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Common solutions to a system of variational inequality problems
coupled with compostion of multivalued and single-valued
mappings in Banach spaces and its application to nonconvex
constrained optimization problem

T.M.M. Sow?

®Amadou Mahtar Mbow, Senegal

Abstract. In this paper, we develop a new fixed points technique for characterizing fixed point set
of composition involving multivalued and single-valued mappings in Banach spaces without commuting
assumption. We use our new result as tool to obtain the strong convergence of the sequence generated
by a modified Krasnoselskii-Mann algorithm for finding a common solutions to a system of variational
inequalities and common fixed point problems in g-uniformly smooth and p-uniformly convex Banach
spaces with ¢ > 1,p > 1. Finally, our theorems are applied to nonconvex constrained optimization
problem.

1. Introduction

Let E be a Banach space with norm || - || and dual E*. For any « € F and z* € E*, (z*, ) is used to refer
to z*(z). Let ¢ : [0,400) — [0,00) be a strictly increasing continuous function such that ¢(0) = 0 and
@(t) = 400 as t = 0o. Such a function ¢ is called gauge. Associed to a gauge a duality map J, : F — 2F”
defined by:

Jo(@) = {a" € E*: (z,2%) = [|z[le(ll]]), [["]| = (||} (1)

If the gauge is defined by ¢ (¢) = ¢, then the corresponding duality map is called the normalized duality map
and is denoted by J. Hence the normalized duality map is given by

J(z) = {z" € B* : (z,27") = [[a]|* = ||2*[]}, V& € E.

Notice that
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Let E be a real normed space and let S :={z € E : ||z|| = 1}. F is said to be smooth if

t _
eyl ]

t—0+ t

exists for each z,y € S. E is said to be uniformly smooth if it is smooth and the limit is attained uniformly
for each z,y € S.

The modulus of smoothness of E is the function pg : [0,00) — [0, 00) defined by

rTHyY|+lr—y
pE(7) ::sup{|| ||2H |—1Z|.%‘||:17||y||:7'}; T>0.

It is known that a normed linear space E is uniformly smooth if

lim 220 _ g
T—0 T
If there exists a constant ¢ > 0 and a real number ¢ > 1 such that pg(7) < ¢7r9, then E is said to be

q-uniformly smooth. Typical examples of such spaces are the L;, £, and W spaces for 1 < p < oo where,

Ly (or 1) or W is

2 — uniformly smooth and p — uniformly convex if 2 <p < oc;
2 — uniformly convex and p — uniformly smooth if 1 <p<2.

Let J; denote the generalized duality mapping from E to 2E" defined by
Jo(x) :={f € E*: (z, f) = |[«]|* and || f|| = [|l=[|*""} .

Jo is called the normalized duality mapping and is denoted by J. It is known that E is smooth if and
only if each duality map J, is single-valued, that E is Frechet differentiable if and only if each duality
map J,, is norm-to-norm continuous in F, and that E is uniformly smooth if and only if each duality map
J, is norm-to-norm uniformly continuous on bounded subsets of E. Following Browder [1], we say that a
Banach space has a weakly continuous normalized duality map if J is a single-valued and is weak-to-weak™
sequentially continous, i.e., if (,,) C E, x,, — x, then J(x,) — J(z) in E*. Weak continuity of duality map
J plays an important role in the fixed point theory for nonlinear operators. Recall that a Banach space F
satisfies Opial property (see, e.g., [4]) if limsup ||z, — z| < limsup ||z, — y|| whenever z,, — z, z # y. A
n—-+oo n—-+oo

Banach space E that has a weakly continuous normalized duality map satisfies Opial’s property.

Let C C E be a nonempty set. An operator A : C' — E is said to be accretive if there exists j, (v —y) €
Jq(x — y) such that
(Az — Ay, jo(xz —y)) >0, Vz,y € C.

An operator A : C — FE is said to be a-inverse strongly accretive if, for some o > 0,
(Az — Ay, jq(x —y)) = of[Az — Ay||?, Va,y € C.

Let C be a nonemty subset of g-uniformly smooth Banach space E and A : C — E be a nonlinear opera-
tor. The variational inequality problem is to find a point z* € C such that

(Az*, Jy(x —z*)) >0, Yz e C. (3)

The set of solutions of the variational inequality in Banach space is denoted by VI,(C, A). If ¢ = 2, then
VI, (C,A) is reduced to VI(C, A), where VI(C,A) is the set of solutions of the generalized variational
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inequality in Banach spaces proposed by Aoyama et al., [5] in 2005. For solving VI(C, A), Aoyama et al.
[5] introduced an iterative algorithm:

Tpa1 = pZp + (1 — apn)Qc(l — AyA)x, n >0, (4)

{an} C (0,1) and {A\,} C (0,00) are two real number sequences. Aoyama et al. [5] proved the following
weak convergence theorem to a solution of VI(C, A).

