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A set of asymptotially almost automorphic functions
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Abstract. For a set S of real numbers we introduce the concept of S-asymptotically almost automorphic
functions valued in a Banach space. It generalizes in particular the one of Z-asymptotically almost
automorphic functions. This enables us to study the existence of asymptotically almost automorphic
solutions of a differential equation with piecewise constant argument of generalized type.

1. Introduction

The almost periodic functions have been introduced by Bohr in 1925 and describe phenomenons that
are similar to the periodic oscillations which can be observed in many fields, such as celestial mechanics,
nonlinear vibration, electromagnetic theory, plasma physics, engineering. An important generalization of the
almost periodicity is the concept of the almost automorphy introduced in the literature [3]-[6] by Bochner.
In [16], the author presents the theory of almost automorphic functions and their applications to differential
equations.

The study of differential equations with piecewise constant argument (EPCA) is an important subject
because these equations have the structure of continuous dynamical systems in intervals of unit length.
Therefore they combine the properties of both differential and difference equations. There have been many
papers studying DEPCA, see for instance [17],[19]-[23] and the references therein.

Some papers deal with the existence of asympotically w-periodic solutions (see for instance [11]), S-asymp-
totically w-periodic solutions of DEPCA (see [12]). Other articles deal with the existence of almost auto-
morphic solutions of EPCA (see [10],[18]). In this paper, we study the existence of asymptoticlly almost
automorphic solutions of the following differential equation with piecewise constant argument of generalized
(DEPCAG) type (see [1], [2], [8])

() = A(t)z(e(t) + f(t, 2(e(1))), t R (1)
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where ¢ is a step function, A : R — R?*? is continuous in R\ S and f : R x R? — R? is continuous. More
precisely, there exists a strictly increasing sequence of real numbers t;,i € Z, such that t; =T co as i =1 oo
and on each interval [t;,t;41], ¢(t) is constant:

O(t) = gn, tn <t <tpg1.

In order to give sufficient conditions of existence and uniqueness of asymptotically almost automorphic
solutions of the equation (1), we introduce the concept of S-asymptotically almost automorphic functions
that generalizes the one of Z-asymptotically almost automorphic ones, where S is a subset of R. We refer
to [7, 14] to have more information about this.

The set of the new results presented in this paper allow to study the existence of Asymptotically Almost
Automorphy of the equation (1), while in [13], we studied the existence of Almost Automorphy of the
equation(1). Therefore, the study of the existence of Asymptotically Almost Automorphy of the equation
(1) is new.

The paper is organized as follows. In Section 2, we recall definitions and properties about almost automorphic
functions and introduce the concept of S-almost automorphic functions. In Section 3, we also study the
existence and uniqueness of almost automorphic solutions of the equation (1) considering the concept of
S-almost automorphic functions and using the Banach fixed point Theorem.

2. Asymptotically almost automorphic functions with respect to a set

Let S denote a subset of R. For every non zero real number r we consider the function ¢, : R — R such
that for every (¢,s) e R x S:

@r(t + 5) = @r(t) +rs. (2)

In particular for all s € S we have:
or(s) =75+ ¢r(0).

Definition 2.1. A subset A of R is said to be r-stable if it is invariant under the homothety of ratio r and
center 0.

We give an example of such a set S and an associated function ¢,

Example 2.2. Let S be a discrete subgroup of R, then S = aZ for some (non negative) real o, and S is
obviously r-stable for all non zero integer r. Set ¢,(t) = [rt/aja + ¢ where [.] is the integer part function
and ¢ is a constant; then it is easily seen that (2) is satisfied.

Proposition 2.3. The function ¢, satisfies the following properties
i) V(t,s) e RxS,0.(t —5) = p.(t) —rs.
i) V(s1,82, - ,8p) € SP,V(my, ma, -+ ,my) € ZP:
©r(misy + - +mpsp) = r(misy + -+ myps,) + ¢ (0).
In all the sequel X denotes a real or complex Banach space.

Definition 2.4. A function f : R — X is said to be S-continuous if it is continuous in R\ S, which is
refered as an S-continuous function.

