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An equality condition for the norm of an elementary operator
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Abstract.Let 8(H) be the algebra of all bounded linear operators on a complex Hilbert space H. The

elementary operator R g induced by two n-tuples A = (43, ...,A,) and B = (By, ..., B,) of elements of B(H)
is defined by

Rap(X) = Y AiXB: (X € B(H)).
i=1
The aim of this paper is to give necessary and sufficient conditions under which the supremum sup {IIR AsX)l
X € B(H), |IX|| =1, rankX = 1} attains its optimal value 1 Y1, (lAil* + [IBil?).

1. Introduction

Let H be a complex Hilbert space with inner product (-,-) and associated norm || - [|. By B(H) we
denote the algebra of all bounded linear operators from H into H. For two n-tuples A = (Ay,...,A,) and

B = (B, ..., By) of elements of B(H), the elementary operator R g induced by A and B is the linear operator
defined by

Rap(X) = Y AXB; (X € B(H).

i=1

Well-know examples of elementary operators are the two sided multiplication Mg and the generalized
derivation 6g7 generated by the operators S,T € B(H) and which are defined by Msr(X) = SXT and
Os1(X) = SX — TX (X € B(H)), respectively.

Due to their numerous applications in different branches of mathematics, elementary operators have
attracted the attention of many researchers. One of the famous problems relating to elementary operators is
the norm problem, which consists of finding a formula that describes the norm of an elementary operator in
terms of its coefficients, see [2, 3] for an overview. The first elegant formula for the norm of a derivation was
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established by Stampfli [6]. Later on, Timoney, in [8], obtained a first formula for the norm of an arbitrary
elementary operator on a Hilbert space. Moreover, in [7], he used a generalization of a theorem of Stampfli
to give an upper estimate of the norm of an elementary operator on a Hilbert space. In this line, we give
another upper estimate of the norm of an elementary operator in the Hilbert space setting.

Before stating our main result, we recall some definitions and preliminaries.

Let A = (A1,Az,--+ ,Ay) and B = (By, By, - - - , B,,) be n-tuples of operators in B(H). Define d(Ra s) by

d(Rap) = sup {IRas(X)ll : X € B(H), |IX]| = 1, rankX = 1}.

For a tuple A = (A1, Az, - -+ , Ay) of operators A; € B(H), the matrix numerical range of A is the subset of
n X n matrices given by

Wi(A) = {((AAx, %)), :x€H, x| =1}

n
ij=1

The extremal matrix numerical range of A is the subset of the closure W,,(A) of W,,(A) which is defined by

Wie(A) = {a € W, (A) : trace(a) = | Zn“A;Aiu}'
i=1

For Ay, Ay, -+, A, € B(H), Wy(A) is a nonempty subset consisting of n X n positive matrices. Moreover,

W..(A) is nonempty and consists of those elements of W,,(A) of maximal trace, see [7].
Let T € B(H). Recall that the maximal numerical range of T, denoted by W(T), is defined by

Wo(T) = {/\ € C: there exists a unit sequence {x,} € H such that A = lim(Tx,, x,,) and lim||Tx,|| = ||T||} .
n n

The normalized maximal numerical range of T, denoted by Wx(T), is given by
T .
Wo () if T #0,
WN(T) =
{0y if T =0.
The sets Wy(T) and Wn(T) are non-empty, closed, convex and contained in the closure of the numerical
range of T, see [6].
By T* we denote the adjoint of an operator T € B(H). For A €(, let A denote its complex conjugate. If

Q C(, then we use the symbol Q to denote the subset of complex conjugates of elements of Q. The identity
operator on H is denoted by I.

2. Main results

Our main result is the following.

Theorem 2.1. For two n-tuples A = (A1, Ay, -+ ,Ay) and B = (B1,Ba, - -+, B,) of nonzero elements in B(H), the
following assertions are equivalent:

1. dRap) = 3 L1y (12 + IBIR);
2. WielA7 A5, -+, A) N Wo(B1, Bo, -+, By) # 0, | 215 LAl = Xy Al and || X5, ABill = X2y 1Bl for
some unit scalars Ay, Ay, -+, Ay

For the proof of the above theorem, we need the following lemmas.

Lemma 2.2. Let Ay, Ay, -+, Ay € B(H). If |Ras|| = 3 T/ Ai IP + 11 B 1), then

Zn:AiAj Z B:B; ] 1)
i=1 i=1

+

1
IRaBll = > [
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Proof. Since “2?:1 TiT;|| < i, || Ti |1* for any given operators T; € B(H), then the proof easily follows from
the following well-known inequality due to Haagerup (see [8]):

n
IRaBll < J Y BB
i=1

Lemma 2.3. Let Ay, Az, -+, Ay € B(H). If | Liny MiAill = Yy I|Aill for some unit scalars A, Ay, - -+, Ay, then

=Y IAIR- 2)
i=1

Proof. Assume that || Y7, LA/l = YL, lAill. Then, we have

n 2 n n
YAl =Y AR+ Y lAAL 3)
i=1 L

1#]

O

.
iAi

i=1

i,j=1

On the other hand, we have

2
iAiAi = (iAiAi)*(Zn‘AiAi EAA + Z TAAA - (4)
i=1 i=1 =1

1;&]
i,j=1
Combining (3) and (4), we derive that
2 AP + Z IAHIIA < 2 | Y Traa)-
i=1 i#j i
i,j=1 i,j=1
This implies that
Al = ZnA 1P and Z AAAAL = Y IAdIIA-
z#] i#]
ij=1 ij=1
O

We also need the following results established by Timoney and Seddik, respectively.

