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1

Let K be a nonempty closed convex subset of a Banach space E. A self map-
ping T: K — K is called asymptotically nonexpansive if there exists a sequence
{un} C [0,00); u, — 0 as n — oo such that for all z,y € K, the following inequality
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Abstract

Let K be a nonempty closed convex nonexpansive retract of a real uni-
formly convex Banach space E with P as a nonexpansive retraction. Let
T1,T5,...,Tn: K — FE be N asymptotically nonexpansive nonself map-
pings with sequences {rf} such that Ef;l ri, < oo, for all 1 < i < N and
F =N F(T;) # ¢. Let {4}, {B.} and {73} are sequences in [0,1] with
ab, + 8L +~5 =1foralli=1,2,...,N. From arbitrary z; € K, define the
sequence {x,} iteratively by (6), where {u},} are bounded sequences in K with
2211 ul, < oo. (i) If the dual E* of E has the Kadec-Klee property, then
{zn} converges weakly to a common fixed point z* € F; (ii) if {T,T%,...,Tn}
satisfies condition (B), then {z,} converges strongly to a common fixed point
x* €F.

Introduction and preliminaries

holds:

T is called uniformly L-Lipschitzian if there exists a constant L > 0 such that for

[Tz =Tyl < (1 +un) 2 =y, Vn=>1. (1)
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all z,y € K,

[Tz = T"y|| < Lllz —yll, vn=>1. (2)

The class of asymptotically nonexpansive maps was introduced by Goebel and Kirk
[12] as an important generalization of the class of nonexpansive maps (i.e., map-
pings T: K — K such that | Tz — Ty|| < ||z — y||, Y,y € K) who proved that if
K is a nonempty closed convex subset of a real uniformly convex Banach space and
T is an asymptotically nonexpansive self-mapping of K, then T has a fixed point.

Iterative techniques for approximating fixed points of nonexpansive mappings and
asymptotically nonexpansive mappings have been studied by various authers (see
e.g., [24], [2,3], [5], [21], [17], [6], [23], [1], [10, 11], [7], [13, 14, 15, 16])
using the Mann iteration method (see e.g., [27]) or the Ishikawa iteration method
(see e.g., [20]).

In 1978, Bose [19] proved that if K is a bounded closed convex nonempty sub-
set of a uniformly convex Banach space E satisfying Opial’s [29] condition and
T: K — K is an asymptotically nonexpansive mapping, then the sequence {T"x}
converges weakly to a fixed point of T provided T is asymptotically regular at
z € K, ie, limy .o ||[T"z — T 1z|| = 0. Passty [6] and also Xu [8] proved that
the requirement that E satisfies Opial’s condition can be replaced by the condition
that E has a Frechet differentiable norm. Furthermore, Tan and Xu [13, 14] later
proved that the asymptotic regularity of T can be weakened to the weakly asymp-
totic regularity of T at x, i.e., w — lim, oo (T2 — T" 1x) = 0.

In [10, 11], Schu introduced a modified Mann process to approximate fixed points
of asymptotically nonexpansive self-maps defined on nonempty closed convex and
bounded subsets of a Hilbert space H.

In 1994, Rhoades [1] extended the Schu’s result to uniformly convex Banach space
using a modified Ishikawa iteration method.

In all the above results, the operator T' remains a self-mapping of a nonempty closed
convex subset K of a uniformly convex Banach space. If, however, the domain of
T, D(T) is a proper subset of E (and this is the case in several applications), and
T maps D(T) into E, then the iteration processes of Mann and Ishikawa studied
by these authors; and their modifications introduced by Schu may fail to be well
defined.

In 2003, Chidume et al [4] studied the iterative scheme defined by

1 €K, 2,41 =P((1—an)z, + o, T(PT)" '2,), n>1, (3)
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in the framework of uniformly convex Banach space, where K is a closed convex
nonexpansive retract of a real uniformly convex Banach space F with P as a non-
expansive retract. T: K — FE is an asymptotically nonexpansive nonself map with
sequence {k,} C [1,00), kp, — 1 as n — 00. {a,}22, is a real sequence in [0, 1]
satisfying the condition € < «,, < 1 — ¢ for all n > 1 and for some € > 0. They
proved strong and weak convergence theorems for asymptotically nonexpansive non-
self maps.

