : R — R such that for every (t,5) e R X 5:

0,(t +5s) = 6,(t) + rs. 3)

In particular for all s € 5, we have:
0,(s) = rs + 6,(0).

Definition 3.3. A subset of R is said to be r-stable if it is invariant under the homothety of ratio r and center 0.
We give an example of a subset $ of IR which is r-stable with an associated function 6,.

Example 3.4. Let S be a discrete subgroup of R. Then there exists a non negative real a such that § = aZ which
shows that S is r-stable for all non zero integer r. Set 0,(t) = [rt/ala + ¢ whith [.] the integer part function and c is
some constant. Then it is easily seen that (3) is satisfied.

Definition 3.5. A function f : R — Xis be said to be S-continuous if it is continuous in R\ 5, which is refered as a
S-continuous function.

The set of all $-continuous function f : R* — X will be denoted by SC(R*, X) and those that are bounded
will be denoted by $C;(R*, X).
Now we make the following hypothesis, where j € {1,...,N + 1}:

(H2j): ¢; is an increasing function such that for every (¢,s) € R X §;, @;(t +s) = @j(t) + rs, where r € IN".
(H3j): ¢, is an increasing function such that for every (t,s) € R X §;, ;(t +s) = @;(t) +s.
(H4) f € SPAP,(R* x X, X) and f satisfies a Lipschitz condition in X uniformly in t € R*:

(¢ x) = f(E Yl < Lllx = yll

forall x, y € X'and t € R*, where L is a positive constant.

(H5) f : R* x X — Xis uniformly S-asymptotically w-periodic on bounded sets in the Stepanov sense and
asymptotically uniformly continuous on bounded sets in the Stepanov sense.

Lemma 3.6. Assume that @ is an increasing function which satisfies (t + s) = @(t) + s for (t,s) € R x 5, where
r > 0. We assume also that forall s € S, forallp € Z, ps € 5. Then lim @(t) = 400 as t — +o0.
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Proof. Lets € $\ {0}. Take t > 0 and set p = [t/|s|]] where [-] denotes the integer part function. Then, we
have p|s| <t < (p + 1)Is| and since @ is increasing it follows that @(pls|]) < @(t) < @((p + 1)Is|) which means
that:

¢(0) + pris| < p(t) < (0) + (p + rls].

Therefore, since p — 400 ast — 400, it follows that lim;_, ;. @(t) = +0c0. O

Proposition 3.7. Let w € 5 and u € AP,(R*,X). Assume that for every (t,s) € R xS, p(t + s) = @(t) + rs, where
r € IN*. Furthermore, assume that ¢ a measurable function such that lim;_,, . @(t) = +co. Then the function u o ¢
is asymptotically w-periodic in the Stepanov sense.

Proof. Since u € AP, (R*, X), we can write # = v + h, where v € P,(R*,X) and / € Co(R*, X). We observe
that:

o(pt+w) = v(et)+rw)
o(p(t))-

The function v o ¢ is then w-periodic and since ¢ is a measurable function, then v o ¢ is also a measurable
function, thus v o ¢ € SPP,(IR*,X). Since € Co(R*, X) then we can write:

(Ve >0,AT>0,t>T) = ()] < &).

Using lim;_, .« ¢(t) = +0o, there exists tg > 0 such that ¢(t) > T if t > ¢,. It follows that ||(@(t))l| < € for t > ¢y
which shows that tlim h(p(t)) = 0. Therefore ho @ € BSZ (R*,X) which proves the proposition.
—+00

|
The following corollary is a straightforward consequence of Lemma 3.6.

Lemma 3.8. Let w € S and u € AP,(R*,X). We assume that B is a limear bounded operator and for every
(t,5) € RxS, ot +5) = @(t) + rs, where r € IN*. @ is increasing function. Then the function t — Bu(g(t)) is
Asymptotically w-periodic in the Stepanov sense.

Remark 3.9. The proof of this lemma is similar to the proof of the proposition 3.7

Proposition 3.10. Let w € $ and ¢ € SAP,(R*,X). We assume that for every (t,s) € R xS, p(t +5) = ¢(t) +s.
Furthermore im @(t) = +o0 as t — +oo. Then the function t — ¢(p(t)) is S-asymptotically w-periodic in the
Stepanov sense.

Proof. We have that tlimllqb(t +w) - o)l =0.

Therefore:
(Ve>0, AT e RY, Y £ > TY) = (llp(t + w) — Pl < €).

