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COMMON FIXED POINT THEOREMS FOR
OCCASIONALLY WEAKLY COMPATIBLE MAPPINGS
VIA IMPLICIT RELATIONS

Abdelkrim Aliouche and Valeriu Popa

Abstract

We prove common fixed point theorems for four mappings satisfying im-
plicit relations in symmetric spaces using the concept of occasionally weakly
compatible mappings. Our Theorems generalize results of [1], [3], [4] and [7].

1 Introduction and Preliminaries

Let A and S be self-mappings of a metric space (X,d) and C(A,S) the set of
coincidence points of A and S.

Definition 1.1 [5]. A and S are said to be weakly compatible if SAu = ASu
for all u € C(A4,S).

Definition 1.2 [2]. A and S are said to be occasionally weakly compatible if
SAu = ASu for some u € C(A4,5).

Remark 1.3 [2] If A and S are weakly compatible, then they are occasionally
weakly compatible, but the following Example shows that the converse is not true
in general.

Example 1.4. Let X = [1,00) with the usual metric. Define 4, S : X — X
by: Ar = 3z —2 and Sz = 22. We have Az = Sz iff z = 1 or # = 2 and
AS(1) = SA(1) = 1, but AS(2) # SA(2). Therefore, A and S are occasionally
weakly compatible, but they are not weakly compatible.

Lemma 1.5 [6]. If A and S have a unique coincidence point w = Az = Sz,
then w is the unique common fixed point of A and S.

Definition 1.6. Let X be a set. A symmetric on X is a mapping d: X x X —
[0, 00) such that

d(z,y) =0iff x =y and d(z,y) = d(y, z) for all z,y € X.
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Let Kg the family of all continuous mappings F'(t1, ta,ts,t4,t5,t6) : Rg — R
with t3 + t4 # 0 satisfying the following conditions:

(K;) : K is decreasing in variables t5 and tg

(K3) : there exists 0 < h < 1 such that for all u, v, w > 0 with

(K,) : F(u,v,v,u,u+v,0) <0 or

(Kp) : F(u,v,u,v,0,u+v) <0

we have u < hv.

Let Fg the family of all continuous mappings F(ty,ta,ts,t4,t5,16) : ]R(j_ — R
with t3 + t4 # 0 satisfying the following condition:

(F}) : there exists 0 < h < 1 such that for all u,v,w > 0 with

(Fu) : F(u,v,v,u,w,0) <0 or

(Fy) : F(u,v,u,v,0,w) <0

we have u < hv.

Let Hg the family of all continuous mappings H (t1,t2,t3,t4,t5,t6) : RS — R
with t5 + tg # 0 satisfying the following conditions.

(Hp) : there exists 0 < h < 1 such that for all u,v,w > 0 with

(H,) : H(u,v,v,u,w,0) <0 or

(Hyp) : H(u,v,u,v,0,w) <0

we have u < hv.

(Hz) : H(u,u,0,0,u,u) >0 for all u > 0.

Let Gg the family of all continuous mappings G(t1,t2,t3,ta,t5,t6) : RS — R
with to + t4 # 0 satisfying the following conditions:

(G1) : there exists 0 < h < 1 such that for all u,v > 0 with

(Ga) : G(u,v,v,u,w,0) <0 or

(Gy) : G(u,v,u,v,0,w) <0

we have u < hw.

(G2) : G(u,u,0,0,u,u) >0 for all u > 0.

The following Theorems were proved by [1].

Theorem 1.7. Let f,g,5 and T be self-mappings of a metric space (X,d)
satisfying the following conditions:

S(X)Cg(X)and T(X) C f(X) (1.1)
F(d(Sz,Ty),d(fx, gy), d(fx, Sx),d(gy, Ty), d(fz, Ty),d(Sz,gy)) < 0
for all z,y € X if d(fx,Sx)+ d(gy, Ty) # 0, where F' € Fg satisfies (Fy), or
d(Sz,Ty) = 0 if d(f=z, Sz) + d(gy, Ty) = 0.