The set of all S-continuous functions f : R — X will be denoted by SC (R, X) and the set of those that are
bounded by SCy(R,X). Clearly SCy(R,X) is a closed subspace of the Banach space Cp(R,X) of bounded
continuous functions and then it is also a Banach space.
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Definition 2.5. A bounded S-continuous function f: R — X is said to be almost automorphic with respect
to the set S if for every real sequence s’ valued in S, there are a subsequence s and a function g : R — X
such that for all t € R:

lim f(t+s,) =g(t) and lim g(t — s,) = f(t). (3)

n—roo n—r oo

Such a function f is called S-almost automorphic and if the above limits are uniform, it is called S-almost
periodic.

The set of all S-almost automorphic (resp. almost periodic) functions will be denoted by SAA(R, X) (resp.
SAP(R,X)). Clearly SAA(R,X) is a subspace of the Banach space SCy(R, X); we have the following:

Theorem 2.6. The space SAA(R,X) is a Banach space.

Proposition 2.7. Let S be r-stable and ¢, € SC(R,X). If f € AAR,X) (resp. AP(R,X)), then fop, €
SAA(R,X) (resp. SAP(R,X)). If f € SAAR,X) (resp. SAP(R,X)) and SN ¢, (R\S) = 0, the same
concluston holds.

We associate to the subset S the following property:

(P1) There is a bounded set Ky in R such that all real ¢ can be
written as t = a + & where a € Ky and £ € S.

(P2) For every T' > 0, there exist T', € R such that if ¢ > T, then or(t) >T.

Example 2.8. Let S = aZ for some (non negative) real o. Set @,-(t) = [rt/a)a + ¢ where [.] is the integer

part function, r € N* and ¢ is a constant; then it is easily seen that (P2) is satisfied. In fact, since

[rt/ala+c<rt+c<[rt/ala+a+c and , li+m rt 4+ ¢ = +oo, we deduce that , ligl [rt/a]a+ a+ ¢ = +o0.
—+00 —r+00

Hence, we have . ligrn [rt/a)a + ¢ = +o0 and @.(t) = [rt/a]a + ¢ satisfy (P2).
—+00

Proposition 2.9. Let S satisfy (P1) and let f be an S-almost automorphic (resp. S-almost periodic)
function. If f is uniformly continuous, then f is almost automorphic (resp. almost periodic).

Remark 2.10. We note that S = Z satisfies the condition (P1): it suffices to take Ko = [0,1], since for
every real number x, z — [x] € [0,1].

Definition 2.11. A continuous function f: R x X — X is said to be almost automorphic int € R for each
x € X, if for every sequence of real numbers (s!,), there exists a subsequence (s,) such that for each t € R
and z € X,

lm f(t+sp,2) =g(t,x) and lm g(t —s,,x) = f(t,x).

n—oo n—oo

Then we have the following result.

Theorem 2.12. [16, Theorem 2.2.5] If f is almost automorphic in t € R for each x € X and if [ is
Lipschitzian in x uniformly in t, then g satisfies the same Lipschitz condition in x uniformly in t.

Using the above theorem we obtain:

Theorem 2.13. Let f: RxX — X be almost automorphic int € R for each x € X. Assume that f satisfies
a Lipschitz condition in x uniformly int € R. Let also ¢ : R — X be almost automorphic. Then the function
F:R — X defined by F(t) = f(t, ¢(pr(t)) is S-almost automorphic.

Remark 2.14. Let f : Rx X — X satisfy the conditions of the previous theorem. We have that the function
G : R — X defined by G(t) = g(t, d(pr(t))) is bounded.
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Definition 2.15. A bounded continuous function f : R — X is said to be asymptotically almost automorphic
if it can be decomposed as f(t) = g(t) + h(t) where

Here
Co(R,X) :={h:R — X: h is continuous on R and tli)m h(t) = 0}.
Denote by AAA(R,X) the set of all such functions.

Lemma 2.16. AAA(R,X) is a Banach space with the suprenum norm.

Definition 2.17. A bounded S-continuous function f : R — X is said to be S-asymptotically almost auto-
morphic if it can be decomposed as f(t) = g(t) + h(t) where

g(t) € SAA(R,X), h(t) € SCy(R, X).