Theorem 1.1. [5] Let C be a nonempty closed convex subset of a uniformly convex and 2-uniformly smooth
Banach space E. Let Q¢ be a sunny nonexpansive retraction from E onto C. Let A : C — E be an a-inverse
strongly accretive operator with VI(C,A) # 0. If {\,} and {a,,} are chosen so that A, € [a, %] for some
a >0 and oy, € [b,c] for someb,c with0 < b < ¢ < 1, then {x,,} converges weakly to a solution of variational
inequality VI(C, A), where K is the 2-uniformly smoothness constant of E.

Recently, many authors studied the following convex feasibility problem (for short, CFP):

finding an x* € ﬂ K; (5)
i=1

where m > 1 is an integer and each K; is a nonempty closed convex subset of H. There is a considerable
investigation on the CFP in the setting of Hilbert spaces which captures applications in various disci-
plines such as image restoration [19, 21], computer tomography and radiation therapy treatment planning
[20]. Recently, iterative methods for single-valued nonexpansive mappings have been applied to solve fixed
points problems and variational inequality problems in Hilbert spaces, see, e.g.,[23, 24] and the references
therein. Recently, Censor, Gibali and Reich [16], proved the following weak convergence theorem for solving
system of variationnal inequality problem in a real Hilbert space.

Theorem 1.2. [16] Let H be a Hilbert space. For each 1 < i < N, let an operator h; : H — H and a

nonempty, closed and convex subset C; C H be given. Assume that ﬂfil C; #0 and ¥ = ﬂil VI(C,A;) #0
and that for each 1 < i < N, h; is a;-ism. Set o := min{e;} and take \ € (0,2a). Let {z,} be a sequence
generated by

N
Tnp1 =Y wni(Po,(I = Ahi)zy), n >0, (6)
i=1
N
where Zwmi = 1. Then the sequence {x, } converges weakly to a point z € V.
i=1

On the other hand, many problems arising in different areas of mathematics, such as Game Theory, Control
theory, Dynamic systems theory, Signal and image processing, Market Economy and in other areas of
mathematics, such as in Non-Smooth Differential Equations and Differential inclusions, Optimization theory
equations, can be modeled by the equation

x €T, (7)

where T is a multivalued mapping. The solution set of this equation coincides with the fixed point set of
T. The Pompeiu Hausdorff metric on C B(K) is defined by:

H(A,B) = max{ SIGIE d(a,B), igg d(b, A)}

for all A,B € CB(K) (see, Berinde [2]). A multivalued mapping T : D(T) C E — CB(FE) is called -
Lipschitzian if there exists 8 > 0 such that

H(Tz,Ty) < Bl —yl| Va,y € D(T). (8)
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When 3 € (0,1), we say that T is a contraction, and T is called nonexpansive if 5 =1. An element x € K
is called a fixed point of T if x € Tx. For single valued mapping, this reduces to Tz = x. The fixed point
set of T' is denoted by Fiz(T) := {x € D(T) : © € Tx}. A multivalued map T is called quasi-nonexpansive if

H(Tz,Tp) < [lz —p|
holds for all x € D(T) and p € Fiz(T).

Remark 1.3. It is easy to see that the class of mulivalued quasi-nonexpansive mappings properly includes
that of multivalued nonexpansive maps with fized points.

During the last decades, the study of common fixed point problems involving multivalued and singlevalued
mappings has attracted, and continues to attract, the interest of several well known mathematicians (see, for
example, [1, 5]). Interest in such studies stems, perhaps, mainly from the usefulness of such fixed point theory
in real-world applications, such as in Game Theory and Market Economy and in other areas of mathematics,
such as in Non-Smooth Differential Equations and Differential Inclusions, Optimization theory. We describe
briefly the connection of fixed point theory for multivalued mappings with these applications.

1.1. Optimization problems with constraints

Let f : H — RU {400} be a proper convex lower semicontinuous function and A : H — H be a
single-valued mapping. Consider the following optimization problem:

min f(x)

Ax0.

(P)

It is known that the multivalued map, 9 f the subdifferential of f, is maximal monotone, where for z,w € H,
w e af(x)ﬁf(y)—f(m)z (y—x,w), v Y€ H

&z € argmin(f — (-, w)).

