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Some coupled fixed point results under contractive type conditions in
cone Sp,-metric spaces

G. S. Saluja?

TH.N. 3/1005, Geeta Nagar, Raipur - 492001 (C.G.), India.

Abstract. The goal of this paper is to prove some coupled fixed point results under contractive type
conditions in the setting of cone Sy-metric spaces. Also, we provide some consequences of the main results.
Furthermore, we give an illustrative example in support of the established result. Our results extend the

results of Sabetghadam et al. [18] (Fixed Point Theory Appl., Volume 2009, Article ID 125426, 8 pages) from
cone metric space to the setting of cone S,-metric space.

1. Introduction

In 1922, the Polish mathematician Stephen Banach [3] established an important metric fixed point result
regarding a contraction mapping, known as the Banach contraction principle (in short BCP). This principle
is considered as one of the most remarkable results in analysis. It confirms the existence and uniqueness
of fixed point of certain self-maps on metric spaces. This result (BCP) has been generalized in various
directions. There is a great number of generalization of the Banach contraction principle. The underlying
metric space can be generalized in many ways. Bakhtin in [2] introduced the concept of b-metric spaces
as a generalization of metric spaces. He proved the contraction mapping principle in b-metric spaces that
generalized the well-known Banach contraction mapping principle in metric spaces. Huang and Zhang [8]
in 2007 introduced the concept of cone metric space by replacing the set of real numbers by a general Banach
space E which is partially ordered with respect to a cone IP C [E and proved some fixed point theorems for
contractive mappings in normal cone metric space.

In 2011, Hussain and Shah [9] introduced the concept of cone b-metric space as a generalization of
b-metric space and cone metric spaces. Also they improved some recent results about KKM mappings in
cone b-metric spaces. In the meantime, Guo and Lakshmikantham [7] introduced the concept of coupled
fixed point. Bhaskar and Lakshmikantham [4] introduced coupled fixed point for partially ordered metric
spaces. Later, a lot of authors such as Ciric and Lakshmikantham [5], Olaleru et al. [14], Samet [22], Loung
and Thuan [13] give different generalization of these theorems.

In 2009, Sabetghadam et al. [18] considered the corresponding definition of coupled fixed point for
mappings on cone metric spaces and established some coupled fixed point theorems.
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In 2011, Aydi [1] proved some coupled fixed point theorems via various contractive type conditions in
the setting of partial metric spaces. Recently, in the context of partial metric spaces, Kim et al. [11] proved
some general coupled fixed point theorems for weak compatible mappings (see, also [10], [20], [21]).

On the other hand, Sedghi et al. [23] generalized metric space to S-metric space. In addition, he has
proved that the results of d-metric spaces can be derived from SMS results if we consider d(u, v) = S(u, u, v).
Souayah and Mlaiki [27] introduced the concept of Sy-metric space. Dhamodharan and Krishnakumar [6]
also further extended S-metric space to cone S-metric space. In 2018, K. Anthony Singh and M. R. Singh
[25] generalized the notion of cone S-metric space to cone Sp-metric space and proved some fixed point
theorems. Recently, Saluja [19] proved some fixed point results under contractive type mappings in the
setting of cone S;-metric spaces.

Motivated by the works of Sabetghadam et al. [18], we extend the results of [18] by defining coupled
fixed point to mappings on cone Sp-metric space and prove some coupled fixed point theorems on said
space. The results obtained in this paper extend and generalize several results from the existing literature.
Also, an example is given to validate the established result.

2. Preliminaries
The following definitions and properties will be needed in the sequel.

Definition 2.1. (see [8]) Let IE be a real Banach space and IP be a subset of E. Then P is called a cone if and only if
the following conditions hold:

(C1) P is closed, nonempty and P # {0},

(C2)ar+bs e P forall r,s € P where a, b are nonnegative real numbers;

(C3) P N (-IP) = {0}.

Definition 2.2. (see [8]) Let IP be a cone in real Banach space [E, we define a partial ordering < in IE with respect to IP
bya <b e b—aeP. Weshall write r < s to indicate that v < s but r # s, while r < s will stand for s — r € int (P).

Remark 2.3. (see [29]) If int (IP) # O, then IP is called a solid cone.

Definition 2.4. (see [8]) The cone IP is called normal if there is a number K > 0 such that forallr,s € P,0 <r <s
implies ||r|| < K][s]|.

The least positive number K satisfying the inequality ||7]| < K]|s|| is called the normal constant of cone.

The cone P is called regular if every increasing sequence which is bounded from above is convergent,
that is, if {r,} is a sequence such thatr; <7, <---<r, <--- < s for some s € E, then there is v € E such that
l¥, — 7]l = 0 as n — oo. Equivalently, the cone PP is regular if and only if every decreasing sequence which
is bounded from below is convergent. It is well known that a regular cone is a normal cone. Suppose E is
a Banach space, IP is a cone in [E with int(IP) # 0 and < is partial ordering in [E with respect to I.

Example 2.5. (see [12]) Let K > 1 be given. Consider the real vector space
1
E={ar+b:abeR refl-4 1|
with supremum norm and the cone
IP:{ar+b€]E:a20,b20}
in IE. The cone P is regular and so normal.