Since @ is increasing function of real numbers and lim (t) = +c0 as t — +oo, then there exists T > 0 such
that if t > T then ¢(t) > T°. We deduce so that

Ve>0,AT e R,V t>T) = (lp(p(t) + w) — ()l < €).
Since w € $, we observe that
Ve >0, AT e R, V> T) = (lop(p(t + w)) — Pl < é).

We have showed that tlimqb((p(t + w)) — ¢(p(t)) = 0. Therefore, we can write

(Ve >0,3AT > 0; t 2 T) = (Ip((t + @) — Ple®)] < 7).
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The function t — @(¢(t)) is measurable on R.. Then for t > T, we have

£+1
f eds
t

< &

IA

t+1
ft Ip((s + @) — d@E)IP

Therefore the function t — ¢(¢(t)) is S-asymptotically w-periodic in the Stepanov sense. [

Example 3.11. Let « € R* and f, : [0,00[—= R by f,(t) = In(a +¢t), t € [0,00[. Then for any w > 0, f, is
S-asymptotically w-periodic but is not asymptotically w-periodic. In fact, since fo(t + ) — fa(t) = In(1 + £%) then
fa € SAP,(R*,R). We assume that f, € AP,(R*,R). Then there exist g € P,,(R,R) and h € Co(R*, R) such that
fa(t) = g(t) + h(t), t € R*. Since g(t) = fo(t) — h(t), we deduce so that lim;_, 1« g(t) = +00. Show that for all t € RY,
g(t) = 0. Let ty € R* such that g(to) = ¢ # 0. Let A > |c|. Then there exists T > 0 such that g(t) > A for every t > T.
There exist n € IN such that ty + nw > T. Therefore g(to + nw) > A > c. Since g(ty + nw) = g(ty), then ¢ > c.

Example 3.12. Let « € R* and I, : [0,00[— R by [,(t) = Ya+t, t € [0,00[. Then for any w > 0, I, is S-
asymptotically w-periodic but is not asymptotically w-periodic. In fact, since l,(t + w) — I,(t) = m then

vy € SAP,(R*, R). We show that 1, ¢ AP, (R*,X) with the same method that in the last example.

Example 3.13. Let a > 0 and v, : [0,00[— R by va(t) = g7y, t € [0,00[. Then for any @ > 0, I, is S-
asymptotically w-periodic but is not asymptotically w-periodic. We observe that

t+a)'—(t+a+w)
t+a+ o) (t+a)

() = Y (D + @) ok
B (t+a+ w)i(t + a)
XL O+ e
T (t+a+ )+ a)

= (Pa*

= (t+a+w)(t+a)

Va(t + @) — v,(t) =

and we deduce so that v, € SAP,(R*,R). We show that 1, ¢ AP,(R*,X) with the same method that in the remark
2.7 of [16].

Corollary 3.14. For all w > 0, there exist an infinity of function in SAP,(R*, R) wich are not in AP,(R*, R).

Proof. We have showed in the last examples that for all @ > 0, f,, I, and v,, are S-asymptotically w-periodic
but are not asymptotically w-periodic [J

Example 3.15. ([7],[8]) Let w € IN* and f an asymptoticallly w-periodic function (resp. S asymptoticallly w-
periodic function). Then the function t — f([t]) is an asymptoticallly w-periodic function in the Stepanov sense
(resp.S asymptoticallly w-periodic function in the Stepanov sense). We have in this example that @(t) = [t] and
$=N"

Example 3.16. We consider S = ahIN, where a > 0 and h > 0. We consider also
) = [-=]ah — iah
(P - ah 7
where i € N. Let w € ahIN. If f is an asymptoticallly w-periodic function (resp. S asymptoticallly w-periodic

function) then the function t — f([-L1ah — iah.) is an asymptoticallly w-periodic function in the Stepanov sense
(resp.S asymptoticallly w-periodic function in the Stepanov sense) .
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Proof. The function ¢(t) = [ﬁ]ah — iath is constant on every interval [nah, (n + 1)ah[. Let s = ahn, where
n € IN. We have

pt+s) = ¢(t+ahn)
[t + ahn
ah

[ﬁ]ah —iah + ahn

]ah —iah

o(t) +s.