Suppose that one of S (X),T(X), f(X) and g(X) is a complete subspace of X
and the pairs (S, f) and (T, g) are weakly compatible. Then, f,g,S and T have a
unique common fized point in X.

Theorem 1.8. Let f,g,S and T be self-mappings of a metric space (X,d)
satisfying (1.1) and

H(d(Sz,Ty),d(fz,gy),d(fz, Sz),d(gy, Ty),d(fx,Ty),d(Sx,gy)) <0
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for all z,y € X if d(fz,Ty) + d(Sx,gy) # 0, where H € Hg satisfies (Hy) and
(Hs), or
d(Sz,Ty) =0 if d(fz,Ty) + d(Sz, gy) = 0.

Suppose that one of S(X),T(X), f(X) and g(X) is a complete subspace of X
and the pairs (S, f) and (T, g) are weakly compatible. Then, f,g,S and T have a
unique common fixzed point in X.

Theorem 1.9. Let f,g,S and T be self-mappings of a metric space (X,d)
satisfying (1.1) and

G(d(Sz,Ty),d(fz, gy),d(fz,Sz),d(gy, Ty),d(fz,Ty),d(Sz,gy)) <0

for all z,y € X if d(fz,gy) + d(gy,Ty) # 0, where G € Cg satisfies (G1) and
(Gs), or
d(Sz, Ty) = 0if d(fz,gy) + d(gy, Ty) = 0.

Suppose that one of S(X),T(X), f(X) and g(X) is a complete subspace of X
and the pairs (S, f) and (T, g) are weakly compatible. Then, f,g,S and T have a
unique common fized point in X.

The following Theorems was proved by [7].

Theorem 1.10. Let f,g,S and T be self-mappings of a metric space (X,d)
satisfying (1.1) and

K(d(Sz,Ty),d(fz,gy),d(fz, Sz),d(gy, Ty),d(fz,Ty),d(Sx,gy)) <0

for all x,y € X if d(fx,Sz) + d(gy,Ty) # 0, where K € Kg satisfies (K1) and
(K3), or
d(Sz,Ty) =0if d(fz,Sz) + d(g9y,Ty) = 0.

Suppose that one of S(X),T(X), f(X) and g(X) is a complete subspace of X
and the pairs (S, f) and (T, g) are weakly compatible. Then, f,g,S and T have a
unique common fized point in X.

It is our purpose in this paper to prove common fixed point theorems for oc-
casionally weakly compatible mappings satisfying implicit relations in symmetric
spaces. Our Theorems generalize results of [1], [3], [4] and [7].

2 Implicit relations

Let Fg the family of all functions F'(t1,to, t3,tq, t5,t6) : R‘i — R with t3+t4 #0

lats tats
Example 2.1. F(t1,to,t3,t4,t5,t6) =t1 — a —-b , a,b>0.
p (t1,t2,t3,t4 6) 1 t3t+tt4 t5+tt?+1
atq 3te
Example 2.2. F(t1,t2,t3,t4,t5,t6) =t1 —a — , a,b>0.
p (t1,t2,t3,t4,15,16) 1 §3t+t4ttt5+t6+1
Example 2.3. F(t1,ta,t3,ta, ts5,t6) = t; — ML IR VISE Y
t3+Z4
t3ty + btst
Example 2.4. F(ty,ts, t5,ta,ts, 1) = t1 — 22T 750 h b e > 0.

t3 + 14
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Let Hg the family of all functions H (t1, to, ts, ta,ts5,t¢) : Ri — R with t5+tg # 0
satisfying the following condition:
(Hy) : H(u,u,0,0,u,u) > 0 for all u > 0.

tate + tat
Example 2.5. H(ty,ts,t5, 14, t5, 1) = tl—a%—btz, a,b>0andb < 1.
5 6
tats + btat
Example 2.6. H(t1,to, t3,ts,ts,tg) = t1 — a?’t%i” — ¢ty, a,b,c > 0 and
5 6

c<1.