Definition 2.6. (see [8, 30]) Let E # 0 be a set. Suppose that the mapping d: E X E — [E satisfies:
(CM1) 0 < d(py, p2) for all p1,p2 € Ewithpy # pyand d(p1,p2) =0 & p1=p2;
(CM>) d(p1, p2) = d(p2, p1) for all p1, p> € E;
(CM3) d(p1, p2) < d(p1,p3) +d(ps, p2) for all py, pa, p3 € E.
Then d is called a cone metric [8] on E and (2, d) is called a cone metric space [8] or simply CMS.
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The concept of a cone metric space is more general than that of a metric space, because each metric space
is a cone metric space where [E = R and IP = [0, +oo).

Lemma 2.7. (see [17]) Every regular cone is normal.

Example 2.8. (see [8]) Let E = R%, P = {(p1,p2) € R> : p1 > 0,p2 >0}, E = Rand d: Ex E — [ defined by
d(p1,p2) = (Ip1 — p2l, alp1r — p2l), where o > 0 is a constant. Then (Z,d) is a cone metric space with normal cone IP
where K = 1.

Example 2.9. (see [16]) Let E = €, P = {{ry}us1 € E : 1, > 0, for all n}, (E, D) a metric space, and d: Ex & — E
defined by d(p1, p2) = {D(p1,p2)/2"}nz1. Then (B, d) is a cone metric space.

Clearly, the above examples show that the class of cone metric spaces contains the class of metric spaces.

Definition 2.10. (see[15,23]) Let E # Qbeaset and $: E* — [0, 00) be a function satisfying the following conditions
forall p1, pa, p3, t € B:

(S1) S(p1, p2,p3) 2 0;

(52) S(p1,p2,ps) = 0 if and only if p1 = p2 = ps;

(53) S(p1, p2,p3) < S(p1, p1, 1) + S(p2, pa, 1) + 5(p3, p3, ).

Then the function S is called an S-metric on E and the pair (2, 5) is called an S-metric space or simply SMS.

Example 2.11. (1) (see [28]) Let E be a nonempty set and d be the ordinary metric on E. Then S(p1,p2,p3) =
d(p1,p3) + d(p2, p3) is an S-metric on E.
(2) (see [23]) Let E = R" and ||.|| a norm on B, then 5(p1, p2, p3) = llp2 + p3 = 2pall + |lp2 — psll is an S-metric on E.
(3) (see [23]) Let E = R" and ||.|| a norm on E, then S(p1, p2, p3) = llp1 — psll + llp2 — p3ll is an S-metric on E.

Definition 2.12. (see [27]) Let E be a nonempty set and b > 1 be a given real number. A function $y: 3 — [0, o)
is said to be Sy-metric on B if and only if for all u,v,z,m € E, the following conditions are satisfied:

(Sp1) Sp(u,v,z) =0ifand only ifu =v = z;

(S62) S(1, v, 2) < bBy(t, u, m) + $y(v, 0, m) + By(z, 2, m) |

The pair (E, 5p) is called an S;-metric space.

Remark 2.13. Note that the class of Sy-metric spaces is larger than the class of S-metric spaces. Indeed every S-metric
space is an Sy-metric space with b = 1. But, the converse need not be always true.

Example 2.14. (see [24]) Let (E,5) be an S-metric space and 5.(u,v,z) = {S(u, v, z)}p, where p > 1 is a real number.
Then S, is an Sy-metric on B with b = 22D,

Example 2.15. (see [25]) Let & = R and let the function $: 23 — R be defined as $(u,v,z) = |u —z| + [v — z|. Then
2 2

S is an S-metric on E. Therefore, the function Sy(u,v,z) = {S(u, 0, z)} = {lu —zl+v— zl} is an Sy-metric on B with

b=2200 =4

Definition 2.16. (see [6]) Suppose that [E is a real Banach space, IP is a cone in IE with intIP # (0 and < is partial
ordering with respect to P. Let 2 be a nonempty set and let the function $: B3 — [ satisfy the following conditions:
(CS1) S(u,v,2) 2 0;
(CS) S(u,v,2)=0 @ u=v=z
(CS3) S(u,v,2) < S(u, u,m) + S(v,v,m) +5(z,z,m),Yu,v,z,me E.

Then the function § is called a cone S-metric on E and the pair (E,5) is called a cone S-metric space or
simply CSMS.
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Example 2.17. (see [6]) Let B = R?, P = {(p1,p2) € R? : p1,p2 = 0}, E = R and d be the ordinary metric on Z.
Then the function S: 23 — E defined by S(u,v,z) = (d(u, z) + d(v,z), a(d(u, z) + d(v, z))), where a > 0 is a cone
S-metric on E.

Lemma 2.18. (see [6]) Let (E,S) be a cone S-metric space. Then we have 5(u, u,v) = S(v, v, u).
K. Anthony Singh and M. R. Singh [25] (2018) introduced the notion of cone S;-metric space as follows:

Definition 2.19. (see [25]) Suppose that E is a real Banach space, IP is a cone in E with int P # @ and < is partial
ordering in E with respect to P. Let Z be a nonempty set and let the function S: E> — [E satisfy the following
conditions:

(CSp1) S(ur, ua, u3) 2 0;

(CSp2) S(ur, uz,u3) =0 & Uy = up = us;

(CSy3) S(u, 1, u3) < b[S(ul, ur, 1) + S, a, 1) + S(uz, us, r)];

for all uqy,up,us, r € E, where b > 1is a constant. Then the function S is called a cone S,-metric on E and the
pair (£, 8) is called a cone S;-metric space or simply CS,MS.