Now, show that the function ¢ is increasing. Assume that t < t;. If there exists n such that ty, t; € [nah, (n +
1)ah[, then @(to) = @(t1). Otherwise there are 19 and n; such that ty € [noah, (ng+1)ahl, t; € [mah, (n1 +1)ah|
with ng < n7. Then @(ty) = (1o — i)ah, p(t1) = (n1 — i)ah and @(ty) < @(t1). O

Example 3.17. The article [16] shows that the function f : [0,00[— R by f(t) = ¢!, t € [0,00[ is for any
w > 0, S-asymptotically w-periodic but is not asymptotically w-periodic. Consider the function m. : [0,00[— R
by me(t) = elalo=<, where c is a real. Since f € SAP,(R*,X), then m. € SPSAP,(R*,X). The function m,
is not continuous in n, where n € N. In fact, limy_qn- m(t) = e~V and limy_, o me(t) = e, If
e~Dw=¢ = e=nw=¢ then o = 0. Then the function m. is a piecewise constinuous function and can’t belong to
SAP,(R*,R). We deduce that for all ¢ € R, the function m is in SPSAP,(R*,R) but is not in SAP,(R*, R).

Example 3.18. The article [17] shows that the function f : [0, co[— R by f(t) = sinIn(t + 1), t € [0, oo[ is for any
w > 0, S-asymptotically w-periodic but is not asymptotically w-periodic. Consider now the function g, : [0, co[— R
by gc(t) = sinIn([L]w + ¢ + 1),, where c is a real. Since f € SAP,(R*,X), then g. € SP'SAP,(R*,X). Show that
ge & SAP,(RY, X).
We observe that

tli;?alr sin ln([é]w +c+1)=sinln((n — 1w +c+1)

where n is an enteger and
t
lim sinIn([—]w + ¢ + 1) = sinln(nw + ¢ + 1).
t—nwt w
we have that
sinln((n — )w + c+ 1) = sinln(nw + c + 1)

ifand only ifIn(nw+c+1) = In((n-1)w+c+1)+2Knwith K € ZorIn(nw+c+1) = n—In(n-1)w+c+1)+2K'n
withK' € Z.

First case: In(nw +c+1)=In(n—-NDw+c+1)+2KnwithK € Z..

IfIn(nw+c+1) = In((n—1)w+c+1)+2Kn then 2t = 2K Consider the following equation 2 = ¢*™. We

n-1)w+c+1
have that for all K € Z, the equation %32 = e*X™ has an unique solution =%. For K = 0, the equation %32 = ¢*k™

has not solution. For any enteger no, we deduce that if c € R/{1=5= — (no — 1)w — 1,K € Z} then for all K € Z.

In(npw + c + 1) # In((np — 1)w + c + 1) + 2Kn.

Second case:In(nw +c+1)=nt—In((n - Nw+c+ 1)+ 2K'nwith K’ € Z.

IFfin(nw+c+1) = n—In((n—Dw+c+1)+ 2K 7t then (nw +c+1)((n—1)w+c+1) = &K, Consider the following

equation (X + w)X = ™K' We observe that the equation (X + w)X = ™K' have two solutions =2=Ye e © W

g —wt VT
5 .

For any entger ng, we deduce that if for all K’ € Z, ¢ # == W —(no—Nw —1and ¢ # = ¥er2e W -

(no — 1)w — 1 then forall K’ € Z

In(npw +c+ 1) # 1 —In((ng — Nw +c+ 1) + 2K'm.
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Considering the first and second case, we deduce that if c is a real such that for all K € Z" ¢ # =5= — (no — Dw — 1,
such that for all K' € Z. ¢ # =—=F— W —(mg—Nw—-1andc # M — (g —1)w — 1 then
sinln((ng — Dw + ¢ + 1) # sinln(npw + ¢ + 1).

Therefore for all real ¢ such that for all K € Z ¢ # 1=5= — (no — DYw — 1, such that for all K’ € Z ¢ #

o=V e (g — 1) — 1 and ¢ # “CNCHTTT (g0 1) — 1 then the function g. is not continuous
in wng. Therefore for all real ¢ such that for all K € Z ¢ # == — (no — )w — 1, such that for all K’ € Z
# S Yorrie — W —(g—Dw-1andc + M — (np — 1)w — 1 then g, ¢ SAP,(R*,X).

Example 3.19. Let a € R* and w, : [0,00[— R by wu(t) = In(a + [£]w),t € [0,00[. We have that w, €
SPSAP,(R*,R). For all n € N, w, is not continuous in nw. Therefore w, ¢ SAP,(R*,R).

Example 3.20. Let o € R and g, : [0, o[> R by

Ja(t) = 4 [a+ [é]a},t € [0, ool.