Let Gg the family of all functions G(tl, to,t3,t4,1s5, tﬁ) : Rg_ — Rwithto41t4 #£0
satisfying the following condition:

(G1) : G(u,u,0,0,u,u) > 0 for all u > 0.

tat
Example 2.7. G(tl,tg,tg,t4,t5,t6) = tl —ai 275

to + 14

—ag(t3+ts) —as(ts +te) —
agts, ay,as,a3,a4 >0 and ay 4+ 2a3 + a4 < 1.

toty tsts

Example 2.8. G(ty,ts,t3,t4,t5,t6) =t1 — a —-b a,
p (t1,t2,t3,t4,t5,t6) 1 t2ttt4 t5ttf+17

Example 2.9. G(tq,t2,1t3,t4,t5,t6) =t1 —a 24y 376 , a,
P (b1 b2, 5, tas to bo) = Ty —ag =2 = b=l ey

b>0.

b>0.

3 Main Results

Theorem 3.1. Let f,g,S and T be self-mappings of a symmetric space (X,d)
satisfying the following condition:

F(d(Sz,Ty),d(fz, gy), d(fz, Sx),d(gy, Ty),d(fx, Ty),d(Sz,gy)) <0  (3.1)
for all x,y € X if d(fz,Sz)+ d(gy,Ty) # 0, where F € Fg, or
d(Sz,Ty) =0if d(fz,Sz) + d(gy,Ty) = 0. (3.2)

Suppose that the pairs (S, f) and (T,g) are occasionally weakly compatible.
Then, f,g,S and T have a unique common fized point in X.

Proof. Since the pairs (5, f) and (T, g) are occasionally weakly compatible,
there exist u,v € X such that fu = Su and gv = Tv. As d(fu, Su)+d(gv,Tv) =0,
it follows from (3.2) that Su = Tv and so fu = Su = gv = Tv. Moreover, if there
is another point w’ such that fu’ = Su/, using (3.2) it follows that fu' = Su’ =
gv = Twv. Therefore, z = fu = Su is the unique point of coincidence of f and S.
By Lemma 1.5, z is the unique common fixed point of f and S. Similarly, 2z’ is the
unique common fixed point of g and T'. On the other hand, d(fz, Sz)+d(gz',Tz') =
0 implies that d(Sz,Tz") =0, hence z = fz = Sz = g2/ = T2 = 2. Therefore, z is
the unique common fixed point of f,g,S and T'.

Corollary 3.2. (Theorem 1.7).

Proof. By Theorem 1.7, there exists u,v in X such that z =Tv = gv = Su =
fu. Since weakly compatible mappings are occasionally weakly compatible, then
the conclusion follows from Theorem 3.1.

Corollary 3.3. (Theorem 1.10).
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Theorem 3.4. Let f,g,5 and T be self-mappings of a symmetric space (X,d)
satisfying: the following condition:

H(d(Sz, Ty), d(fz, gy),d(fz, Sz),d(gy, Ty),d(fz,Ty),d(Sz,gy)) <0  (3.3)
for all z,y € X if d(fz,Ty)+ d(Sx,gy) # 0, where H € Hg satisfies (Hy), or
d(Sz,Ty) =01if d(fz,Ty) + d(Sx,gy) = 0. (3.4)

Suppose that the pairs (S, f) and (T,g) are occasionally weakly compatible.
Then, f,g,S and T have a unique common fized point in X .

Proof. Since the pairs (S, f) and (T,g) are occasionally weakly compatible,
there exist u,v € X such that fu = Su and gv = Tv. Assume that Su # Tv. As
d(fu,Tv) + d(Su, gv) # 0, using (3.3) we have

H(d(Su,Tv),d(Su,Tv),0,0,d(Su, Tv),d(Su,Tv)) <0

which is a contradiction of (H;) and so fu = Su = gv = Tv. The rest of the proof
follows as in Theorem 3.1.