We note that cone S-metric spaces are generalizations of cone S-metric spaces since every cone S-metric
space is a cone Sp-metric space with b = 1.

Example 2.20. (see [25]) Let E = R2, the Euclidean plane and IP = {(r,s) € R?: 75 >0}, a normal cone in E. Let
2 =Rand$S: B — E be such that S(u,v,w) = (a So(u, v, w), So(u, v, w)), where a, B > 0 are constants and Sy is
an Sy-metric on E. Then S is a cone S,-metric on E.

2
In particular, the function So(1, v, w) = {lu —w|+|v- wl} for all u,v,w € Eis an Sy-metric on & with b = 4.
2 2
Therefore, the function S(u, v, w) = [(Iu —w|+ v - wl) , %(Iu —w|+|v-— wl) ] for all u,v,w € E is a cone
Spy-metric on E with b = 4.

Definition 2.21. (see [25]) Let (E, S) be a cone Sy-metric space.

(i) A sequence {u,} in E converges to u € E if and only if S(u,, u,, u) — 0as n — oo, that is, there exists ny € N
such that for all n > ny, S(uy, u,, u) < € for each ¢ € E with 0 < . We denote this by limy,_e 1, = u or u, — u as
n— oo,

(if) A sequence {u,} in B is called a Cauchy sequence if S(uy, Uy, ;) — 0 as n,m — oo, that is, there exists
no € N such that for all n,m > ny, S(up, un, Um) < € for each € € [E with 0 < e.

(ii) The cone Sy-metric space (E, S) is called complete if every Cauchy sequence is convergent.

Lemma 2.22. (see [25]) Let (E,S) be a cone Sy-metric space, P be a normal cone with normal constant K. Then a
sequence {u,} in E converges to u if and only if S(uy,, u,, 1) = 0as n — oo.

Lemma 2.23. (see [25]) Let (B, S) be a cone Sy-metric space, IP be a normal cone with normal constant K. Let {u,} be
a sequence in E. If the sequence {u,,} converges to uy and uy, then uy = uy, that is, the limit of a convergent sequence
is unique.

Lemma 2.24. (see [25]) Let (E, S) be a cone Sy-metric space, P be a normal cone with normal constant K. Then a
sequence {u,} in & is a Cauchy sequence if and only if S(uy, u,, uy) — 0as n,m — oo.

Lemma 2.25. (see [25]) Let (2, S) be a cone Sy-metric space, P be a normal cone with normal constant K. Let {u,}
be a sequence in E. If the sequence {u,} converges to u, then {u,} is a Cauchy sequence, that is, every convergent
sequence is a Cauchy sequence.

Lemma 2.26. (see [26]) Let (B, S) be a cone Sy-metric space. Then we have
(1) S(u,u,v) <bS(v,v,u),
(2) S(u, u,v) < 2bS(u, u, m) + bS(v, v, m) < 2bS(u, u, m) + b*S(m, m,v) for all u,v,m € Z.
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3. Main Results

Now, we are in a position to state and prove our main results.
First, we give the corresponding definition of coupled fixed point in cone S;.metric space.

Definition 3.1. (see [1]) An element (u,v) € E X E is said to be a coupled fixed point of the mapping f: EXE — B
if f(u,v) =uand f(v,u) =v.

Example 3.2. Let & = [0, +o0) and f: E x E — E defined by f(u,v) = 5° for all u,v € E. One can easily see that
f has a unique coupled fixed point (0, 0).

Example 3.3. Let E = [0, +c0) and f: E x E — E defined by f(u,v) = 52 for all u,v € E. Then we see that f has
two coupled fixed point (0,0) and (1,1), that is, the coupled fixed point is not unique.

Theorem 3.4. Let (E,S) be a complete cone Sy-metric space with b > 1 and IP be a normal cone with normal constant
K. Suppose that the mapping F: E X E — E satisfies the following contractive condition:

S(E(p, 9), F(p, 9), F(u,0)) < 6H(p,q,u,v), 1)
where
Hp,qu,0) = max{S(p,p,u), SEp,q),Fp,9),p), SEp,q), F(p,9),u),
S(F(u,v), F(,0), u)},

forallp,qu,v € Eand 6 € (0, %) is a constant. Then F has a unique coupled fixed point.
Proof. Let us take xg, yo € E be arbitrary points and set

1 =F(po,q0), 91 = F(90,10), - - -, Pre1 = F(Pn, Gn), Gua1 = F(Gn, Pn)-

If puy = Prg+1, Gny = Gno+1 for some 1y € IN, then

Py = Prg+1 = F(Prg, Gng)s Gny = Gno+1 = F(Gng, Pno)-
Thus, (py,, gn,) is a coupled fixed point of F.
Now, we assume that either p, # ppr1 = F(Pu, qn) OF gn # Gu+1 = F(qu, pn) for all n € N. Then, we have
S(F(Pnflr anl)/ F(Pnflr anl)/ F(pn/ Qn)) = S(Pnr P, Pn+1) >0, or
S(F(Qn—l/ pn—l)r F(qn—ll pn—l)/ F(%, pn)) = S(Qnr n, qn+1) > O/

for all n € IN. Let G, = S(pu, P, Pn+1) and Hy, = S(Gn, Gn, gn+1)- Then from equation (1) and using Lemma
2.26, we obtain