We have that q, € SP'SAP,(R*,R). For all n € IN, q, is not continuous in nw. Therefore q, ¢ SAP,(R*,R).
Corollary 3.21. For all w > 0, there exist an infinity of function in SPSAP,,(R*, R) wich are not in SAP,(R*, R).
Proof. For all @ € R*, w, and g, are in SP"SAP,(R", R) but are not in SAP,(R*,R). O

Proposition 3.22. Let w € Sand u € SAP,(R",X). We assume that for every (t,s) € RxS, p(t +s) = ¢(t) + s and
that B is a linear bounded operator such that ||B|| # 0. Then the function t — Bu(q(t)) is S-asymptotically w-periodic
in the Stepanov sense.

Proof. Since ¢ € SAP,(IR*, X), according to the proof of the proposition 3.10 we have:
(Ve >0,AT e R",V £ > T) = (IPp(p(t + @) = plpt)l < &).
Let ¢ > 0. Since ﬁ > 0, then
€

ATy e R,V t>T1) = (lp(et + ) — ple®)Il < Bl

).

Observing that
IBO(@(t + @) = Bo(ph)I < IBIlIp(@(t + @)) = dle()Il,

we deduce so that if t > Ty, then

IBO(p(t + @) = Bl < 1Bl
< &

We have showed that tlimIIqu(go(t + w)) — Bop(ep(®))|l = 0. Therefore, we can write:

(Vel? >0, AT > 0; t = T) = (IBH(@(t + @) — Bo(pt)I] < £77).

The function t — Bu(¢(t)) is measurable on R,. Then for t > T, we have

t+1
f eds
t

< &

IA

t+1
f 1Bu(p(s + @) - Bu(p(s))IP

Therefore the function t = Bu(¢(t)) is S-asymptotically w-periodic in the Stepanov sense. [
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Lemma 3.23. Let w € 5. Assume that f € SPAP,(R* x X, X) and assume that f satisfies a Lipschitz condition in X
uniformly in t € R*:

I/t x) = f(t Yl < Lllx = yll
forall x,y € Xand t € R*, where L is a positive constant. We assume also that u € AP,(R*,X) and that for every
(t,5) € RxS, p(t +5) = @(t) + rs, where r € IN*. Furthermore lim ¢(t) = 400 as t — +oo. Then the function
F:R* — Xdefined by F(t) = f(t, u(@(t))) is asymptotically w-periodic in the Stepanov sense.

Proof. Since u € AP,(R*,X), we can write u = v + [, where v € P,(R*,X) and I € Cy(R*,X). The
function u(@(f)) = v(@(t)) + l(e(t)) € SPAP,(R*,X) according to the proposition 3.7. In particular, we
have t = u(@(t)) € SPP,(R*,X) and t - [(p(t)) € BSE(]R*,X). By theorem 2.5, we obtain

t+1
f li(p(s + 1)) — o(@(E)IPds — 0
t

as n — oo pointwise on R*.

Denote K = {v(p(t)) : t € R*}; Kis a bounded set. Since f is asymptotically w-periodic in the Stepanov sense
uniformly on bounded sets of X, there exists a function g : R* x X — X with g(t, x) € SPP,(R*, X) for each
x € X such that for every bounded set K C X we have

£+1 .
(f lf(s + nw, x) — g(s,x)Hp)p -0
¢

as n — oo pointwise on R* uniformly for x € K.
We observe that

+1 1
( f I1£(s + new, u(p(s + nw)) - g(s, v(p(s))|Pds)”

IA

t+1 1
(j\IV@+nwu@@+nwD—f@+mwd¢®»wﬁy
t

+

t+1 1
(I IL£(s + nw, o(@()) - g5, o(p(s))IPds)’

IA

t+1 1
4IIMW+WWWW$WW

+

t+1 1
([ 156 0, w6 = s o)
Hence, we deduce so that

t+1 1
(j; lf (s + nw, u(p(s + nw))) — g(s, v((p(s)))H”ds)” -0

as n — oo pointwise on R*. By Theorem 2.5, we deduce that F € SPAP,(R*,X). O

Lemma 3.24. Let w € S. Assume that f : R* x X — Xis uniformly S-asymptotically w-periodic on bounded sets
in the Stepanov sense and asymptotically uniformly continuous on bounded sets in the Stepanov sense.We assume
also that for every (t,s) € R XS, p(t +s) = @(t) + s. Furthermore lim ¢(t) = +ooast — +oo. Let u : R* — X bea
function in SAP,(R*,X), and let v(t) = f(t, u(p(t))). Then v € SPSAP,(R*, X).

