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Fixed point theorems of enriched contraction mappings in n-Banach
spaces
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Abstract. In this paper, we introduce the (b, θ)-enriched contraction on a nonempty, closed, convex and
bounded subset of an n-Banach space. In particular, we discuss the existence and uniqueness of a fixed
point of such a mapping in nonempty, closed, convex and bounded subsets of an n-Banach space. Moreover,
many results are established in the framework of n-Banach spaces.

1. Introduction and preliminaries

Berinde and Păcurar [3] introduced enriched contraction mappings which include the class of Banach
contractive mappings. They proved that an enriched contraction mapping on a Banach space has an unique
fixed point, which can be approximated by means of the Krasnoselskii iterative scheme. Recently, Anjum
and Abbas [1] demonstrated that an enriched contraction mapping on a nonempty, closed, bounded and
convex subset of a 2-Banach space. IfM is a convex subset of the space E, S :M→M is a self-mapping on
M and λ ∈ (0, 1], then the mapping Sλ :M→M given by

Sλ(x) = (1 − λ)x + λSx for any x ∈ M (1)

is called an averaged mapping. A Picard iteration {xn : n = 0, 1, 2, ...} corresponding to an averaged mapping
Sλ is called a Krasnoselskii iteration.

It was demonstrated in [3] that all enriched contraction on a Banach space has an unique fixed point,
which can be approximated by means of the Krasnoselskii iterative scheme.

In [9], Gähler introduced and studied the notions of 2-normed spaces and 2-metric spaces. Recently,
White [17] initiated and studied the 2-Banach spaces. The n-normed spaces and n-Banach spaces were
studied by several researchers, see [8, 11–13].
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Definition 1.1 ([3]). Let E be a linear normed space. A mapping S : E → E is said to be a (b, θ)-enriched contraction
if there exist b ∈ [0,∞) and θ ∈ [0, b + 1) such that∥∥∥b(x − y) + Sx − Sy

∥∥∥ ≤ θ ∥∥∥x − y
∥∥∥ for all x, y ∈ E. (2)

Note that a (0, θ)-enriched contraction mapping is a Banach contraction.

Theorem 1.2 ([3]). Let E be a Banach space and S : E → E a (b, θ)-enriched contraction. Then
(i) Fix (S) = {p};
(ii) There exists λ ∈ (0, 1] such that the iterative method {xn}

∞

n=0 given by

xn+1 = (1 − λ)xn + λSxn, n ≥ 0, (3)

converges to p, for any x0 ∈ E;
(iii) The following estimate holds

∥xn+i−1 − p∥ ≤
ci

1 − c
· ∥xn − xn−1∥ , n = 0, 1, 2, . . . ; i = 1, 2, . . . , (4)

where c =
θ

b + 1
.

Theorem 1.3 ([3]). Let E be a Banach space and let S : E → E be a mapping with the property that there exists a
positive integer N such that SN is a (b, θ)-enriched contraction. Then

(i) Fix (S) = {p};
(ii) There exists λ ∈ (0, 1] such that the iterative method {xn}

∞

n=0 given by

xn+1 = (1 − λ)xn + λSNxn, n ≥ 0,

converges to p, for any x0 ∈ E.

Definition 1.4 ([11–13]). Let E be a real vector space with dimE ≥ n. A function ∥·, · · · , ·∥ : En
→ R+ is called an

n-norm if

(i) ∥x1, · · · , xn∥ = 0 if and only if x1, · · · , xn are linearly dependent.

(ii) ∥x1, · · · , xn∥ is invariant under permutation.

(iii) For each x1, · · · , xn ∈ E and for all λ ∈ R, ∥λx1, · · · , xn∥ = |λ|∥x1, · · · , xn∥.

(iv) For all x, y, x2 · · · , xn ∈ E, ∥x + y, x2, · · · , xn∥ ≤ ∥x, x2, · · · , xn∥ + ∥y, x2, · · · , xn∥.

Then (E, ∥·, · · · , ·∥) is called an n-normed space.

Hereafter, let (E, ∥·, · · · , ·∥) be an n-normed space and A = {a1, a2, · · · , an} be a collection of n-linearly
independent vectors in E.We recall some nedeed results:

Definition 1.5 ([14]). A sequence (xk)k∈N ⊂ E is said to be Cauchy sequence with respect to A if limm,k→∞ ∥xk −

xm, ai2 , · · · , ain∥ = 0 for any {i2, · · · , in} ⊂ {1, 2, · · · , n}. If every Cauchy sequence in E converges to some x ∈ E, then
(E, ∥·, · · · , ·∥) is said to be complete with respect toA.