Gn = S(Pn, Pns pn+1) = S(F(Pn—b ‘771—1)/ F(pn—l/ EIn—l)/ F(Pnz Qn))
67—{(Pn—1r qn-1,Pns qn)/ (2)

IN

where
max {S(pu-1, Pu-1, Pn), SEPn-1,Gn1), Fpu1, Gu1), Pr-1)s

SEF Pt 4u-1), F@n1, 901, )y SE @, 30, Fp, 40), )
= max{SEa-1,Put, P S P, Prr)s S s ),

7-{(pn—lr q‘ﬂ—ll Pn, qn)

S(Pn+1/ Pn+1, Pn)}
= max {S(pn—lz pn—ll pl’l)/ bS(pn—ll pi’l—l/ Pn)/ 0/ bS(pn; Pn/ pn+1)}

= maX {S(Pnfl/ Pn-1, pn)/ bS(Pn—lz Pn-1, Pn)r bS(Pn, P, pn+1)}
= maX{Gn—lr bGn—lz bGn}
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Now, we have the following cases.
Case(a) If max{G,-1,bG,-1,bG,} = b G,, then from equation (2), we obtain

Gn < b0 Gy,

which is a contradiction, since 6 < 1/band b > 1.
Case(b) If max{G,-1,bG,-1,bG,} = b G,_1, then from equation (2), we obtain

Gy < b6 G-y, 3)
for alln € IN.
Case(c) If max{G,_1, bGy-1,bG,} = G,-1, then from equation (2), we obtain
Gn <o Gn—l/ (4)
for alln € IN.
If we take p = max{bo, 6}, then < 1since b > 1 and 6 < 1/b. Hence from equations (3) and (4), we obtain
Gn < ﬁ Gn—l, (5)
for alln € IN.
Continuing in the same way, we obtain
0< Gy <BGu1 <P>Gua <+ <B"Go, (6)
for alln € IN.
Similarly, one can obtain
0<H,<BH,1<p*Hy o< <p"Hp, )
for alln € IN.
Let L, = G, + H,, then from equations (6) and (7), we get
0<Ly,<PBLyq <P*Lya <+ < B'L, (8)
for alln € IN.

If Ly = 0, then (po, q0) is a coupled fixed point F. So, we assume that Ly > 0.
Then for any n,m € IN with m > n, using Lemma 2.26 and condition (CS;3), we have

S, s P) < b[28Wn, s pust) + S, P, s

< 2bS(pu, P Prs1) + B> SWrst, Prst, Pm)

< 268S(pPu, Pus Pus1) + 26° S, Pust, Pus2)
+ b S(Pus2, Prs2, P)

< 2bS(pn, Pus Pus1) + 20°S(WPns1, Pust, Pus2)
+ 21753(Pn+2,i7n+2,19n+3) +...
+ P DS (D1, P, Pn)

< 2b{S (P, P, Pus1) + S Wrs1, Pust, Pus2)
+ ' S(Ons2, Prsa, Prss) + - -
+ P DSy, P, P
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Similarly, we have

Sty < Zb{S(Qn/ Gns Gna1) + bZS(%H/ Gn+1, Gn+2)
+ 04 S(ns2, Gusa, Guss) + - -
+ bZ(m—n—l)S(qm_ll Gm-1, qm)}

Therefore, we have

S Pas ) + S s Gy @) < 26{S P, Py Prsn) + S G, 1)
+ D [S(Pus1, Pust, Prsz) + S@Gnsts Guits Guaz)] + - - -
+ b2(m—n—1>[S(pm_1, Pt D) + S@m-1, G-, qm)]}
= 2b{Ly + BPLyey + b Ly + -+ B0 VL, )
< Zb{ﬁ” + B DR 4 bZ(m—n—l)‘Bm—l}LO
< Zbﬁ”{l +DP B+ R+ b2(mfnfl)‘8m7n—l}LO
= 20B"(1+ BB + (WP + -+ (BPB)" " Lo

< Zbﬁl’l
“\1-w2p

)Lo.

This implies that

2bB"K
1-128

JILoll = 0 as 1, m — eo,

1S @, s o) + S G, Gl < (

since 0 < f < 1. Again, the above inequality implies that
S@u, Pn,pm) — 0 and S, Gn, gm) — 0 as n,m — oo.

This shows that {p,} and {g,,} are Cauchy sequences in E. Since by hypothesis (5, S) is complete S;-metric
space, so their exist p;,q1 € E such that p, — p; and g, — g1 as n — co. Now, we show that (p1,41) is a
coupled fixed point of F.

