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SOME SIMPLE CRITERIA OF STARLIKENESS
FOR MEROMORPHIC FUNCTIONS

Adriana Catas

Abstract

In this paper we will use the theory of differential subordinations to obtain
a new condition for meromorphic functions, defined in the punctured disc
U=U\{0}, U ={z€C:|z| <1}, which are of the form f(z) = Ltanz"+
anHZ"+1 + ..., to be starlike functions. The new condition for starlikeness
is expressed by means of |(1 — a)zf(z) + 2°f'(2) + a|, where a € [0, 1).

1 Introduction

For integer n > 0, denote by X, the class of meromorphic functions, defined in
the punctured disc U = U \ {0}, which are of the form

1
f(z)= 2 +an2" + app1 2"+

and let X = 3.
Let

Zn{fEZn.Re( f(z))>07 zeU}
the class of meromorphic starlike functions.
The following definitions and lemmas will be used in the next section.
Let H(U) denote the space of analytic functions in U. For n a positive integer
and a € C let

Hy={f €HU): f(2)=anz" + apnp 12" +...}

and
Hla,n] = {f e HU) : f(2) =a+anz" +anp12" ™ +... ).
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If f and g are analytic functions in U, then we say that f is subordinate to g,
written f < g, or f(z) < g(z), if there is a function w analytic in U with w(0) = 0,
|w(z)| < 1, for all z € U such that f(z) = glw(z)] for z € U. If ¢ is univalent, then
f < g if and only if f(0) = g(0) and f(U) C g(U).

Lemma 1.1. [2], [3] Let n € N*, N* = {1,2,...}, leta e Rwith0 < a <n+1
and let M > 0.
If f € ¥, satisfies

[22f(2) + (1 = @)zf(2) + ol <M

then

M
-1 -
20(2) =1 < —7—

and this result is sharp.
Lemma 1.2. [2], [3] Let n € N*, N* ={1,2,...}, let a € [0, 1], and let

n+1—a«

Mn(a):\/(n+1_a)2+a2+1_a.

If f € X, satisfies the condition
|22 (2) + (1 — a)zf(2) + a| < M,(a), z€T,

then f € X5

2 Main results

Theorem 2.1. Letn € N*, N* ={1,2,...}, let « € [0,1) and let

M(a,n) = max{Mo(a,n), M1(a,n)}, (2.1)
where 1o
MO(a?n):\/(n—l—l—a)?—i—aQ—i—l—a 22)
and
2n+1—-a)(1 —a)
Mi(a,n) = . 2.3
() 1-a)n—1)++/(n+1-a)2(1-a)+n—-1)21-a)? 23)
If f € X, satisfies the condition
(1= a)zf(2) + 2f'(2) + ol < M, (2.4)

where 0 < M < M(a,n), with M(a,n) given by (2.1), then f € X%
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Proof. Let
0< M < M(a,n)

and suppose that f € X, satisfies (2.4).

If we set
P(z) =zf(z) -1

then P € H,,+; and by Lemma 1.1 we have

M
|P(2)| < nri-a =R, zeU. (2.5)
Hence if we let 72)
zf'(z

then p € H[1,n + 1] and (2.4) can be written in the form
Ip(2)(1 + P(2)) — (1 — a)P(2) — 1] < M.

We claim that this inequality implies Re p(z) > 0, z € U. If this is false, then
there exist a point zg € U such that p(zy) = ip, where p is real.
We will show that at zg we have

lip(1+ P(20)) — (1 — a)P(z0) — 1] > M, (2.6)

for all p € R.
If we let Py = P(2g), we have

lip(1+ Po) — (1 — )Py = 1 = p*|[1 + P> +|(1 — @) Py + 1* + 2palm Py
and we deduce that (2.6) is equivalent to
PP+ Pol* + |(1 — @) Py + 1)* + 2aplm Py — M? >0
which holds for all real p is and only if
?(Im P2 < 14+ P> (|1 —a)Py +112 = M?), zeU. (2.7)
Letting Py = u + iv and r? = u? + v? then (2.7) is written as
[(1—a)r® — (au — 1) +2u]* = M?*(r® + 2u+1) > 0.
The above inequality will hold if
[(1—a)r® = (au—1)+2u]* = M*(r +1)*> >0 (2.8)
and the inequality (2.8) holds if

H(r)=(1—-a)r® — (au—1) +2u— M(r+1) > 0.
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From (2.5) we deduce that

n+1—a«
Since the discriminant of H is
A=M?—4+4a+4(1 —a)M — 4u(a —1)(a - 2),

by using (2.9) and M < M;(«,n), we deduce that A < 0, which shows that H(r) >
0. Hence (2.6) holds and one obtains Re p(z) > 0, ie. f e X. O

Remark 2.1. Note that for a = 1, My(1,n) was obtained in [1] and for the spe-
1
cial case @ = 0 the value of My(0,n) = it was obtained in [3] and for this

n+2
case M;(0,n) > My(0,n), n = 1,2,...,11 and we get the following criterion of

starlikeness for meromorphic functions.

Corollary 2.1. Letn € {1,2,...,11} and let

2(n+1)

M(n):n—1+\/(n+1)2+(n—1)2' (2:10)
If f € X, satisfies the condition
|2f(2) + 22 £ (2)] < M(n) (2.11)
with M(n) given by (2.10), then f € X%.
Since a function f € ¥,, can be written as
) = % +g(z), 0<|z<1 (2.12)

where g € ‘H,,, Theorem 2.1 can be rewritten in the following equivalent form, that
is useful for the other results.

Theorem 2.2. Let f € ¥,,, n > 1, have the form (2.12), where g € H,,. If
|(1—a)zg(z) + 2%/ ()| < M, a€][0,1)
where 0 < M < M(a,n)
M(a,n) = max{My(a,n), My(c,n)}
and Mo(a,n), Mi(a,n) given by (2.2) respectively (2.3), then f € XF.

Example 2.1. If we let
1
flz)= 2 + A(1 —cosz)



Some simple criteria of starlikeness for meromorphic functions 113

In this case f € 35 and for a = 0 we get
2f(2) + 22 f'(2)] < |Al(e = 1)
Hence by Theorem 2.1 if

2(v/10 — 1)

Al < 3e—1)

=0.8389...

then .
=+ X1 —cosz) € 5.
z
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