It is easily seen that, for x € H with x is a solution of (P) if and only if
x € Fiz(Th) N Fiz(Ts),

with Ty := I — 0f and Ty := I — A,where I is the identity map of H. Therefore, x is a solution of
(P) if and only if x is a solution of common fixed point problem involving multivalued and single-valued
mappings. Recently, N. Tahat et al. [25], proved the following theorem for common fixed points problem
involving single-valued and multivalued maps in G-metric spaces.

Theorem 1.4. [25] Let (X, G) be a G-metric space. Set g : X — X and T : X — CB(X). Assume that
there exists a function a af0,4+00) — [0,1) satisfying limsup a(r) < 1 for every t > 0 such that
r—t

Hg(Tx, Ty, Tz) < a(G(gz, 9y, 92))G (97, 9y, 92),

forallz,y,z € X. If for any x € X, Tx C g(X) and g(X) is a G-complete subspace of X, then g and T have
a point of coincidence in X. Furthermore, if we assume that gp € Tp and gq € Tq implies G(gq, gp, gp) <
HG(Tq7 Tpa Tp)7 then

1. g and T have a unique point of coincidence.
2. If in addition g and T are weakly compatible, then g and T have a unique common fized point.

Remark 1.5. Most existing results for solving common fixed points problem require that the operators of
underlying operators must be commuting and also, the intersection of the fixed point sets Fix(Ty) N Fix(Ts)
must be nonempty.
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Motivated and inspired by the recent research work going on in this field, we consider the problem of finding
a common solutions of systems of variational inequality and fixed point problems of composition involving
multivalued and single-valued maps in Banach space. Thus the CSVIFP is formulated as finding a point x*
with the property

Problem 1.6.

m
S ( m VI,(C, Az)) and x* € Fix(Th o Ty),

i=1
A; : C — E is a;-inverse strongly accretive for i = 1,2,...,m,T} : C — C be a single-valued mapping
and Tp : C — CB(C) be a multivalued mapping. Note that, the set Fix(Ty o T7) is in general larger
than the set Fix(Ty)[) Fiz(Tz),see for example [3].1t is well known that Krasnoselskii-Mann iteration of
nonexpansive mappings find application in many areas of mathematics and know to be weakly convergent
in the infinite dimensional setting. In this paper, we introduce and study an explicit iterative scheme by a
modified Krasnoselskii-Mann algorithm for approximating a solution to Problem 1.6 in g-uniformly smooth
and p-uniformly convex Banach spaces with p > 1,¢q > 1. There is no compactness assumption. The results
obtained in this paper are significant improvement on important recent results.

2. Preliminaries

Let C be a nonempty subsets of a smooth real Banach space E. A mapping Q¢ : F — C is said to be sunny
if

Qc(Qez +t(z — Qcr)) = Qex
for each x € E and t > 0. A mapping Q¢ : E — C is said to be a retraction if Qcx = x for each z € C.

Lemma 2.1. [17] Let C and D be nonempty subsets of a smooth real Banach space E with D C C and
Qp : C — D a retraction from C into D. Then Qp is sunny and nonexpansive if and only if

(2= Qpz,J(y—Qpz)) <0
forallze€ C andy € D.

It is noted that Lemma 2.1 still holds if the normalized duality map is replaced by the general duality map
J,, where ¢ is gauge function.

Remark 2.2. If K is a nonempty, closed convex subset of a Hilbert space H, then the nearest point projection
Py from H to K is the sunny nonexpansive retraction.

Definition 2.3. Let E be real Banach space and T : D(T) C E — 2F be a multivalued mapping. I — T
is said to be demiclosed at 0 if for any sequence {x,} C D(T) such that {z,} converges weakly to p and
d(xp, Txy) converges to zero, then p € Tp.