In 2005, Shahzad [18] studied the sequence {x,} defined by

21 € K, zpt1=P((1—an)xn+ anTP(1 = Bn)xn + 8nTxy]), (4)

where K is a nonempty closed convex nonexpansive retract of a real uniformly con-
vex Banach space E with P as a nonexpansive retraction. He proved weak and
strong convergence theorems for nonself nonexpansive mappings in Banach spaces.
Recently, Su and Qin [28] studied the sequence {z,} defined by

1 € K,
z, = PIT(PT)" 'z, + (1 —a)z,),
yn = P, T(PT)" 'z, + (1 —ap,)zn), (5)
Tpi1 = Pla,T(PT)" ty, + (1 —ap)zy),

where {a,}, {a),} and {«//} are real sequences in (0,1) and K is a nonempty closed
convex nonexpansive retract of a uniformly convex Banach space F with P as a
nonexpansive retraction. They proved weak and strong convergence theorems for
asymptotically nonexpansive nonself mappings in uniformly convex Banach space.
Motivated by Su and Qin [28] and some others, the purpose of this paper is to con-
struct a multi step iterative scheme with errors for approximating common fixed
point of a finite family of asymptotically nonexpansive nonself mappings (when such
a fixed point exists) and to prove weak and strong convergence theorems for such
maps.

Let K be a nonempty closed convex subset of a real uniformly convex Banach
space E. In this paper, the following iteration scheme is studied:

I
3

a’}LTl (PTl)nilxn + Brlzxn + 7}1“711)
= P(2To(PTo)" 'zl + B2z, +2u?)

8 8
SN I
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e (6)

Tpp1 =2 = P Tn(PTN)" a1+ N2, + 4N ul)

with x; € K, n > 1, where {al},{a2},..., {a}}, {6711}, {ﬁ%}, e {BNY,
(i {42}, ..., {7} are sequences in [0,1] with of, + 8L + % = 1 for all i =
1,2,...,N,and {ul}, {u2},..., {ulY} are bounded sequences in K.

Our theorems improve and generalize some previous results. Our weak conver-
gence result applies not only to LP-spaces with 1 < p < oo but also to other spaces
which do not satisfy Opial’s condition or have a Fréchet differentiable norm. More
precisely, we prove weak convergence of the above defined iteration scheme with
errors (6) in a real uniformly convex Banach space whose dual has the Kadec-Klee
property. It is worth mentioning that there are uniformly convex Banach spaces,
which have neither a Fréchet differentiable norm nor Opial’s property; however their
dual does have the Kadec-Klee property (see, e.g., [9, 25]).

Let E be a real Banach space. A subset K of E is said to be a retract of E if
there exists a continuous map P: E — FE such that Px = « for all z € K. A map
P:E — FE is said to be a retraction if P2 = P. It follows that if a map P is a
retraction, then Py = y for all y in the range of P. A set K is optimal if each point
outside K can be moved to be closure to all points of K. It is well known (see, e.g.,
[26]) that

(i) if E is a separable, strictly convex, smooth, reflexive Banach space, and if K C F
is an optimal set with interior, then K is a nonexpansive retract of F;

(ii) a subset of P, with 1 < p < oo, is a nonexpansive retract if and only if it
is optimal.

Note that every nonexpansive retract is optimal. In strictly convex Banach spaces,
optimal sets are closed and convex. However, every closed convex subset of a Hilbert
space is optimal and also a nonexpansive retract.

A mapping T with domain D(T) and range R(T) in FE is said to be demiclosed
at p if whenever {z,} is a sequence in D(T) such that {z,} converges weakly to

z* € D(T) and {Tx,} converges strongly to p, then Tz* = p.

A Banach space E is said to have the Kadec-Klee property if for every sequence
{zn} in E, 2, — = weakly and ||z,| — ||z|| strongly together imply ||z, — z| — 0.

Recall that the following:

(i) A mapping T: K — K with F(T) # ¢ is said to satisfy condition (A) [7]
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on K if there exists a nondecreasing function f:[0,00) — [0,00) with f(0) = 0 and
f(r) > 0 for all r € (0,00) such that for all z € K, ||z —Tz|| > f(d(z, F)) where
d(z, F(T)) = inf{|[z — p|| : p € F(T)}-

(ii) A family {T1,Ts,...,Tn} of N self mappings on K with F = NN, F(T}) # ¢
is said to satisfy condition (B) on K if there exist f and d as in (i) such that
maxi<;<n{|lx — Tiz||} > f(d(z, F)) for all z € K.

Note that condition (B) reduces to condition (A), when T; = T foralli = 1,2,..., N.
In order to prove our main results, we will make use of the following lemmas:

Lemma 1.1 (Tan and Xu [15]): Let {a,}52,, {8,}22, and {r,}32; be sequences
of nonnegative real numbers satisfying

apy1 < (1 + T'n)an +ﬂn7 Vn € N.

If Y rn <00, D02 Bn < co. Then
(2) lim,,_,~ a, exists.
(¢) If liminf,, o a, = 0, then lim, . a, = 0.