For this, using inequality (1), Lemma 2.26 and condition (C5;3), we have

S(P(ph ql)/ F(plr 41)/ Pl) < ZbS(F(plr 41)/ F(pl; ql)/ Pn+1) + bS(Plr p1, Pn+1)
= 2bS(F(p1,q1), F(p1,q1), E(Pn, Gn)) + bS(p1, p1, Prs1)
< 2b6H(p1, 91, Pn, Gn) + bS(p1, p1, Pri), 9)
where
Hpr, q1,Pn,qn) = max{S(pl,pl,pn),S(F(p1,q1),F(p1,q1),p1),

S(E(p1,q1), Fp1,01), pu)s SEP, 3), E(Pas 9), 1))
= max{S(1, P, pa), Sp1p1, P, SP1P1,Pa), SPust, Prst, p1))
= max{S(p1,p1,pa), 0, Sp1,p1, Pa), Spus, Pt 1)},
taking the limit as n — oo, we get

W(Pqulrpn/ Qn) il 0 as n — o9,
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Using this in inequality (9), we obtain

S(F(p1,q1), F(p1, q1),p1) < 2b5.0 + bS(p1,p1, Prs1)
bS(p1, p1, Pu+1)-

This implies that
IS(F(p1, 1), F(p1, q1), Il < KblIS(p1, p1, prsd)

— (Qasn — oo.
Hence

IS(Ep1, 41, E(pr, q1), po)ll = 0.

Thus, S(F(p1,91), F(p1,91), p1) = 0and so F(p1, 1) = p1. Similarly, we can show that F(g1,p1) = g1. This shows
that (p1, 41) is a coupled fixed point of F.

Now, we show the uniqueness of the coupled fixed point of F. Assume that (p, q2) is another coupled
fixed point of F such that (p1,41) # (p2,42). Then using equation (1) and Lemma 2.26, we have

Sp1,p1,p2) = SEPpLq), Fp1,q1), E(p2,92))
< 57{(}71,1]1/?2/‘72)/ (10)

where
H(pr,q1,p242) = max(S(py, p1,p2), SEpr, 1), Fpr, 1), pr),
S(Ep1, 1), F(pr, 41), p2), SE(p2, 32), F(p2, 42), p1)
= max{S(p1,p1,p2), Sp1,p1, 1), Spr,p1,P2), S(p2, P2, 1)
= max{S(p1, p1,p2), 0, S(p1, p1, p2), bS(p1, p1, p2)
= maX{S(PLPLPz)/bS(PhPLPz)}-

The following two cases arise. If max {S(pl,pl,pz), bS(pl,pl,pz)} = bS(p1, p1,p2), then from equation (10),
we obtain

S(p1,p1,p2) < bOS(p1, p1,p2),

which is a contradiction, since 6 < 1/band b > 1.
Again, if max {S(pl,pl,pz), bS(p1, p1,p2)} = S(p1,p1,p2), then from equation (10), we obtain

S(p1,p1,p2) < 08(p1, p1,p2),

which is again a contradiction, since 6 < 1/b and b > 1. Thus in both the cases, we get a contradiction.
Hence, we conclude that S(p1, p1,p2) = 0 and so by condition (CS;2), p1 = p». By similar fashion, we can
show that g1 = g. Consequently, (p1, 41) is the unique coupled fixed point of F. [

Remark 3.5. Theorem 3.4 extends and generalizes the results of Sabetghadam et al. [18] from cone metric space to
the setting of cone Sy-metric space.

If we take
max {S(p, p,u), SF(p,9), F(p, 9), p), S(F(p, ), F(p, ), u), S(F(u,0), F(u,0), u)} = S(p, p, u)

in Theorem 3.4, then we have the following result.
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Corollary 3.6. Let (E,S) be a complete cone Sy-metric space with b > 1 and P be a normal cone with normal constant
K. Suppose that the mapping F: E X E — E satisfies the following contractive condition:

S(E(p,q), F(p, 9), F(w,0)) < 6 S(p, p, u), (11)
forallp,q,u,v € Eand 6 € (0,1/b) is a constant. Then F has a unique coupled fixed point.

Theorem 3.7. Let (B, S) be a complete cone Sy-metric space with b > 1 and IP be a normal cone with normal constant
K. Suppose that the mapping F: E X E — E satisfies the following contractive condition:

S(F(p, ), F(p, 9), F(u,v)) < Alp,q,u,0), (12)

where

Alp,q,u,0) = aSp,p,u)+c28(,q,0) + caSEp, 9), F@p,q), p)
+C4S(F(pr Q)/ F(pr Q)/ T/l) + C5S(F(M, '0), F(”r U), T/l)
+C6S(F(u/ U)/ F(M, 'U), p)/
forall p,q,u,v € Zand c1,ca,c3, 4, C5, Co are nonnegative constants such that c1 + ca + c3b + csb + c6b(2b + b?) < 1.
Then F has a unique coupled fixed point.