Lemma 2.4. [26] Let E be a real Banach space satisfying Opial’s property, K be a closed convex subset of
E, and T : K — K be a nonexpansive mapping such that Fix(T) # 0. Then I — T is demiclosed

Definition 2.5. Let E be a smooth real Banach space and T : D(T) C E — E,then T is said to be firmly
nonexpansive if for all x,y € D(T), we have

[Tz = Ty||” < (x -y, Jp(Tz —Ty)). (9)
If p = 2, we have the important special version of 9:

|72 =Tyl < (& -y, J(Tx — Ty)).
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Definition 2.6. (Chidume [15]). Let E be a real Banach space, which is reflexive, smooth, and strictly
convex. Define the following function ¢, : E x E — R defined by :

op(x,y) = [|2||” = p(z, Jpy) + (p — y[”. (10)

Lemma 2.7. [14] For p > 1, let E be a p-uniformly convex smooth real Banach space E. Then, there exists
dp > 0 such that :

dq”x - y”P < (bp(xay)v Va:,y ek

Lemma 2.8 (Song and Cho [13]). Let K be a nonempty subset of a real Banach space and T : K —
P(K) be a multi-valued map. Then the following are equivalent:

(1) z* € Fix(T);

(i) Pr(z*) = {a°};

(#9t) x* € Fix(Pr).

Moreover, Fiz(T) = Fiz(Pr).

The resolvent operator has the following properties:

Lemma 2.9. [3] For any r > 0,

(i) A is accretive if and only if the resolvent JA of A is single-valued and firmly nonexpansive;

(i) A is m-accretive if and only if J* of A is single-valued and firmly nonexpansive and its domain is the
entire E;

(iii) 0 € A(z*) if and only if x* € Fix(J7), where Fiz(JA) denotes the fived-point set of J2.

Lemma 2.10 (Xu, [12]). Assume that {a,} is a sequence of nonnegative real numbers such that a,11 <
(1 —ap)ay, + anoy for alln > 0, where {ay,} is a sequence in (0,1) and {o,} is a sequence in R such that
oo

[e.¢]
= 3 ~ < . . _ .
(a) nz:%an 00, (b) h:;r:bolip o, <0 or Z |onan| < oo. Then lim a, =0

n=0

*

Lemma 2.11 ([11]). Assume that a Banach space E has a weakly continous duality mapping J, with jauge
©.

ellz +yl) < el + {y, Jo(x +y)) (11)

for all z,y € E where ®(t) = fg p(o)do t > 0. In particular, for the normilized duality mapping, we have the
important special version of 11:

lz +yl” < llz|* + 20y, Iz + y)).-

Lemma 2.12 (Chang et al. [8]). Let E be a uniformly convex real Banach space. For arbitrary r > 0,
let B(0), :== {z € E : ||z|| < r}, a closed ball with center 0 and radius v > 0. For any given sequence

m
{u1, u2y ooyt } C B(0), and fori=1,2,...,m, any positive real numbers {1, Az, ....,; A } with Z)\k =1,
k=1
then there exists a continuous, strictly increasing and convex function
g9:(0,2r] = R™, g(0) =0,
such that for any integer i,j with i < j,

1> ewel® <> Nellul® = Xidjg(lus — ;).
k=1 =1
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Lemma 2.13. [18] Let t,, be a sequence of real numbers that does not decrease at infinity in a sense that
there emrists a subsequence t,, of t, such that t,, such that t,, <t, ., for all i > 0. For sufficiently large
numbers n € N, an integer sequence {T(n)} is defined as follows:

7(n) = max{k <n: typ <tpp1}-

Then, 7(n) — 00 as n — oo and
max{t'r(n)a tn} < t‘r(n)+1-

Lemma 2.14. [10] Let C be a nonempty closed convex subset of q-uniformly smooth Banach space E.
Let Q¢ be a sunny nonexpansive retraction from E onto C and let A : C — E be a mapping. Then
VI, (C,A) = Fiz(Qc(I — AA)), for all X > 0.

Lemma 2.15. Let C be a nonempty closed conver subset of a q-uniformly smooth Banach space E. Let
1
A >0 and let A be an a-inverse strongly accretive operator of C' into E. If 0 < A < (g—a) q_17 where Cy is
q
the g-uniformly smooth constant of E. Then Qc(I — AA) is a nonexpansive mapping.

Proof. Let x,y € C, we have
[Qc(I = A)x — Qc(I — M)yl

I(T = AA)z — (I = AA)y|*

[z = yl|* = gM(Az — Ay, Jy(z = y)) + CoA%|| Az — Ay]|?
[z =yl — grallAz — Ay[|? + CoAT|| Az — Ayl|?

lz =yl = AMaor = CoA"™ )| Az — Ayl|

Iz —yl*.

VAN VAN VAN VAN

Then Q¢ (I — AA) is a nonexpansive mapping. [

3. Main Results
We now state and prove the following result.

Lemma 3.1. For p > 1, let E be a p-uniformly convexr smooth real Banach space and C' be a nonempty
closed conver subset of E.Let Ty : C — C be a firmly nonexpansive mapping and Ty : C — CB(C) be
a multivalued quasi-nonexpansive mapping such that Top = {p}Vp € Fix(Ts) and Fiz(Ty) N Fix(Ty) #
0. Then, Fiz(Ty) N Fiz(Ty) = Fiz(Ty 0Ty) and Ty o Ty is a multivalued quasi-nonexpansive mapping on C.