Proposition 2.4. [7, Proposition 3.1] If A = (A1, Az, -+ ,An) and B = (B1, By, - -+ , By) are n-tuples of operators in
B(H), then equality in (1) holds if and only if Wi e(A], Ay, AL) O Wi e(B1, By, <+, By) # 0

Proposition 2.5. [5, Theorem 2.2] If A = (A1, Az, ,Ay)and B = (B1, By, - - -, By,) are n-uples of nonzero operators
in B(H), then the following assertions are equivalent:

1. d(Ra) = Lzt IAlIBiI, B

2. 1Y AAll = Y Al and || Y0 AiBill = YLy ||Bill for some unit scalars Ay, Ay, -+, Ay
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Proof of Theorem 2.1.
(1) = (2): Suppose that d(Ra8) = 3 LiL, (Il A; I? + || B; |I?). Since

1 - 2 2
d(RaB) < IRagll < 3 ;(n A |2+ 1 B; D),

it follows that
_1 Yy 12 2
IRaBll = 5;(” Ai [P + 11 Bi 1)
Applying Lemma 2.2, we get

IRl =

ZAA*

Z B'B

=1

1
2

].

Wm,E(A*/A;/ e /A:z) n Wm,E(BllBZI e /Bi’l) ;t 0

So, by virtue of Proposition 2.4, we have

On the other hand, we have ||A;||||Bi|| < %(II A; |? + | B; |?) for every i. Hence

n
[Ras] < Y IAMIB < d(Rap)-

i=1

This implies that
n
dRap) = |[Ras] = ) IAlIBI
i=1

Now, by using Proposition 2.5, we infer that there exist unit scalars A1, A5, -, A, such that || Y./, Al =
Yimi lAill and || X212y AiBill = Xi |IBill-
(1) & (2): Since Wy, (A7, A5, -+, A}) N Wine(B1, By, - -+, By) # 0, then it follows from Proposition 2.4 that

IRa8|| = -{ ZA A iB;B]- ]
j=1

On the otherhand, since || Y./, LAl = Y72, JAidlland || Y1, ABill = Y., IIBil| for some unitscalars A1, Ay, - -+, Ay,
then by Proposition 2.5, we have

n
d(RaB) = [IRaBll = Z AilllIBill
i=1

Thus, we get

n

Y Ak

i=1

n

Y BiB;

i=1

+

d(RaB) = %[

According to Lemma 2.3, we have the following equalities || Y}, AAY| = YA |I> and || Yim B:Bi|l =
Y1 Il B |[>. Hence, we obtain

d(Rap) = [Z AP + Z IB; ||2]
which completes the proof. [

As a consequence of Theorem 2.1, we have the following result.
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Corollary 2.6. If d(Rag) = % Y (||A1-||2 + ||B,-||2), then ||A;|l = ||B;l| for all i.

Proof. Suppose that d(Rag) = 5 Yt (||A,-||2 + ||Bl-||2). Since [|[Ra ll < X.ii; IAillllBill, then

Iy -
5 LA+ 1B P < Y IAIB
i=1 i=1
This implies that
n
Y WA= 1BiID =0.
i=1
Therefore, ||A;|| = ||B;|| for alli. O

For a generalized derivation, we have the following characterization.

Proposition 2.7. If A, B € B(H), then the following assertions are equivalent:
L d(©®ap) =1+ 3(I1AIP + IBIP),

2. WN(A) N Wn(=B) # 0, llAll = lIBIl = 1 and there exists A € C with |A| = 1 such that ||A + Al|| = ||All + 1 and
Il = AB|| =1+ ||B]I.

The proof of this proposition hinges on the following lemma.

Lemma 2.8. If A, B € B(H), then the following assertions are equivalent:
1. Wine(A, ) 0 Wy e(I, =B) # 0,
2. Wn(A) N Wn(=B) # 0 and ||Al| = ||B]| = 1.

Proof. To prove the implication (1) = (2), let & € W,,.(A,I) N Wy,.(I, —=B). There exist sequences {x,} and
{yn} of unit vectors in H such that

oo [(ATAX, X0) (AXp, Xn)
@ nl—lgl“( (Axp, Xn) (X, Xn) )
. <]/n/ ]/n) _<B*]/n/ yn>
=1 .
H—IH:IDO (_<Byn/ ]/n> <B Byn/ yn> (5)

with
trace(a) = ||A*A + I|| = ||l + B*B||-

We claim that ||A|| = ||B|| = 1. Indeed, we deduce from (5) that

lim (A"Axy, ;) = lim lyal* =1and lim (B'By, ya) = Il = 1.

n—+00

Thus
|A"A+ 1| = |II + B'B|| = 2.