Corollary 3.5 (Theorem 1.8).

Theorem 3.6. Let f,g,S and T be self-mappings of a symmetric space (X, d)
satisfying the following condition:

G(d(Sz,Ty),d(fz, gy), d(fx, Sx),d(gy, Ty),d(fz, Ty),d(Sz,gy)) <0  (3.5)
for all z,y € X if d(fz,gy) + d(gy,Ty) # 0, where G € Gy satisfies (G1), or
d(Sz,Ty) = 0if d(fz, gy) + d(gy, Ty) = 0. (3.6)

Suppose that the pairs (S, f) and (T,g) are occasionally weakly compatible.
Then, f,g,S and T have a unique common fized point in X .

Proof. It follows as in Theorem 3.4.

Corollary 3.7 (Theorem 1.9).

Corollary 3.8 (Theorem of [4]).

IfT =S and g = f in Theorems 3.1, 3.3 and 3.6, we obtain the following
Corollaries which generalize Corollaries of Theorems 1.7, 1.8 and 1.9.

Corollary 3.9. Let f and S be self-mappings of a symmetric space (X,d)
satisfying the following condition:

F(d(Sz, Sy),d(fz, fy),d(fz, Sz),d(fy, Sy), d(fz,Sy),d(Sz, fy)) <0
for all xz,y € X if d(fz,Sxz)+ d(fy, Sy) #0, where F € Fg, or
d(Sz,Sy) =0 if d(fz, Sx) + d(fy, Sy) = 0.

Suppose that the pair (S, f) is occasionally weakly compatible. Then, f and S
have a unique common fized point in X.
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Corollary 3.10. Let f and S be self-mappings of a symmetric space (X,d)
satisfying the following condition:

H(d(Sz,Sy),d(fz, fy),d(fz, Sx),d(fy, Sy), d(fz,Sy),d(Sz, fy)) <0
for all z,y € X if d(fx,Sy)+ d(Sx, fy) #0, where H € Hg satisfies (Hy), or
d(Sz,Sy) =0 if d(fz, Sy) + d(Sz, fy) = 0.

Suppose that the pair (S, f) is occasionally weakly compatible. Then, f and S
have a unique common fized point in X.

Corollary 3.11. Let f and S be self-mappings of a symmetric space (X,d)
satisfying the following condition:

G(d(Sz, Sy), d(fz, fy),d(fz, Sx),d(fy, Sy),d(fz,Sy),d(Sz, fy)) <0
for all z,y € X if d(fx, fy)+d(fy,Sy) # 0, where G € Gg satisfies (G1), or
d(Sz, Sy) = 0 if d(f=, fy) + d(fy, Sy) = 0.

Suppose that the pair (S, f) is occasionally weakly compatible. Then, f and S
have a unique common fized point in X.
Now, we give Examples to support our Theorems.
Example 3.12. Let X = [1,00), d(z,y) = (= —y)27 f,9,S and T are self
mappings of X defined by:
Sy = 3x — 2, fr = 2%, Tex = 322 — 2, gv = 2* and F(ty,to,t3,t4,t5,t5) =
tat tal
t1 — a% —btg, a,b > 0. It is easy to see that the pairs (f,S) and (g,T) are
31+t
occasionally weakly compatible, but they are not weakly compatible. We have for

all z,y e X

d(fz.gy) = (a®—y*)?
= (z—y*)P(x+y°)?
2 A — y2)2
4

Therefore

d(Sz,Ty) < %d(flngy)

ad(fa% Sz)d(fx,Ty) + d(gy, Ty)d(Sz, gy)
d(fz,Sz) + d(gy, Ty)

+%d(fx7gy)7 a>0,

if d(fz,Sz) +d(gy,Ty) # 0.
d(Sz,Ty) = 0ifd(fz,Ty)+ d(Sz,gy) =0

IN
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and so for all z,y € X

F(d(Sz,Ty),d(fz,gy),d(fz, Sx),d(gy, Ty),d(fz,Ty),d(Sz,gy)) < 0
it d(fx,Sx) +d(gy, Ty) # 0.

and
d(Sz, Ty) = 0 if d(fz, Sz) +d(gy, Ty) = 0.