Proof. Clearly, we have Fiz(To) N Fix(Ty) C Fiz(TzoTh). Let p € Fix(To) N Fix(Ty) and g € Fix(TooTy).
By using properties of 15, we have

lg —pl” < H(TyoTiq,Top)®
< |Tig—pl*. (12)
Using the fact that T; is firmly nonexpansive, we have
1T = pl|” < (g —p, Jp(T1q — p)). (13)
Furthermore, using properties of function ¢,, we have
¢p(a —p,Tig —p) = llg = plI” — pla — p, Jp(Trg — p)) + (p — V)| T1q — p|"-

Hence,

(q—p,Jp(Trg —p)) = %(Ilq =l + (p— D|Trg — pl|” — ¢p(q —p,T1q —p))- (14)
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Using 13 and 14, we obtain
1Tiq = pll” < llg = plI” — ¢p(a — p, Trq — p). (15)

From 12, we have
¢p(q —p, Trg —p) <0.

By lemma 2.7, we have ||T1q — ¢|| = 0 which implies that
q="Tyg.
Using the fact that ¢ € Fiz(Ty 0 T1), we get
q=TiqgeTr0Tiqg="Trg.
Thus, ¢ € Fiz(T2) N Fiz(T1). Hence, Fix(T2) N Fiz(Ty) = Fix(Ty o T1).
Next, we show T; o T} is a quasi-nonexpansive mapping on C. Let ¢ € C and p € Fix(Ty o T1). Then,
p € Fix(Te) N Fix(Ty) by step 1. We have,

H(TyoTiz,TooTyp) = H(TyoTiz,Tsep)
[Thz —pl
[z —p.

IN A

This completes the proof. [

We are now in a position to state and prove our main result.

Theorem 3.2. Forp > 1,9 > 1, let E be a p-uniformly convex and q-uniformly smooth real Banach space
having a weakly continuous duality map J,. Let C be a nonempty, closed convex cone of E and Q¢ be a sunny
nonezxpansive retraction from E onto C. Let A; : C — FE is a;-inverse strongly accretive fori =1,2,....m and

_1
0; € [a7 (ng) q_l] for some a > 0.Let Ty : C — C be a firmly nonexpansive mapping and Ty : C — CB(C)
q

be a multivalued quasi-nonerpansive mapping such that I' := (VIq(C, Al)) (N Fiz(To) (N Fiz(Ty) # 0 and
Top = {p}, for all p € T. Let {x,,} be a sequence defined as follows:

xo € C, choosen arbitrarily,

Zn = ﬂnwn + (]- - 5n)vn7 Up € T2 S Tlxna

m (16)
Un =070 + Y nQc(I — 0iAi)z,

i=1

Tp+1 = O‘n()\nxn) + (1 - an)yn?

where Z% =1, Bn € le,d] € (0,1), {an} C (0,1) and {\,} C (0,1). Assume that the above control
=
sequences satisfy the following conditions:

oo
(Z) nlg’[;o a, = 0; (’LZ) nh—>néo A =1 and z_;)(l — /\n)an = Q.
Assume that I — Ty 0T is demiclosed at the origin. Then, the sequence {x,} generated by (16) converges
strongly to x* € T, where * = Qr(0).
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Proof. Tt is well known that if C' is a closed and convex cone of a real Banach E,we have Ax € C for all
A € (0,1) and x € C. Therefore, the sequence {z,,} generated by 16 is well defined. Fixing p € T'. We prove
that the sequence {x,} is bounded. Using (16) and Lemma 3.1, we have

”Zn - p” = ||5n33n + (1 - Bn)vn - p”
< Ballzn —pll + (1 = Bo)llvn — pll
< Bn”l'n _p” + (1 - BH)H(TQ oTixy,Tr 0 Tlp)
< Bullzn —pll + (1 = Bu)llzn — pl.
Hence,
l2n = pll < llzn = p- (17)

From (16), Lemmas 2.14 and 2.15, it follows that

m
v02n + Y %iQc(I = 0;4;)z — p

lyn —pll =
i=1
m
< Yollzn — ol + D %illQc( — 0:A4:)z, — pl|
i=1
< lzn — ol
Therefore, we have
lyn = pll < 20 —pll < |20 = pl|- (18)
Hence,
[Znt1 —pll = [lan(Anzn) + (1 — an)ys, —pl|

anAnl|Tn = pll + (1 = an)llyn — pll + (1 = An) a1l
apAnllzn = pll + (1 = an)l[zn — pll + (1 = An)an |l
(1= 1 =A)an]l[zn = pll + (1 = An)an|lp]|

max {|[z, —p|, [pll}.