Here
SCH(R,X) :={h: R — X: h is continuous on R\ S and tli}m h(t) = 0}.
o

Denote by SAAA(R, X) the set of all such functions.

Proposition 2.18. We assume also that there exists a sequence s’ valued in S such thar lim s, = +oo.
n—oo

Then the decomposition of a S-Asymptotically almost automorphic function is unique.

Proof. We assume that f(t) = g1(¢t) + h1(t), f(t) = g2(t) + ha(t) with g1, g2 € SAA(R,X) and hy, hg €

SCy(R, X). Then g1(t) — g2(t) + h1(t) — ho(t) = 0 and tlim g1(t) — g2(t) = 0. Consider the sequence s}, such
—00

thar klim sy = 0o. Therefore there exist a subsequence s,, such that
— 00

im g1 (t+ sx) — g2(t + sk) = F(t)

k——+o00

and

S F(t—si) = g1(t) — g2(0)
for all t € R. We deduce that for all ¢ € R, F(t) = 0. Therefore for all ¢ € R, g1(t) — g2(t) = 0 and
hi(t) —he(t) =0. O

Lemma 2.19. We assume also that there exists a sequence s' valued in S such thar lim s, = +oo. If
n—oo
f € SAAAR,X), that is, f = g+ h where g € SAA(R,X) and h € SCy(R, X) then

(9@ teR) C {f{D): t € R}.

Proof. Since g € SAA(R, X), there exists a sequence (s, )neny with lim s, = 400 such that

n——+oo

nEng(t + sn) = p(t) (a)

is well defined for each t € R and
lim p(t—s,)=g(t) (b

n—-+oo

for each t € R.
Now for any fixed ty, we have 1irJrrl to + sp, = 400, and deduce that
n——+0oo

lim f(to + sn) = nEToog(tO + 5n) + h(to + sn) = p(to)-

n—-+oo
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Consequently, p(tg) € {f(t):t € R} and {p(¢) : t € R} C {f(¢):t € R}. According (a) and (b), we have
{g(t) : t € R} = {p(¢) : t € R}. Therefore

{g(t) :t e R} C{f(t):t € R}.

Remark 2.20. If f € SAAA(R,X), that is f = g + h where g € SAA(R,X) and h € SCy(R,X), we define

[1Fllsaaa == sup |lg(#)][ + sup [[A(t)]]-
teR teR

Lemma 2.21. We assume also that there exists a sequence s' wvalued in S such thar lim s, = +oc.
n—oo
SAAAR,X) is a Banach space with the norm || - ||saaa.

Proof. If f € SAAA(R,X), that is, f = g + h where ¢ € SAA(R,X) and h € SCy(R,X), then ||g|| =
sup||g(t)]| < sup||f(t)|| = ||f]| considering the last lemma. Now
teR teR

Al < |Ifllsaaamx)
= sup ||g(t)|| + sup || (t)]|
teR teR
=sup||g(t)|| +sup || f(t) — g(t)]|
teR teR
< 3sup || f(¢)l]
teR

< 3|I£1I-

Let f, be a cauchy sequence in SAAA(R,X). Then f,, = g, + h, with g, € SAA(R,X) and h,, € SCy(R, X).
Since f,, is a cauchy sequence in SAAA(R, X), then g, is a cauchy sequence in SAA(R, X).

Since g, is a cauchy sequence in the Banach space SAA(R,X), then there exists g € SAA(R, X) such that
gn — g uniformly on R.

h,, is also a Cauchy sequence of S-continuous functions with respect to the norm sup. Therefore, there exists
h:R — X such that h,, — h uniformly on R. Since ||h(¢)|| < ||h(t) — hn(£)|| + ||hn(t)]|, we deduce that

lim ||h(t)|| = 0.

t—o0

For all zy € R\ 'S, h,, is continuous in xy. Since h,, — h uniformly on R and h,, is continuous in zg, then h
is continuous in xg. Therefore h : R — X is continous on R\ S. We obtain so that h € SCy(R, X).
Therefore, the function f defined as f := g+ h € SAAA(R,X) and f, — f. O

Lemma 2.22. The following assertions hold:

i) Let S satisfy (P1) and f =g+ h, g € SAA(R,X) and SCy(R, X). We assume also that there exist a

sequence s' valued in S such thar lim s, = co. If f is uniformly continuous on R, then g is also uniformly
n—oo

continuous on R.
ii) Let S satisfy (P1). We assume also that there exist a sequence s' valued in'S such that lim s, = colf f

n—oo
is uniformly continuous on R and f € SAAA(R, X). Then f € AAAR, X).