Proof. Let xp, yo € E be arbitrary points and set
p1 = F(po,q0), 1 = F(qo,po), - - -+ Pu+1 = FPu, Gn), Gne1 = F(Gn, Pr)-
Assume that p,, # pn+1. Then from equation (12) and using Lemma 2.26 and condition (CS;3), we obtain

SFpn-1,9n-1), F(Pn-1,9n-1), F(Pn, qn))
ﬂ(Pn—lr qn-1,Pns qn)/ (13)

S(pn; P, pn+1)

IA

where

c1SWPn-1,Pn-1,Pn) + 28Gn-1,Gn-1,Gn)

+c3S(F(Pu-1,Gn-1), F(Pn-1,Gn-1), Pn-1)

+csSF(Pu-1,9n-1), F(Pu-1, Gn-1), Pn)

+csSEPn, qn), F(Pn, Gn), pn)

+CeS(EPn, gn), F(Pr, Gn), Pn-1)

= c1SWn-1,Pn-1,Pn) + 28Gn-1, Gn-1,Gn)
+3SOn, P, Pn-1) + caSPu, P, Pn)
+c5SPn+1, P, Pn) + C6SPrns1, Pt Pu-1)

= c1SWn-1,Pn-1,Pn) + 28Gn-1, Gn-1,Gn)
+c3bS(pPn-1, Pn-1, Pn) + csbSWn, Pn, Pr+1)
+c6bS(Pr-1, Pn-1, Pn+1)

= (a1 +3b)SPu-1,Pu-1,Pn) + csbS(Pu, Pu, Prs1)
+cb[bQ2S(Pu-1,Pu-1,Pu) + bS(Pu, Pu, Prs1))]
+¢28(Gn-1,Gn-1,9n)

= (c1+cb+ 2c6b2)S(pn_1,pn_1,pn)

+(csb + c6b®)SPn, Pu, Pus1) + 2S@Gn-1, Gu-1,Gn)-

Using this in equation (13), we obtain

ﬂ(pn—ll Gn-1,Pns Qn)

SWu, PnPrs1) < (1 + c3b +2¢6b*)SWOu1, Pu-1,Pn) + (c5b + cgb®) X
S@n, P Pr1) + 28@Gn=-1, Gn-1, Gn)- (14)
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By similar fashion, we can have
S@n GusGur1) < (c1 + c3b +2¢6b*)S(Gn-1, Gu-1,Gn) + (csb + ceb”) X
S(Qn/ qns 5]n+1) + CZS(Pn—lz Pn-1, pn)
From equations (14) and (15), we obtain
Sus P Prr) + S G, Gue1) - < (€1 + C3b + 2666 [SPu-1, Pu-t, Pu) + S@n-1, Gu-1, )]
+(C5b + C6b3)[S(pm Pn, pn+1) + S(qnl Ins Qn+1)]
+02[SPu-1, Pn-1,Pn) + S@n-1,Gn-1,9n)]-
Let

én = S(Pn, Pn,s pn+1) + S(QH/ qn, ‘%H—l)'
Then from equation (16), we obtain
En < (01 + c3b + 206b%)Enr + (c5b + c6b”) & + C2E .

This implies that

c < (C] +Cp + C3b + 2C6b2)
"o 1- C5l’] - C6b3 -l
= M gn—ll

for all n € N, where M = (M) < 1, since by assumption ¢; + ¢z + ¢3b + csb + c6b(2b + b?) < 1.

1—c5b—cgb3
Continuing in the same way, we obtain

En SMEy S M?Ep <+ < M'E,

for all n € N.
If & = 0, then (po, qo) is a coupled fixed point F. So, we assume that &y > 0.

48

(15)

(16)

(17)

(18)

Then for any n,m € IN with m > n, using Lemma 2.26 and condition (CS;3) , we obtain as in Theorem

3.4 that

S P, ) < 20{S(pu, P Pust) + b SPiust, s, Prs2)
+ b4S(Pn+2, Pn+2, Pne3) + -
F PSP, P

Similarly, we have

S(%/ qn, %) < Zb{S(qn, qn, qn+1) + bzs(%ﬂz n+1, Qn+2)
+ b4S(l/In+2/ qu+2/ qn+3) +...
+ bz(m_n_l)S(Qm—ll Qm—ll qm)}

Therefore, we have

20M"

1-02M )éo.

S@u,Pur ) + S@ns Gus ) < (

This implies that

2bM"K

m)”éo” —0asn,m— oo,

1SBn, Prs ) + @ Grs Gl < (
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since 0 < M < 1. Again, the above inequality implies that
SPn, pn, pm) — 0 and S(qn, Gn, gm) — 0 as n,m — oco.

This shows that {p,} and {g,} are Cauchy sequences in E. Since by hypothesis (5, S) is complete S;-metric
space, so their exist s1,¢; € E such that p, — s; and g, — t; as n — co. Now, we show that (s1, ;) is a
coupled fixed point of F.
For this, using inequality (12), Lemma 2.26, conditions (CS;2) and (CS3), we have
S(F(s1,t1), F(s1,t1),51) < 2bS(F(s1,t1), F(s1,t1), pu+1) + bS(s1, 51, Pu+1)
ZbS(P(Slr tl)/ F(Sl/ tl)r P(pnr q‘rl)) + bS(Sl/ 51, Pn+1)
2bﬂ(51, tl/Pnz Qn) + bS(Sllsllpn+1)/ (19)

IA

where

c18(s1, 51, pn) + €2S(t1, 11, n) + c3S(F(s1, t1), F(s1,t1),51)
+04S8(F(s1, t1), F(s1, 1), pn) + csSEPn, Gn), Epn, Gn), Pn)
+c6S(E(pu, qn), F(Pn, qn), 51)