IA AN CIN A

By induction, it is easy to see that

[z = pll < max{[lzo —pl, [pll}, n =1

Using Lemmas 2.12 and 3.1, we have

2n — p||2 = ||Bnzn + (1 = Bn)vn *p”Q
< (1= Bu)llvn = plI? + Bullzn — plI? = Bu(1 = Bu)g(llvn — znll)
< (=Bu)H(Tz0Tizn, T 0 Tlp)2 + Bullzn _pH2 — Bn(1 = Br)g(zn — vall)
< (1=8u)llzn — sz + Bnllzn — p||2 = Bu(1 = Br)g(lzn — vall)-

Hence,

120 = pII* < llzn = plI* = Ba(l = Ba)g(llzn — vall)- (19)
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Therefore, by Lemma 2.11 and inequality 19, we have

| Znt1 — pH2 = |lan(Anzn) + (1 — an)yn —p||2
llan A (xn —p) + (1 - an)(yn - p) - (1~ )‘n)aanQ

< lan (Anzn = Anp) + (1= i) (yn = )1 +2(1 = A)an(p, J(p — nt1))

< apAillzn = pl* + (1= an)llyn — 2l +2(1 = M) an (p, J(p — @nta))

< andflzn = pl? 4 (1 - an) {Hxn = plI* = Bu(1 = Bu)g(l|zn — vall)]
+2(1 = Ap)an(p, J(p — Tnt1))

< =1 =)an]llzn =l = (1= an)Ba(l = Ba)g(llzn —vall)
+2(1 = An)an(p, J(p — Tnt1))-

Therefore,
(1= an)Bu(1 = Bu)g(zn —vall) < llzn = plI* = [2ns1 = plI* +2(1 = An)an(p, J(p = 2ni1))- (20)

Since {x,} is bounded, then there exists a constant B > 0 sucht that
(1 - AYL)<p7 J(p - 1'n+1)> < B7 for all, n > 0.
Hence,

(1= an)Bn(1 = Bu)g(lzn — vall) < llwn — plI* = l@nss — pl* + 200 B. (21)

Now, we prove that {z,} converges strongly to z*.
We divide the proof into two cases.
Case 1. Assume that the sequence {||z,, — p||} is monotonically decreasing sequence. Then {||z, — p||} is
convergent. Clearly, we have
lzn = plI* = ll2ns1 = pl* — 0.
It then implies from 21 that
lim (1 — an)Bn (L = Bn)g([|2n — vall) = 0. (22)

n—oo

Using the fact that 3, € [a,b] C (0,1) and property of g, we have

nhHH;O |z — vn| = 0. (23)
Hence,

lim d(zy,, T2 0 Tiz,) =0. (24)

n—oo

Now, observing that,

llzn — an = H(l - 5n)$n + Bnn — xn”
= ”(1 - Bn)xn + ann - 6nxn - (]— - 5n)xn”
< lvn = 2|

Therefore, from 23 we have

lim ||z, — | = 0. (25)

n—oo

Next, we prove that limsup(z*, J,(z* — x,)) < 0. Since F is reflexive and {z,, }»>0 is bounded there exists
n—+o0o

a subsequence {x,; } of {z,} such that z,,, converges weakly to a in C' and

lifilif@*’ Jo(@™ —an)) = lim (2%, Jo(z" — an,)).
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From 24 and I — Ty o T is demiclosed, we obtain a € Fix(Ty o T1). From Lemma 2.12, the fact that
Qc(I — 6;4;) is nonexpansive and 18, we have

lyn = 21> = lv0zn + Y %Qc(I — 6: A1)z, — p|®
i=1

Yollzn = plI* + Y%l QoI = 0:4:) 20 — plI* — %0vig(|Qc (I — 0:Ai) 20 — 2nl])

i=1

IN

Hence,

541 —p||2 = [lan(Anzn) + (1 — an)yn —p||2
= |lann (xn - p) +(1 - an)(?/n - p) - (1= )‘n>04np||2
< low ()‘nxn - )\np) +(1 - an)(yn - p) ||2 +2(1 = Ap)an(p, J(p — Tny1))
< anAnllen = pl? + (1= an)lyn — ol +2(1 = X)an(p, J(p — z41))
< apdnllzn —p||2 + (1 —an) [”xn - p||2 =707 9[Qc (I — 0;Ai)zn — 2ul|)]