William Dimbour, Vincent Valmorin / Funct. Anal. Approz. Comput. 17:1 (2025), 35-45 40

Proof. i) There exist a sequence s/, € Swith lim s/, = co. Therefore, there exist a subsequence {s,} C {s/,}

n— 00
such that

lim g(t+s,) =u(t) and lim u(t —s,) = g(¢).

n—roo n—r oo

We observe that for every z, y € R:

lu(@) — u@)]] < [lu(@) — g(z + sa)ll + llg(@ + sn) — g(y + sn)|| + [l9(y + 5n) — u(y)]]
< lu(@) = g(@ + sa)ll + 1/ (@ + sn) — f(y =+ s0)l| + llg(y + 5n) — u(y)]
Fl[h(@ + sp)ll + [[h(y + sn)l|
Sinc f is uniformly continuous, and g is a S almost automophic function, then v is also uniformly continuous.
We observe that for every z, y € R:
lg(x) =gl < llg(x) — w(z — sn)l| + |Ju(z — sn) — u(y — sn)l|

+Hu(y = sn) — 9(y)-l|

We deduce so that g is uniformly continuous.

ii) Since f is uniformly continuous, then g is uniformly continuous. Since g is uniformly continuous and a S
almost-automorphic function, then g is an almost automorphic function. Since f and g are continuous then
h = f — g is continuous. Therefore h € Cy(R, X). O

Example 2.23. The function f(t) = sin(m)
almost periodic (see [16]). For all real o # 0, the function g(t) = sin(

automorphic function.

is an almost automorphic function but is not

1 .
2+cos([g]a)+cos(\/§[g]a)) is a aZ-almost

Proposition 2.24. We assume that S be r-stable, that (P1) and (P2) are satisfied. We assume also that
or € SO(R,X). If f € AAA(R,X), then f o, € SAAA(R,X).

Proof. Let f € AAA(R,X). Therefore f = g+ h where g € AA(R,X) and h € Cy(R, X). According to the
proposition 2.7, g o ¢, € SAA(R,X). Since h € Cy(R, X), then we have

Ve>0,3T >0,t>T = ||h(t)|| <e.

Let € > 0. According to (P2), there exists T, € R such thath if ¢t > T, then ¢,(t) > T. Therefore, if
t > T, then ||h(p,(t))|| < €. We deduce so that h € SCy(R, X). O

Definition 2.25. A bounded continuous function f : RxX — X is said to vanish at infinity if lim;_,o0 || f (¢, 2)|| =
0 uniformly on any bounded subset of X. Denote by Co(R x X, X) the set of all these functions.

Definition 2.26. A bounded continuous function f : R x X — X is said to be asymptotically almost auto-
morphic if it can be decomposed as f = g + h where

g€ AAR x X, X), h € Co(R x X, X).
Denote by AAAR x X, X)) the set of all such functions.

Theorem 2.27. Let f : R x X — X be asymptotically almost automorphic. Assume that f satisfies a
Lipschitz condition in x uniformly in t € R. Let also ¢ : R — X be asymptotically almost automorphic.
Then the function F : R — X defined by F(t) = f(t, (¢, (t)) is S-Asymptotically almost automorphic.
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Proof. Let f = g+ h, ¢ = ¢1 + ¢2 where g € AAR x X,X), ¢1 € AAR,X), h € Cp(R x X,X) and
¢2 € Ch(R,X). We have

f(t d(er(t)) = g(t, ¢1(or (1) + f (1, ¢(0r (1)) — g(t; b1 (pr (1))
= 9(t,¢1(pr (1) + 9(t, 9(pr (1)) = g(t, 91 (pr (1)) + R(t, d(pr(1))-