Since A*A + I and I + B*B are both positive operators, it follows that
Al = 1Bl = 1.
Now, if we set A = lim,,_, ;0 {A*xy, X,,), then it follows from (5) that

A= nLlIP _<B]/nr yn> € WN(A) n WN(_B)-
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Conversely, let p € Wn(A) N Wn(—B). There exist sequences {x,} and {y,} of unit vectors in H such that
p= lm (Axy x,) = Hm (=Byy y,) and lim [[Ax,|| = Lm [[By|l = 1.

Consider the matrix X= (21 ‘Lll ) Clearly, we have

X = lim

n—+00

( 1AXP  (Ax, xn>)

(A X, %) (X, Xn)

T <]/nr]/n> _<B*]/n/]/n> )
= lim (‘(Byn/yn> <B*Byn/]/n>)

n—+00
Moreover, we can easily check that

trace(X) = ||[A*A + |
=||B'B + |
=2.

Thus X € Wy, .(A, I) N Wy, (I, —B), which shows that
Wm,e(A/ I) N Wm,e(ll _B) * 0
O

Now we are in a position to give the proof of Proposition 2.7.

Proof of Proposition 2.7.

The implication (2) = (1) follows easily from Lemma 2.8 and Theorem 2.1.

(1) = (2): Assumethatd(84,5) = 1+3(JAl*+||B|[*). From Theorem 2.1, we have Wi, (A", )NW,.(I, —B) # 0,
and |[A1A + A1) = |JA]l + 1 and ||A1] — A,B|| = 1 + ||B|| for some complex numbers A1, A, with [A4] = |A] = 1.
Thus, we can write ||[A + Al|| = ||A|| + 1 and || — XBII =1+ ||Bl|, where A €T with |A] = 1. Now, according to

Lemma 2.8, it follows that Wx(A*) N Wy(=B) # 0 and ||A|| = ||B|| = 1 which completes the proof.
O

Let (J,I| - Ily) be a (symmetric) norm ideal in B(H) in the sense of R. Schatten [4, pp. 54-55]. If A =
(A1,Az,--- ,Ay)and B = (B, By, - - - , B,,) are n-tuples of operators in B(H), then [|[Ra s(X)Il; < (X2, IAllIBAD 11Xl
for every X € J. Thus, the restriction of Ra g to J, which we denote by R g, is a bounded linear operator
on J and |[Ra sl < Yiiq JAillllBill. Moreover, from [1, Remark 2.9] we have

d(Ra,) < IR} Bll for every J. (6)

In the special case where | = C<(H), the Hilbert-Schmidt ideal of compact operators on H, we simply
denote the operator Rja g by Roas. Here we recall that Cc(H) is a Hilbert space with the inner product
defined by

(X,Y) = tr(XY"),

where tr denotes the usual functional trace.

Theorem 2.9. If A, B, C, D € B(H) are nonzero, then the following assertions are equivalent:
1 1My 5 +Mycpll = % (IAIR + [1BI? + ICI? + IIDI?) for every J;
2. Ma.ap +Macpll = 3 (IR + IBI? +ICI2 + IDIP);
3. d(Map +Mcp) = § (IAIP + IBIP + |ICIE + IDI?).
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Proof. The implications (3) = (1) = (2) are obvious as the inequality in (6) holds for every norm ideal J.
(2) = (3): Since

IMa.a5 + Macoll < IIAINIBI + ICIIDII
1 2 2 2 2
< 5 (IAIF +1IBI? + [ICIF + IDI?),
then
Mg + Macoll = IAINIBIL + ICIIDII
1
=3 (ILAIP + IBIP + lICIP + IDIP) - )

This implies that [|A|| = ||B]| and ||C|| = [|ID].
Now, from [1, Theorem 3.2], there exist a unit scalar A €, and sequences {x,}, and {y,}, of unit vectors in
H such that _

lim(A"Cxy, xn) = AANlICI and Km(DB"yx, yn) = MIBIIIDI|-

Thus, we easily derive that
Hm[|Cx[| = [ICll and lim [ID"y|| = [ID}-

Set X,, = x, ® Y. Thenrank X,, = ||X,|| = 1 for every n. Thus

dMap + Mcp) = lizn [l(Ma,g + Mcp)(Xu)ll

1
> —1 Muag+M X.)D*y,, Cx,
> TEDT im [((Ma 5 + Mcp)(X)D"Yn, Ct)|

1
hm A*Cxy, Xy XDB Y, v} + [|Cxul 2D yl?
~ ol i XDB Y, Y + ICxalPIID"yal |

= [|AllIBI| + ICIID|
1
= 5 (IAIP + IBIF +1ICIP +IDI?),

where the last equality follows from (7). O
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