Then, all conditions of Theorem 3.1 hold and 1 is the unique common fixed
point of f,g,5 and T.

Example 3.13. Let X = {1} U[¥/3,00), d(z,y) = (z —y)°, f, 9,5 and T are
self-mappings of X defined by:

Sx{ 23 +1 if ze{1}U[V3,00) and x # 4

Y

4 if r=4
o= 228 if e {1}U[V3,00) and x # 4
N 4 if x=4 ’
T — 22 +1 if x€{1}U[V3,00) and z # 4
B 4 if x=4 ’
. 22 if x e {1}U[V/3,00) and x # 4
FEEL 4 i z =4

t3te + tat
and F(t17t27t3at4at57t6) = tl - CLM
ts + tg

It is easy to see that the pairs (f,S) and (g, T') are occasionally weakly compat-
ible, but they are not weakly compatible
Ifrxr=y=4o0rxz=y=1, we have

—bty, a,b>0and b < 1.

d(Sz,Ty) = 0 since d(fz,Ty) + d(Sz, gy) = 0.

If z € [/3,00), * #4 and y € {1} U[V/3,00), y # 4, we get

d(fr,gy) = 4@°—y!)?
— 4($3 _ y2)2($3 + y2)2
> 64d(Sz, Ty).

Therefore
1
d(Sz, Ty) < @d(fm,gy)

If x € [V/3,00), z # 4 and y = 4, we get
d(fz,gy) = 4(2°® - 2)°
and

d(Sz,Ty) = (2 — 3)%.
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It follows that

d(fz,gy)

S\ 5T 3 2
1(Se.Ty) 4(x” + 3+ )

3 —3

> 64if z £ V3.

Hence 1

Similarly, if z = 4 and y € [V/3,00), y # 4 we get

1
d(Sz,Ty) < @d(fw7gy)~

Then, for all z,y € X

A(Se,Ty) < grd(fr,gy) +

d(fx, Sx)d(f, Ty) + d(gy. Ty)d(S

A x)d((ﬁvsg))id((g:ﬁj)) BL) 0 > 0itd(feTy) + dlSe,g9) 0.
d(Sz,Ty) = 0ifd(fz,Ty)+ d(Sz,gy) =0.

and so for all z,y € X

H(d(Sz,Ty),d(fx, gy), d(fz, Sx),d(gy, Ty),d(fz,Ty),d(Sz,gy)) < 0
if d(fx,Ty) +d(Sz,gy) # O.

and
d(Sz,Ty) =0 if d(fz,Ty) + d(Sz, gy) = 0.

Then, all conditions of Theorem 3.4 hold and 4 is the unique common fixed point
of f,g,5 and T.
Taking Example 3.13, It can be verified that for all z,y € X

G(d(Sz,Ty),d(fx,gy),d(fz, Sx),d(gy, Ty),d(fz,Ty),d(Sz, gy))
if d(fz, gy) +d(gy, Ty)

IA

N

and
d(Sz,Ty) = 0if d(fz,gy) +d(gy, Ty) =0,
tats
to + 14
ai,as,az,aq >0 and a; + 2a3 + a4 < 1.

Then, all conditions of Theorem 3.6 hold and 4 is the unique common fixed
point of f,g,5 and T'.

Remark 3.14. Theorems of [1], [3], [4] and [7] can not be applicable since
the pairs (f,S) and (g,T) are not weakly compatible and the function d defined in
Examples 3.12 and 3.13 is not a metric.
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Where G(tl,tz,tg,t4,t5,t6) = tl — ap

— as(ts + ta) — as(ts + t6) — aats,
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