Since f is lipschitzian then g is also lipschitzian. The idea is the same idea that in i of the lemma 2.22.
Since ¢ is lipschitzian, then the function G(t) = g(t, ¢1(p-(t))) is a S-almost automorphic function.
Since

[lg(t, (o (1)) — g(t, P1(pr (D)) < Kyl|d2(0r ()],
we deduce that g(t, (¢ () — g(t, P1(pr(t)) € SCo(R, X). Obviously h(t, p(vr(t)) € SCoH(R,X). O

3. A differential equation with a general piecewise constant argument

We consider the differential equation (1) where ¢ is a step function, A : R — R7%7 is continuous in R\ S
and f: RxR? — R? is continuous. Thus, in the sequel X = R?. Moreover, in addition to (P1), we consider
the two following conditions:

(P3) V(t,s) eR xS, p(t+s)=¢(t)+s and p(t) <t

(P4) f: RxX — X is asymptotically almost automorphic in ¢ € R for each « € X and f satisfies a Lipschitz
condition in x uniformly in t € R.

We give a consequence of (P1) that will be useful for the sequel.

Proposition 3.1. [13] Assume that (P1) is satisfied, then there exists a bounded set Ki in R such that:
VieR, t—(t) € K.

Definition 3.2. A solution of (1) is a function z(t) defined on R for which the following conditions hold:

(1) x(t) is continuous on R.

(2) The derivative x'(t) exists at each point t € R, with possible exception at the points t;,i € Z, where
one-sided derivatives exist.

(3) The equation (1) is satisfied on each interval [t;, t;+1], i € Z.

Theorem 3.3. [13] Let f satisfy (P3) and (P4). Then the solution of (1) satisfies

£(t) = x(p(t)) + / | A)rtolsis + /  Jleas

Lemma 3.4. Assume that (P1), (P2), (P3) and (P4) are satisfied. We assume also that A(t) is an
S-Asymptotically almost automorphic operator. Then

t t

A()6(p(s))ds + / £(s, 0(eo(5)))ds

w(t)

(A) (1) = Blolt)) + /

w(t)

maps SAAA(X) into itself.
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We set My = sup(K7), where K7 is the bounded subset of R introduced in Proposition 3.1. Note that, if
©(t) < t, then M; > 0.
Proof. We have A = Ay + Ay and ¢ = @1 + ¢, where Ay, 1 € SAA(R, X) and Ay, 2 € SCH(R, X).
According to the theorem 2.27, we have f(t, d(¢(t))) = g(t, d1(p(t))+g(t, d(p(t))—g(t, d1(w(t))+h(t, d(e(t))
where

g(t, 91(¢(t)) € SAA(R, X)

and
9(t, d(p(t)) — g(t, d1((t)) + h(t, d(er(t)) € SCo(R, X).

We put

t t

A(s)otp(s)ds + [ fls.oles))ds.

w(t)

F(t) = d(o(t) + /

w(t)

Therefore we can write F(t) = G(t) + H(t) with

t

A($)r(p(s)ds + [ gls.r(elo)ds

w(t)

and
t

H(t) = dalplt)) + / | ME(pls)ds + / |, Al)opla))ds

+L(t) Az (s)p2(p(s))ds + L(t)g(s,qﬁ(cp(s)) — g(s, p1((s))ds

+ / oot

According to the lemma 3.3 of [13], we have that G € SAA(R, X) because ¢ € SAA(R, X). Let € > 0.
There exist T > 0 such that if ¢ > T then

2 (p(t)]] < 5’ @2 ()] < DA l[@2(() < LK,
€ € €
[[A2(t)]] < YA [[A2(t)]] < YA and |[h(t, p(p(t)))]] < 5

According to (P2), there exist T, such that if ¢t > T, then p(t) > T. If t > T.,, we observe that