Definition 1.6 ([14]). Let B ⊂ E be a nonempty set. Then we say that B is closed if for every sequence (xk)k∈N in B
which converges in E, its limit is in B.

Definition 1.7 ([14]). A sequence (xk)k∈N ⊂ E converges to an element x ∈ Ewith respect toA denoted by xk
A
→ x as

k→∞ if there exists an element x ∈ E such that limk→∞ ∥xk − x, ai2 , · · · , ain∥ = 0 for any {i2, · · · , in} ⊂ {1, 2, · · · ,n}.
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Definition 1.8 ([14]). Let B be a nonempty subset of E, then B is called bounded with respect to A if there exists
M > 0 such that

∥x, ai2 , · · · , ain∥ ≤M (5)

for any x ∈ E and {i2, · · · , in} ⊂ {1, 2, · · · ,n}.

Lemma 1.9 ([14]). Let x ∈ E. If ∥x, ai2 , · · · , ain∥ = 0 for any {i2, · · · , in} ⊂ {1, 2, · · · ,n}, then x = 0.

Definition 1.10 ([14]). Let E be an n-Banach space. A mapping S : M → M is said to be a contraction mapping
with respect toA if there exists λ ∈ (0, 1) such that

∥Sx − Sx, ai2 , · · · , ain∥ ≤ λ∥x − y, ai2 , · · · , ain∥ (6)

for all x, y ∈ E and {i2, · · · , in} ⊂ {1, 2, · · · ,n}.

Theorem 1.11 ([14]). Let E be an n-Banach space andM ⊂ E be a nonempty, closed, and bounded with respect to
A. If S :M −→M is a contraction mapping with respect toA, then S has a unique fixed point inM.

Theorem 1.12 ([14]). Let E be an n-Banach space andM ⊂ E be a nonempty, closed and bounded with respect to
A. If S :M −→M is a φ-contraction mapping with respect toA, then S has a unique fixed point inM.

2. Main results

Now, we introduce the (b, θ)-enriched contraction mapping with respect toA in n-normed spaces.

Definition 2.1. Let E be an n-Banach space andM ⊂ E be a nonempty, closed and bounded with respect to A. A
mapping S : M → M is said to be a (b, θ)-enriched contraction with respect to A, if there exist b ∈ [0,∞) and
θ ∈ [0, b + 1) such that for each x, y ∈ M and {i2, · · · , in} ⊂ {1, 2, · · · ,n}, we have∥∥∥b(x − y) + Sx − Sy, ai2 , · · · , ain

∥∥∥ ≤ θ ∥∥∥x − y, ai2 , · · · , ain

∥∥∥ . (7)

The following example shows that the class of all (b, θ)-enriched contractions is nonempty.

Example 2.2. (i) Any contraction S defined as in (6) with contractive constant λ ∈ [0, 1) is a (0, λ)-enriched
contraction with respect toA.

(ii) Let E be an n-normed space, M ⊂ E be a nonempty, closed and bounded with respect to A and let w be an
arbitrary but fixed element ofM. Define a mapping S :M→M by

Sx = w − x.

Then S is not a contraction in the sense of (6). However, let us show that S is a (b, θ)-enriched contraction with
respect toA. Indeed, in this case, the enriched contractivity condition (7) is equivalent to

|b − 1|
∥∥∥x − y, ai2 , · · · , ain

∥∥∥ ≤ θ ∥∥∥x − y, ai2 , · · · , ain

∥∥∥ (8)

for all x, y ∈ M and {i2, · · · , in} ⊂ {1, 2, · · · , n} where θ ∈ [0, b + 1). The above inequality is valid for all
x, y ∈ M if one chooses any b ∈ (0, 1) and θ = 1 − b. Hence, for any b ∈ (0, 1), S is a (b, 1 − b)-enriched
contraction with respect toA. Notice that w/2 is a fixed point of S because S(w/2) = w/2.

Remark 2.3. We highlight that the Picard iteration {xn} associated to the mapping S defined by (8) in Example (2.2)
does not converge whatever the initial point x0 distinct from w/2.