+2(1 = \p)an(p, J(p — pt1))

< =1 =A)an]llzn =l = (1 = an)v0v9(1Qc (I — 0 Ai) 20 — 2nl))

+2(1 = An)an(p, J(p — Tnt1))-
Since {x,,} is bounded, then there exists a constant D > 0 sucht that

(1 = an)v0%i9(1Qc(I = 0:A) 20 — zull) < |2 = plI* = llznt1 = plI* + anD. (26)
Thus we have

Jim g(|Qc(I — 0i4i)zn — zn]) = 0. (27)
Using property of g, we have

li_)rn 1Qc(I —6;A;)z, — 2z,]| = 0. (28)

From 28 and Lemma 2.4, we obtain a € ﬂ Fiz(Qc(I—0;A;)). Using Lemma 2.14, we have a € (-, VI,(C, A;).
i=1
Therefore, a € I'. On the other hand, by using * = Qr(0) and the assumption that the duality mapping
J, is weakly continuous, we have,
limsup(z*, J,(z* —2,)) = lm (2%, J (2" —zp,))
n—-+4oo J—+oo

= (z",J,(z" —a)) <0.

Finally, we show that z, — z*. In fact, since ®(¢ fo o)do, YVt > 0, and ¢ is a gauge function, then for
1>k>0, ®(kt) < Ek®(t). From 16 and Lemma 2 11, we get that

O(lan(Anzn) + (1 = an)yn — 27|)

O([[ens — "))

< O(fanrn(@n — ) + (1 = an)(yn —2)|) + (1 = An)an(e”, Jp(2" = 2ny1))
< Q(anAnllan — 2+ 11— an)(yn — 2)I) + (1 = An)an (™, Jp(2" = 2nt1))
< Qlandnllen — 27|+ (1 = an)llen — 27[]) + (1 = An)an(@®, Jo(" = 2n41))
< (1= (1= An)an)[[zn —27[]) + (1 = An)an (@™, Jo (2" = 2nia))

< [ (= Aod@(rn — ) + (1= Aan(e®, Jo(@® — 7)),
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From Lemma, 2.10, its follows that x,, — z*.

Case 2. Assume that the sequence {||z, —z*||} is not monotonically decreasing sequence. Set B,, = ||z, —z*||
and 7 : N — N be a mapping for all n > ng (for some ng large enough) by 7(n) = max{k e N: k <n, B <
Bk+1}.

We have 7 is a non-decreasing sequence such that 7(n) — oo as n — oo and Br(,) < B;(,)41 for n > ng.
From 21, we have

(1 - ar(n))/BT(n)(l - B‘r(n))g(”xT(n) - UT(n)”) < 2aT(n)B — 0 as n — oo.
Hence,

lim Hx‘r(n) - UT(’II)H =0. (29)

n—oo

By same argument as in case I, we can show that x.(,) converges weakly in £ and limsup(z™*, J,(z* —
n——+oo

Tr(n))) < 0. We have for all n > ng,

0 < B(l2rmys1 — 21) = Dlery = 1) < (1= Army ) (o[~ @(27m) = 2 ) + (&, T (& = @rmy 1),

which implies that
(||zr(ny —2™[]) < (2", Jo (2" — 273y 41))-
Then, we have
lim ®(||z;¢) — ") = 0.

n—oo
Therefore,

Jim Br = 1 Briayis =0,

Thus, by Lemma 2.13, we conclude that
0< B, < maX{BT(n)v BT(”Z)"I‘l} = BT(n)+1-
Therefore {x,} converges strongly to z* € . [
Remark 3.3. In our theorem, we assume that C' is a cone. But, in some cases, for example, if C is the
closed unit ball, we can weaken this assumption to the following: A\x € C for all A € (0,1) and z € C.

Therefore, in the case where E is a real Hilbert space or E = 1,, 1 < p < oo, our results can be used to
approzimated fixed ponts of multivalued quasi-nonexpansive mappings from the closed unit ball to itself.

Remark 3.4. Many already studied algorithms for solving variational inequality problem coupled with com-
mon fixed points problem in the literature can be considered as special cases of this paper.