Lemma 1.2 (see [8]): Let p > 1 and R > 1 be two fixed numbers and F a
Banach space. Then FE is uniformly convex if and only if there exists a continuous,
strictly increasing and convex function g: [0, 00) — [0, 00) with ¢g(0) = 0 such that
1A + (1= ll? < A2l” + (1= X) [gl]” = Wp(Wg(lla — yll) for all 2,y € Br(0) =
{z € E: ||z]| < R}, and X € [0, 1], where Wj,(X) = A(1 — X\)? + AP(1 — ).

Lemma 1.3 (demiclosed principle for nonselfmap [4]): Let E be a uniformly
convex Banach space, K a nonempty closed convex subset of F. Let T: K — FE
be an asymptotically nonexpansive mapping with {k,} C [1,00) and k, — 1 as
n — o0o. Then I — T is demiclosed with respect to zero.

Lemma 1.4 (see [9]): Let E be a real reflexive Banach space such that its
dual E* has the Kadec-Klee property. Let {z,} be a bounded sequence in E
and z*,y* € wy(zy); here wy, (z,) denotes the weak w-limit set of {x,}. Suppose
limy, oo ||ty + (1 — t)a* — y*|| exists for all ¢ € [0,1]. Then z* = y*.

2 Main results

Definition 2.1 (see [4]): Let E be a real normed linear space, K a nonempty
subset of E. Let P: E — K be the nonexpansive retraction of E onto K. A map
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T:K — F is said to be asymptotically nonexpansive if there exists a sequence
{un} C [0,00); up, — 0 as n — oo such that for all z,y € K, the following inequal-
ity holds:

|IT(PT)"™ Lz — T(PT)"y|| < (1+ ) |z — yll, Vo> 1. (7)

T is called uniformly L-Lipschitzian if there exists a constant L > 0 such that for
all z,y e K

|\T(PT)" 'z — T(PT)" 'y|| < Lz —yl|, Yn=>1. (8)

Lemma 2.2: Let E be a real uniformly convex Banach space and K be a nonempty
closed convex subset which is also a nonexpansive retract of E. Let Ty, T5,...,Tx:
K — K be N asymptotically nonexpansive nonself mappings with sequences {r¢ }
such that > °7 i < oo, forall 1 < i < N and F = NN, F(T;) # ¢. Let {al},
{B.} and {~}} are sequences in [0, 1] with of, + 3% +~% =1foralli=1,2,...,N.
From arbitrary z; € K, define the sequence {x,} iteratively by (6), where {uf,} are
bounded sequences in K with Y7 u!, < co. Then

() |#ng1 — a*|| = ||z} —2*|| < QA +bY"Y) oy — ||+ dY ! foralln > 1, z* € F
and for some sequences {b } and {d,} for all i = 1,2,..., N of numbers such that
S bl < ooand Yoo, dl < oo.

(ii) There exists a constant M > 0 such that ||zp4m — 2% < M ||z, —2*| for
alln,m >1and z* € F.

Proof: (i) Let 2* € F, then from (6) we have

Hx,ll —z*| = HP(a}LTl (PTl)”_lxn + ﬁ,llxn + V}Lu;) — Pz*
< ol HTl(PTl)"_lxn — 2| + B [|on — x| + 2 Hu; —z*
< an( ) lon — 2| + By llzn — 2™ + v, [Jun — 2
< (=B A+ 1) o — ™ + Ba (L + 1) lon — 27|
+ [[ra, — 2|
< () o — ™l + o [Jun — 27
< (U)o — o] +dy
where d =~} ||up, — #*||. Since Y07 | ¥4 < oo, then Y77, dY < co. Next, we note
that
[on = 2" = [|P(aqT2(PT2)" "y + Bran + aus,) — P’

a, | To(PT2)" ey, — 27|+ B [l — ™[ + 75 [Jup — 27

ap(L+73) [[on — 27| + By llom — ™[l + 75 [lug — 27

IN A
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< ap(L+ )+ ) lon — 2% + do] + B [l — 2|
+ [|up — 27|

< [+ rp) (A +ra)al + B2 o — || + af (1 4 72)d),
+m [Jun — 27

< (ap + O+ r) (L4 r7) o — 2| + ap (1 +r)d,,
+ ||,

< Ay +r24rerd) o, — 2| + ol (L+r2)d + 2 ||ul

< (U 4by) on —2*|| + dy,

where dl = a2(1 + r2)d" +7n||u —x || and b, = (1 +rL +r2 +rlr2). Since
P d°<oozn1’yn<oo ann<oof0r2—1,2,andsozn1d}l<oo
and Zn 1 b < oo. Similarly, we have