HH @) < [[o2(())]] +/(t) ||A1(8)¢2(<P(8))||d8+/(t) |1 42(s)p1 (0 (s))l|ds

" / 2926l + /

(t

gt (5D — g5, 6oL
h(s, s))||ds.
+/W)|| (5, 8((5))]
< léale(®)]] + / o IAllliga () lds + / 12 n]|cds

t + :
* /W) [[A2(s)[[ |é2lloods+ / o, Kolloa(e)llds+ / MLCEEOIE

€

t t
€ €
< *+/ A ooids‘i‘/ _ cods
6 w(t)“ 1l 6 M1 || A1]]oo o(t) 6M1|1]| o 111
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t € t t €
+/ —————— ||¢2]|ods + K ds—|—/ ds
o) 6Mi[al]oo o (1) 96M1K o(t) 6M1
€ € € € € €
<< M M M M M
=6 e e M ean M ean M T ean
<e

Therefore H € SCyp(R, X). O

Theorem 3.5. Assume that (P1), (P2), (P3) and (P4) are satisfied and that y — ¢(y) is constant on
the interval [p(t),t]. If

t
||I—|—/ A(s)ds|| + ML < 1,
(1)
then (1) has a unique S-Asymptotically Almost Automorphic solution which is also the unique Asymptotically
Almost Automorphic solution of (1).

Proof. First Step
We define the nonlinear operator I' by the expression
t
()1 / AWoeNds + [ 1G5, 6p0)ds
@(t

According to Theorem 2.27, the function t — f(¢, ¢(¢(t))) belongs to SAAA(R, X). According to Lemma
3.4 the operator I' maps SAAA(R, X) into itself. Since ¢ — ¢(t) < M; for all t € R, we have:

1C6)(®) = @O = (T + [,y Als)ds) (6((0) = (())
[y £ (5 0(5)) = £, 0((5)) s

<M+ [ Al)ds] lole(®) - w(e(t)]

S S5 02(3))) = £, 0((5)))ds|

<M+ [ A)ds]l 16 = vloc

[ LI6(o(s) = wle(s) ds

106)(8) = )OI < (I + [y Als)ds]l + ML) 6 = .

This proves that I" is a contraction. We conclude that T" has a unique fixed point in SAAA(R, X). We denote
by z the unique S-asymptotically almost automorphic solution of (1).

Second Step

We show that z is an asymptotically almost automorphic solution of (1). Since z is S-asymptotically almost
automorphic, it suffices to prove that z is uniformly continuous. According to the second step of the proof
oh the theorem of [13], z is uniformly continuous. Therefore z is an asymptotically almost automorphic
solution of (1).

The function z is necessarily the unique asymptotically almost automorphic solution of (1). In fact, an
asymptotically almost automorphic function is also S-asymptotically almost automorphic and (1) has a
unique such solution. The theorem is thus proved. O
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Corollary 3.6. Let A(t) be a Z-asymptotically almost automorphic operator and assume that (P4) is sat-
isfied. If

t
I+ | A(s)ds|+ L <1,
(1l

then the following equation
2(t) = A@)a(lt) + f(t,2(])dt, ¢ € R

has a unique Z-asymptotically almost automorphic solution which is also his unique asymptotically almost
automorphic solution.

Proof. We have p(t) =[t] <t, Ko =K;=[0,1]and M; =1. let T >0. Weput T, = [T]+ 1. If t > T,
then [t] > T. O

Corollary 3.7. Suppose that A(t) is a ahZ-asymptotically almost automorphic operator and that (P4) is
satisfied. If

t
|7 +/ A(s)ds|| + ahL < 1,
(5 ]ah

then the following equation

t t
! f— —_— —_—
x'(t) = A(t)x( [ah] ah) + f(t, x( [ah} ah))dt, t € R,
has a unique ahZ-asymptotically almost automorphic solution which is also its unique asymptotically almost
automorphic solution.

Proof. We have that ¢(t) = [-5-]ah. Then ¢ is constant on each interval [nah, (n + 1)ah[ where n € Z.
We observe also that

o(t+ahn) = {%} ah = [% + n] ah
= {%} ah + ahn = ¢(t) + ahn.

If t € [nah, (n + 1)ah[ where n € Z, then ¢(t) = ahn, o(t) <t t— (t) € [0,ah] and My = ah. All real
t can be written as t = 8 + ¢ where 8 € [0,ah] and ¢ € ahZ. Let T > 0. We put T, = ([-L] + 1)ah. If
t > T, then [L-]ah > T. O
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