The Remark (2.3) illustrates that the Picard iteration is not useful in order to approximate fixed points of
enriched contractions. Then we need to change our point of view. In the rest of the section, we are going to
demonstrate that the Krasnoselskii iterative scheme [5] is more appropriate in this context. In fact, we shall
demonstrate a strong convergence theorem for the class of enriched contractions. Before that, we recall the
following notion:
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Remark 2.4. LetM be a convex subset of an n-normed space E and let S :M→M. Then for each λ ∈ (0, 1], the set
of any fixed points of the averaged mapping Sλ :M→M given by Sλ(x) = (1− λ)x+ λSx for each x ∈ M coincides
with set of any fixed points of S.

We now give a generalization of Theorem 1.11 for the case of (b, θ)-enriched contractions in n-Banach spaces.

Theorem 2.5. LetE be an n-Banach space andM ⊂ E be a nonempty, closed, bounded and convex subset with respect
toA. Let S :M→M be a (b, θ)-enriched contraction. Suppose that there exists x0 ∈ M such that x0 − Sλx0 ∈ M,
then

1. Fix(S) = {x∗};
2. The iterative sequence {xn}

∞

n=1 given by

xn = (1 − λ)xn−1 + λSxn−1 for all n ∈N (9)

converges to x∗, where λ = 1/(b + 1).

Proof. From λ = 1/(b + 1), we obtain b = (1 − λ)/λ. Let Sλ : M → M be given as in (1). Since S is a
(b, θ)-enriched contraction with respect toA,we get for all x, y ∈ M and {i2, · · · , in} ⊂ {1, 2, · · · ,n},

1
λ

∥∥∥Sλx − Sλy, ai2 , · · · , ain

∥∥∥ = 1
λ

∥∥∥ [ (1 − λ)x + λSx ] −
[

(1 − λ)y + λSy
]
, ai2 , · · · , ain

∥∥∥
=

1
λ

∥∥∥(1 − λ)
(
x − y

)
+ λ
(
Sx − Sy

)
, ai2 , · · · , ain

∥∥∥
=

∥∥∥∥∥1 − λ
λ

(
x − y

)
+
(
Sx − Sy

)
, ai2 , · · · , ain

∥∥∥∥∥
=
∥∥∥b (x − y

)
+
(
Sx − Sy

)
, ai2 , · · · , ain

∥∥∥
≤ θ

∥∥∥x − y, ai2 , · · · , ain

∥∥∥ .
So ∥∥∥Sλx − Sλy, ai2 , · · · , ain

∥∥∥ ≤ d
∥∥∥x − y, ai2 , · · · , ain

∥∥∥ (10)

for each x, y ∈ M and {i2, · · · , in} ⊂ {1, 2, · · · ,n}, where d = θλ. Since θ ∈ (0, b + 1), then d ∈ (0, 1). Now, by
Theorem 1.11, Sλ has a unique fixed point inM denoted x∗. By Remark 2.4, as the sets of fixed points of S
and Sλ coincide, we conclude that Sx∗ = x∗ and that x∗ is the unique fixed point of S.

Remark 2.6. If S is a (0, θ)-enriched contraction with respect toA, then S is contraction satisfying for each x, y ∈ M,∥∥∥Sx − Sy, ai2 , · · · , ain

∥∥∥ ≤ θ ∥∥∥x − y, ai2 , · · · , ain

∥∥∥ .
In this case, the Krasnoselskii type iterative process (9) reduces to the Picard iterative process (because b = 0 implies
λ = 1 in Theorem 2.5). Hence Theorem 2.5 states that the Picard iterative process can be applied for contractions in
an n-metric space.

If we take b = 0 in the Theorem 2.5, we obtain Theorem 1.11 in the setting of closed, bounded and convex
subset with respect toA in an n-Banach space.

Theorem 2.7 ([14]). Let E be an n-Banach space and M ⊂ E be a nonempty, closed, bounded and convex subset
with respect toA. Let S :M→M be a (0, θ)-enriched contraction with respect toA, then S has unique fixed point.
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3. Local and asymptotic versions of the enriched contractive principle

In concrete applications, the local variant of the enriched contraction (which involves an open ball B
in a Banach space X and a nonself enriched contractive map of B into X with an essential property that it
does not displace the center of the ball too far) is important (see [3]). The analog of this result in the case of
(b, θ)-enriched contractions in 2-Banach spaces is given by the following result.