Now, using the similar arguments as in the proof of Theorem 3.2 and Lemma 2.8, we obtain the following
result by replacing Ts o Ty by Prp, o T and removing the rigid restriction on ' (Top = {p}, Vp € T') and
assumption that £ has a weakly continuous duality map J,.

Theorem 3.5. Assume that E =1,, 1 <p < oo or E is a real Hilbert space. Let B be the closed unit ball of
FE and Qp be a sunny nonexpansive retraction from E onto B. Let A; : B — FE is a;-inverse strongly accretive
fori=1,2,...,m.Let T1 : B — B be a firmly nonexpansive mapping and To : B — CB(B) be a multivalued

mapping such that Pr, is quasi-nonexpansive. Assume that T’ := (VIP(IB%,Ai)) N Fiz(Te) (N Fiz(Ty) # 0
and Assume that I — Pr, oTy is demiclosed at the origin. Let {x,,} be a sequence defined as follows:

xo € B, choosen arbitrarily,

Zn = ﬁnxn + (1 - ﬁn)vnv Up € I— PT2 o Tlx'rm

Yn =02 + Y %iQs(I — 0;A;) 2,
i=1

Tn+1 = an()\nxn) + (1 - an)yna
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where Z)‘i =1, By € lc,d] € (0,1),0; >0, {an} C (0,1) and {N\,} C (0,1). Assume that the above
=0
control sequences satisfy the following conditions:

(¢) lim o, = 0; (i) lim A\, = 1 and Z(l — M), = oo. Then, the sequence {x,} generated by (30)

converges strongly to x* € T', where x* = Qr(0).

4. Application to non-convex optimization problem

DC Programming and DCA were introduced by Pham Dinh Tao in 1985 in their preliminary form and
extensively developed by Le Thi Hoai An and Pham Dinh Tao since 1994 to become now classical, see
for example [22] and references therein. Their original key idea relies on the DC structure of the objective
function in nonconvex programs which are explored and exploited in a deep and suitable way. A DC program
is of the form :

inf{f(z) = g(z) — h(z) = € H}. (31)

The complexity of DC programs resides on the lack of practical global optimality conditions. So the following
necessary local optimality conditions for 31 were developed:

Ag(z*) N Oh(z*) # 0,
such a point x* is called a critical point of g — h or for 31. We consider the following problem :

Problem 4.1.
find x* € C such that dg(z*) N Oh(z*) # 0. (32)

We denote the set of solutions of Problem 4.1 by ;.

Problem 4.1 has many applications such as multicommodity network, image restoration processing, discrete
tomography, clustering and seems particularly well suited to model several nonconvex industrial problems
(portfolio optimization, fuel mixture, molecular biology, phylogenetic analysis ...), see for example [22].

Problem 4.2. We also consider the following common solutions of a system variational inequality problem

find z* € C such that z* € ( ﬂ VI(C, Ai)), (33)
i=1

We denote the set of solutions of Problem 4.1 by 2,.

Theorem 4.3. Let H be a real Hilbert space and C' be be a nonempty, closed convex cone of H. Let g, h be
two convex lower semicontinuous functions defined on C. Let A; : C — H is a;-inverse strongly monotone
fori=1,2 ...,m. Assume that that Q1 N Qo # 0. Let {z,} be a sequence defined iteratively from arbitrary
xg € C by:

xo € C, choosen arbitrarily,

Zn = ﬂnzn + (1 - Bn)J}?g © Jghzna

m (34)
Yn =070 + Y niPo(l — 0;A)z,

i=1

Tntl = an()\nxn) + (1 - O‘n)yn:
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where Z)\i =1, By € [c,d] C (0,1),0; € (0,20@}7 {an} C (0,1) and {\,} C (0,1). Assume that the

=0

above control sequences satisfy the following conditions:
oo

(1) lim «, =0; (#) lim A\, =1 and Z(l—)\n)an = 00. Then, the sequence {x,,} generated by 34 converges
n—oo n—oQ

n=0
strongly to a critical point of f —g which is a common solution of a system of variational inequality problems.

Proof. Using properties of resolvent operators and Lemma 3.1, we have Jfg o th is nonexpansive on C
and g0 N Oh~'0 = Fiz(J?29 o JO") = Fiz(J29) N Fix(J2"). Therefore, it follows Theorem 3.2 that {x,}

converges strongly to some point z* € Fiz(J29) (N Fiz(J2") N ( ﬂ VI(C, Az)> < 0 € dg(z*) N Oh(z™)
i=1

and z* € ( ﬂ VI(C, Ai)), completing the proof. [
i=1
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