= 18(51,51,Pn) + 2S(t1, t1, gn) + c3S(F(s1, t1), F(s1, t1), 51)
+c4S(F(s1,t1), F(s1,£1), pu) + csS(Prs1, Prs1, Pn)
+C6S(Pu+1, Prsts 51),

‘?[(Sll tlrpnl I]n)

taking the limit as n — oo, we get
A(s1, t1,Pns Gn) = (c3 + ca)S(E(s1, t1), E(s1, 1), 51).
Using this in equation (19), we get
S(E(s1, 1), F(s1,t1),81) < 2b(cs + ca)S(E(s1, 1), F(s1, 1), 51)
+bS(s1, 51, Prs1)- (20)
Taking the limit as n — oo in equation (20) and using condition (CS,2), we get
S(F(s1,t1), F(s1,t1),81) < 2b(c3 + c4)S(F(s1, t1), F(s1, 1), 51),

which is a contradiction, since 2b(cs + ¢4) < 1. Hence, we conclude that S(F(sy, 1), F(s1,t1),51) = 0 and so
F(s1,t1) = s1. Likewise, we can prove that F(t;,s1) = t1. Thus, (s1, t1) is a coupled fixed point of F.

Now, we show that the uniqueness of coupled fixed point. For this, assume that (s,, f,) is another coupled
fixed point of F such that (s, 1) # (s2, f2). Now, from equation (12) and using Lemma 2.26, conditions (C5;,2)
and (CS;3), we have

S(s1,51,5) = S(F(s1,t1), F(s1,t1), F(s2, t2))
< Alsy, t, 52, 10), (21)
where
ﬂ(51,t1, S2, tZ) = ClS(Sl,Sl,SZ) + CZS(tlrtll t2) + C3S(P(Sl,t1), F(Sll tl)r Sl)

+csS(F(s1, t1), F(s1, t1),52) + csS(F(s2, t2), F(s2, t2), 52)
+c6S(F(s2, t2), F(s2, t2),51)

= 18(s1,81,%) + 2S(t, t, t2) + c3S(s1, 51, 51)
+c48(s1, 81, 82) + c58(52, 82, 82) + c6S(52, 82, 51)

= (c1+¢c4)S(s1,81,82) + c6bS(s1,51,52) + c2S(t1, t1, t2)

= (c1+cq +ceb)S(s1,81,82) + c2S(t1, 1, t2).
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Using this in equation (21), we obtain

S(s1,51,52) < (c1 + ca + cb)S(s1, 51, 52) + 2S(H1, 11, t2). (22)
By similar fashion, one can show that

S(ti, t1, 1) < (c1 + ca + c6b)S(t1, £, £2) + €2S(51, 51, 52).- (23)
From equations (22) and (23), we obtain

S(s1,81,82) + S(h, t1,t2) < (c1 +ca +c6b)[S(s1,81,52) + S(t, 1, 12)]

+C2[S(sll 51, SZ) + S(t], tl/ tZ)]
(c1+ c2 +ca +c6D)[S(51,51,82) + S(t, 11, t2)],

which is a contradiction, since c1 + ¢, + ¢4 + cgb < 1. Hence, we conclude that S(sy,s1,2) + S(fy, t1,t2) = 0.
Thus, S(s1,51,52) = 0 and S(t1, t1,£,) = 0and so s; = sp and t; = f,. Hence (s1, t1) is the unique coupled fixed
point of F. This completes the proof. [J

Remark 3.8. Theorem 3.7 also extends and generalizes the results of Sabetghadam et al. [18] from cone metric space
to the setting of cone Sy-metric space.

If we take c; =k, co =l and ¢3 = ¢4 = c5 = ¢ = 0 in Theorem 3.7, then we have the following result.

Corollary 3.9. Let (B, S) be a complete cone Sy-metric space with b > 1 and IP be a normal cone with normal constant
K. Suppose that the mapping F: E X E — E satisfies the following contractive condition:

S(E(p,q), Fp, q), F(w,0)) < kS(p,p, u) +15(q,9,v), (24)
forallp,q,u,v € B, where k, | are nonnegative constants such that k+1 < 1. Then F has a unique coupled fixed point.

Remark 3.10. Corollary 3.9 extends Theorem 2.2 of Sabetghadam et al. [18] from cone metric space to the setting of
cone Sy-metric space.

If we take k = 1 = m, where m € [0, %) in Corollary 3.9, then we have the following result.

Corollary 3.11. Let (E,S) be a complete cone Sy-metric space with b > 1 and P be a normal cone with normal
constant K. Suppose that the mapping F: 2 X E — B satisfies the following contractive condition:

S(F(p,q), E(p,9), F(u,0)) <m[S(p,p,u) + S(q,9,0)], (25)
forallp,q,u,v € B, where m € [0, %) is a constant. Then F has a unique coupled fixed point.

Remark 3.12. Corollary 3.11 extends Corollary 2.3 of Sabetghadam et al. [18] from cone metric space to the setting
of cone Sy-metric space.

If we take c1 = ¢ = ¢4 = ¢4 =0, c3 = k and ¢s5 = | in Theorem 3.7, then we have the following result.