Corollary 3.1. Let E be an n-Banach space, x0, e2, · · · en ∈ E, r > 0, B = Be2,···en (x0, r) and S : B→ E a (b, θ)-enriched
contraction. If

∥x0 − Sx0, e2, · · · en∥ < (b + 1 − θ)r, (11)

then S has a unique fixed point provided that B is bounded and Sλ(B) ⊆ B, where λ = 1
b+1 .

Proof. Let ε ∈ (0, r) be such that

∥x0 − Sx0, e2, · · · en∥ < (b + 1 − θ)ε < (b + 1 − θ)r.

In a similar manner to the proof of Theorem 2.5, one obtains that Sλ is a (0, d)-enriched contraction on B,
that is, we have∥∥∥Sλx − Sλy, z2, · · · , zn

∥∥∥ ≤ d
∥∥∥x − y, z2, · · · , zn

∥∥∥ for each x, y, z2, · · · , zn ∈ B, (12)

where

d = θλ =
θ

b + 1
.

From the inequality (11), one obtains that

∥x0 − Sλx0, e2, · · · en∥ <
(
1 −

θ
b + 1

)
ε = (1 − d)ε. (13)

We now prove that the closed ball

A = Be2,···en [x0, ε] = {x ∈ E : ∥x0 − x, e2, · · · en∥ ≤ ε} ⊆ B

is invariant under Sλ. Indeed, for any x ∈ A, using triangular inequality, (12) and (13), we have

∥x0 − Sλx, e2, · · · en∥ = ∥x0 − Sλx0 + Sλx0 − Sλx, e2, · · · en∥

≤ ∥x0 − Sλx0, e2, · · · en∥ + ∥Sλx0 − Sλx, e2, · · · en∥

< (1 − d)ε + d ∥x0 − x, e2, · · · en∥ ≤ (1 − d)ε + dε = ε,

that is Sλx ∈ A, for any x ∈ A. The conclusion follows by Theorem 2.5.

Now, we present the local version in the setting of a nonempty, closed, convex and bounded subset of an
n-Banach space.

Theorem 3.2. Let E be an n-Banach space andM ⊂ E be a nonempty, closed, convex and bounded with respect to
A. and S :M→ E be a (b, θ)-enriched contraction with respect toA. Then S has a unique fixed point provided that
b > 0.

Proof. Since b > 0, then λ = 1
b+1 ∈ (0, 1). AsM is convex, Sλx ∈ M for all x ∈ M. As S is a (b, θ)-enriched

contraction, one obtains from condition (7) that Sλ is a (0, d)-enriched contraction onM, where

d = θλ =
θ

b + 1
.
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Since θ ∈ (0, b + 1), we obtain d ∈ (0, 1). Let x0 ∈ M. Hence we can construct a sequence {xn}n∈N in a similar
manner as in the proof of Theorem 2.5, and one obtains∥∥∥xn − xm, ai2 , · · · , ain

∥∥∥ ≤ dn

1 − d
·

∥∥∥x0 − x1, ai2 , · · · , ain

∥∥∥ . (14)

Hence, it can be proved that {xn} is a Cauchy sequence. Following similar arguments to those given in the
proof of Theorem 2.5, the result follows.

Our next theorem is the more general case of (b, θ)-enriched contractions in n-Banach spaces.

Theorem 3.3. Let E be an n-Banach space andM ⊂ E be a nonempty, closed, convex and bounded with respect to
A. Let S :M→M be a mapping with the property there exists a positive integer N such that SN is a (b, θ)-enriched
contraction. Assume that there exists x0 ∈ M such that x0 − SN

λ x0 ∈ M. Then

1. Fix(S) = {x∗};
2. the iterative method {xn}

∞

n=1 given by

xn = (1 − λ)xn−1 + λSNxn−1 for all n ∈N (15)

converges to x∗, where λ = 1/(b + 1).

Proof. We apply Theorem 2.5 to the mapping SN and obtain that Fix(SN) = {x∗}. We also have

SN(S(x∗)) = SN+1(x∗) = S(SNx∗) = Sx∗,

which shows that Sx∗ is another fixed point of SN. But as SN has a unique fixed point, which is x∗, then
S(x∗) = x∗. The remaining part of the proof follows from Theorem 2.5.
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