Proof. Set B =: R(u) = {u(p(t)), t 20} c X.
Since f is uniformly S-asymptotically w-periodic on bounded sets in the Stepanov sense, there exist functions
g € BSP(R*,X) and hp € BS@(]RJ’,X) satisfying the properties involved in Definition 2.17 in relation with
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the set B = R(u).
The function v belongs to BSP(IR*, X) because

t+1
jﬁ lo(r)|Pdz
t

t+1
[ weuemrar
t

t+1
[ tosconrae
t

t+1
sup (ft lgs(DIPd7).

>0

IA

IN

Therefore
b
19° |l r+, ) < 1lgBllsp-

We have forallt > 0: »
j‘|v@+@u@w+wm—f@u@@+me%
t

f+1
s]ﬁ s )P ds.
t

Note that hg € BSS(]R*, R); this implies that for € > 0 there exist ¢, > 0 such that for all ¢ > t, we have

t+1
[ mmpas <erpe
t

Thus "
j‘IM@+@u@G+w»—ﬂ&M¢@+me%
t

<ef/2 forallt > t.(x).

Furthermore since f is asymptotically uniformly continuous on bounded sets in the Stepanov sense, thus
for all € > 0, there exists t, > 0 and 6, > 0 such that

f+1
I‘IV@u@G+w»—f@u@@mW%

<e&P/2 forall t>t, ()

because
llu(p(s + w)) — u(@(S))Il < 0.

The estimates (*) and (++) lead to
£+1
f llo(s + w) — v(s)||Pds
t
£+1
= f £ (s + w, u(p(s + w))) = f(s, ulep(s)IPPds

t+1
f £ (s + w, u(p(s + w))) = f(s, ulp(s + w)))IPds

<
t+1
+ f I (s, u(p(s + w))) = f(s, u(ep(s))IPds
t
< P24 6P )2 =¢P.
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Therefore for all € > 0 there exists T, = Max(t,, t.) > 0 such that for all ¢ > T, we have

t+1
([ tets+ ) -owas)” <.

We conclude that v € SPSAP,(R*,X). O
Lemma 3.25. Let j € {1,..., N} and w € ;. We assume that the hypothesis (H1) and (H2;) are satisfied. We assume
that A; is a bounded linear operator. Then
t
(Aj O)(E) = f T(t —s)A;p(pj(s)ds
0
maps AP, (R*,X) into itself.

Proof. According to the lemma 3.8, t — A;¢(¢;(t)) is an asymptotically w-periodic function in the Stepanov
sense. Therefore, considering Lemma 2.23, we deduce so that the operator A; maps AP,(IR*,X) into
itself. [

Lemma 3.26. Let w € S. We assume also that the hypothesis (H1), (H4) and (H2n.1) are satisfied. Then

t
(A G)(t) = fo T(t — 5) 5, d@rar (5))ds

maps AP, (R*,X) into itself.

Proof. According to the proposition (3.7), s — ¢n+1(p(s)) is asymptotically w-periodic function in the
Stepanov sense. According to the lemma 3.23, t — f(t, pn+1(@(t)) is an asymptotically w-periodic function in
the Stepanov sense.Therefore, considering Lemma (2.23), we deduce so that the operator A maps AP, (R*, X)
into itself. [J

Lemma 3.27. Let j € {1,...,N}and w € 5;. We assume that the hypothesis (H1) and (H3;) are satisfied. We assume
that A; is a bounded linear operator. Then
¢
(1 900 = [ TG=94,00p )
maps SAP,(R*, X) into itself.
Proof. According to Proposition (3.22), s — A;¢(¢@;(t)) is an S-asymptotically w-periodic function in the
Stepanov sense. Therefore, considering Lemma (2.24), we deduce so that the operator A; maps SAP,(R*, X)

into itself. [J

Lemma 3.28. Let w € Syi1. We assume also that the hypothesis (H1), (H3n+1) and (H5) are satisfied. Then

t
(A O)b) = fo Tt — )5, blpnon (5))ds

maps SAP,(R*, X) into itself.