Corollary 3.13. Let (E,S) be a complete cone Sy-metric space with b > 1 and P be a normal cone with normal
constant K. Suppose that the mapping F: E X E — E satisfies the following contractive condition:

S(E(p, ), F(p, ), F(u,v)) < kS(F(p,q), F(p, q), p) + | S(F(u,v), F(u,v),u), (26)

or all p,q,u,v € B, where k, | are nonnegative constants such that k + 1 € (0, 1). Then F has a unique coupled fixed
p.q 8 b q
point.

Remark 3.14. Corollary 3.13 extends Theorem 2.5 of Sabetghadam et al. [18] from cone metric space to the setting
of cone Sy-metric space.
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If we take c; = ¢, = ¢3 = ¢5 =0, ¢4 = k and ¢¢ = | in Theorem 3.7, then we have the following result.

Corollary 3.15. Let (E,S) be a complete cone Sy-metric space with b > 1 and P be a normal cone with normal
constant K. Suppose that the mapping F: B X E — B satisfies the following contractive condition:

S(F(p,q9), E(p, 9), F(u,v)) < kS(F(p, q), F(p, q), u) + LS(F(u,v), F(u,v),p), (27)

forall p,q,u,v € B, where k,I are nonnegative constants such that k +1 € [0, m). Then F has a unique coupled
fixed point.

Remark 3.16. Corollary 3.15 extends Theorem 2.6 of Sabetghadam et al. [18] from cone metric space to the setting
of cone Sy-metric space.

Remark 3.17. Our results also generalize the results of Singh and Singh [26] for more general contractive conditions.
If wesetk =1=mn,wheren € [0, 21—b) in Corollary 3.13, then we have the following result.

Corollary 3.18. Let (E,S) be a complete cone Sy-metric space with b > 1 and P be a normal cone with normal
constant K. Suppose that the mapping F: & X B — E satisfies the following contractive condition:

S(E(p, 9), F(p, 9), F(u,0)) < n[S(E(p, ), F(p, 9), p) + S(E(u, v), F(u, 0), w), (28)
forall p,q,u,v € B, where n € [0, 5) is a constant. Then F has a unique coupled fixed point.

Remark 3.19. Corollary 3.18 extends Corollary 2.7 of Sabetghadam et al. [18] from cone metric space to the setting
of cone Sy-metric space.

If wesetk=1=h, whereh € [0, m) in Corollary 3.15, then we have the following result.

Corollary 3.20. Let (E,S) be a complete cone Sp-metric space with b > 1 and IP be a normal cone with normal
constant K. Suppose that the mapping F: E X E — E satisfies the following contractive condition:

S(Ep. 9, F(p,q), F(u,0)) < h[S(F(p, q), F(p, q),u) + S(F(u,v), F(u, 0), p)l, (29)
forallp,q,u,v € B, where h € [0, m) is a constant. Then F has a unique coupled fixed point.

Remark 3.21. Corollary 3.20 extends Corollary 2.8 of Sabetghadam et al. [18] from cone metric space to the setting
of cone Sy-metric space.

Now, we illustrate an example in support of the result.

Example 3.22. Let E = R?, the Euclidean plane, P = {(u,v) € R? : u,v > 0} a normal cone in E. Let E = R and
the function S: % — [ defined by S(u,v,z) = (lu —zl+lv—z,lu—-2z+|v- zl)for all u,v,z € E. Then (E,S)

is a cone Sy-metric space with coefficient b = 1 and (2, S) is a complete cone Sp-metric space. Now, we consider the
mapping F: E X & — E by F(u,v) = 2% forall u,v € E. Let p,q,u,v € E. Then, we have

S(F(p,0), Fp, ), Fu,0) = S(E21, P28 110y

_ (|p+5q_u5+v|+5|p+q_u+vl
|p+5q_u+50|+']0+5q_u+5v|)
5 5 5 5

§(|p+q—u—vl,|p+q—u—vl)

=(tp = ul lp = u) + (g ~ vl o).
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S(p,pu) = (Ip—ul+lp = ul,lp = ul + Ip — ul) = 2(p — ul, |p — ul).
S(q,9,9) = (g = ol +1g = l,1g = vl + lg - o) = 2(g — |, I - o).

S(p,p,u) +5(,9,0) = 2[(Ip = ul, |p — ul) + (g = oI, 1g = v]].

Hence

IN

S(E(p,9), E(p,q), F(u,0)) %((IP —ullp—ul)+ (g — o, Ig U|))
= 2 [2(0p = b lp = b+ Qg = b lg = o)]

= m(S@,p,u) +S4,4,9),

where m = 1 € [0, 3). Thus all the conditions of Corollary 3.11 are satisfied. Hence by Corollary 3.11, F has a unique
coupled fixed point. In this case, (0,0) is the unique coupled fixed point.

4. Conclusion

In this paper, we prove some coupled fixed point theorems via contractive type conditions in the
framework of complete cone S;-metric spaces. Furthermore, we provide some consequences as corollaries
of the established results. Also, an illustrative example is given in support of the established result. The
results obtained in this paper extend, unify and generalize several results from the existing literature (see,
for example, [18], [26] and many others).
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