Proof. According to the proposition 3.10, s — ¢(¢(s) is S-asymptotically w-periodic function in the Stepanov
sense. According to the lemma 3.24, t — f(t, pn+1(@(t)) is an S asymptotically w-periodic function in the
Stepanov sense. Therefore, considering Lemma (2.24), we deduce so that the operator A maps SAP,,(R*, X)
into itself. [
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Theorem 3.29. Letw € ﬂ;\i *11‘5]' and assume that the hypothesis (H1) and (H4) (resp. (H5)) are satisfied. We assume

also that for all j € {1,...,N + 1}, the hypothesis (H2;) (resp. (H3;)) are satisfied and that A; is a linear bounded
operator. Then (1) has a unique Asymptotically w-periodic (resp. S-Asymptotically w-periodic) mild solution provided

_ M(ZXo A e +L) .
a

Proof. We define the nonlinear operator I' by the expression

N t
o0 =Twa+ Y [ 704,000 6N
j=1 V0

f
N f T(t = ) £(5, D ns1(s)))ds
0

N
= T(Heo+ Y (NP + (AO)E).
j=1

Here the operators A; and A are defined as

NN = [ T(t—$)Ajdlgj(s))ds
and
ADD) = [y T(t —5)f(s, Pl (s)))ds.

According to the hypothesis (H.1), we have ||T(t)|| < Me™ and therefore tlimIIT(t)II =0.
It follows from lemma 3.23 that the function t — f(t, (¢(t))) belongs to S’PAP,(R*,X). Finally Lemma 3.26

shows that the operator A maps AP, (IR*, X) into itself. Similarly, considering Lemma 3.25, we deduce that
for all j € {1, ..., N}, the operators A; map AP, (R", X) into itself. Therefore the operator I' maps AP, (R"), X
into itself.

According to the lemma 3.24 the function t — f(t, p(¢(t))) belongs to SP'SAP,(R*, X). According to Lemma
3.28 the operator A maps SAP,(R*,X) into itself. Similarly, considering Lemma 3.27, we deduce that for
all j € {1, ..., N}, the operators A; maps SAP,,(R*, X) into itself. Therefore the operator I' maps SAP,(R*, X)
into itself.

Now we have

ITP)E) ~TP)DIl - <

N t
Z fo T(t—s)Aj<qb((pj(s))—¢((Pj(5)))d5
j=1
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+

t
H fo T(t = 5)(f(5, Plon+1(9)) = F(5, Y(@na(9)))ds

IN

N t
Zfo IT(E = IA N lp(ej(s)) — Ylgj(s))lids
=0

t
+ fo IT(E = £ (s, Ppn+1(5))) = (5, P(Pn+1(9)))llds

IA

N ¢
Y 1AM [ e 100,09 - i Dl
j=0 0

t
¢ IM fo ) (a1 (5)) — Y@ ()1

N t
Y WA M [ e - glls
j=0 0

t
; mgfe%HW¢—wuﬁ
0

IA

1- e—at

a

IA

N
1—e
Z 1A lleoM=——li¢ = Yl + LM I = Plleo
j=0

M( TN A ]l + L
< ( ”a] )uqb—wnm.

Hence we have :

T = Tlleo < Ml = Plleo

which proves that I' is a contraction and we conclude that I' has a unique fixed point in AP, (resp. SAP,).
The proof is complete. [

4. Application

Consider the following heat equation with Dirichlet conditions:

{ 2GR = T5 = 2u(t, ) + aulipr(8),%) + £t ulpa(t), 1), @
u(t,0) = u(t,m) =0,t € R.

where f satisfies the hypothesis (H4) (resp. (H5)). We assume also that for j = 1,2, the hypotheses (H2;)
(resp.(H3;) are satisfied.
Take X = L2[0, 7] with norm || - || and inner product (-, -)2. Define

D(A) = {u(-) e X : u” € X, u’ € Xis absolutely continuous on

[0, 7], u(0) = u(m) = 0}

and A : D(A) c X — Xby
2%u(x)
Au = ke 2u
It is well known that A is self-adjoint, with compact resolvent and is the infinitesimal generator of an
analytic semigroup {T(t)};»0 on X satisfying

ITHI < e fort >0,
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see [14]. Then (4) can be reformulated as the asbtract problem (1). ¢ is subject to the functional relation
@1(t +5) = p1(t) +5; (t,5) € Rx 5, where 5 is a subset of R. Considering Theorem 3.29, we claim that

Theorem 4.1. If L + |a| < 3 then the equation (4) admits a unique mild solution u(t) € AP,(R") (resp. u(t) €
SAP,(R")).
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