3 z*
n

Hx = HP (3 T3(PT3)" ‘a2 + Ba, +73ud) —

< ol | 13(PTs)" i— o lln — 2|+ ||

< ap(l+rp) = o lzn — 2| 4+ ||uy

< ap (L)1 +bp) o — || + dp] + B [Jan — 2|
+ [[n — 2|

< [ad (U 4+7r0) (A +by) + B3] lan — 2| + o (1+7}))d,,
+ [[un — 2]

< (@ +ﬂ3)(1+b1)(1+r )|z — ¥ + ad (14 r3)d)
-I-'ynHu

< (A4 +73) |z, — 2|+ d3

< (L4 02) [lan — 2| + i,

where b2 = bl +72 +bLr3 and d? = o3 (1+73)d}, —l—’yn |ud — x*||. Since Y7, b) <
00, Zn 17‘f’l<oo Zn 1d}l<ooaundz _ .73 < 0o, 80 D07 b2 < oo and
Zn 1 dgl < 0.

By continuing the above process, there exists a nondecreasing sequences {d.~*} and
{bl=1} such that -7 dl! < oo and Yoo b < 0o and

||x%—:z:*|| <A+ Y oy — 2| +d5, Yn>1, Vi=1,2,...,N.

7

Thus

<A+ |z, — 2| +dYV Y, YneN.

41 = 2% = [l —2*

This completes the proof of ().
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(ii) Since 1 4+ x < e” for all > 0. Then from () it can be obtained that

[ pm — 2| < (L4 o) 1T sm—1 — 2* [+ d) 0
pN -1 N—1
< emimed ||1'n+m 1—Z || +dn+m 1
N-—-1
= e(b"+m 1+bn+m 2 ”mn-‘rm 2~ ”+€ "+m 1dn+m 2+dn+m 1
N-—-1
= N [y — |+ e @ + AN )
ndm—1,N_1 ntm—1,N_q, MEm-1
= elur=n Ok ||xn—x*H+eZk=n b Z de_l
k=n
n+m—1
N—-1 pN -1t
= M. |x, — 2" + M. Z dy 7, where M =e e
k=n

This completes the proof of (i7).

Lemma 2.3: Let E be a normed linear space and K be a nonempty closed and
convex subset which is also a nonexpansive retract of E. Let T1,T5, ..., Tn: K — K
be N uniformly L-Lipschitzian mappings. Let {z,} be the sequence defined by (6)
with sequences {u?} in K for all i = 1,2,...,N and {a!}, {8.} and {7} are
sequences in [O 1] satisfying of, + 3, + v, = 1 for all i = 1,2,...,N. Set ¢!, =
|20 — T(PT;)" 'y, || for all i = 1,2,...,N. If lim, .o ||zn — T;(PT;)" ', =0,
lim,, o0 || Znt1 — @n|| = 0, then lim,, ||z, — Tz, || = 0.

Proof: Since T; is uniformly L-Lipschitzian for all ¢ =1,2,..., N, we have

|Zns1 = Tiwngill < l@nsr — Ti(PT) " @nga |l + | Ti(PT) " Tns1 — Tiwn |
< oy + L TP  ang1 — T |
< C;+1 + L{l|znt1 — @all + Hxn - T'(PT‘)n_lﬂth
+|TPTY" 2, = T(PTY™ 2}
< Gt L{H$n+1 — xnll 4+ ¢ + Ll|lzni — o}
< oy LIL+ 1) |2pg1 — 3p|| + Leh, = 0 as n— o0

This completes the proof.

Remark 2.4: If we put P = I (identity map) in Lemma 2.2, then it general-
izes the corresponding Lemma of Schu [11] for one mapping. Further, if F =
NN, F(T;) # ¢ and lim,,_, ||xn — T;(PT;)"~ 1an =0foralli=1,2,...,N, then

we have lim,, o0 [|Tp+1 — 0| =

Theorem 2.5: Let E be a real uniformly convex Banach space and K be a
nonempty closed convex subset which is also a nonexpansive retract of E. Let
T, T, ...,
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Tn: K — K be N uniformly continuous asymptotically nonexpansive nonself map-
pings with sequences {r%} such that Y - 7} < oo, forall 1 <i < N and F =
NN F(T;) # ¢. Let {z,} be the sequence defined by (6) with Y>°>7 /7% < oo and
{a’} Cle,1—¢]| foralli=1,2,...,N, for some ¢ € (0,1). Then ||z, — T;z,| =0

foralli=1,2,...,N.

Proof: Let * € F = N¥,F(T;). Then by Lemma 2.1 (i) and Lemma 1.1,

limy, oo ||Zn — ™| exists. Let lim, oo ||2n —2*|] = a. If @ = 0, then by the
continuity of each T; the conclusion follows. Now suppose that a > 0. Firstly,
we are now to show that lim,,_ o HTN(PTN)”*lxn — an = 0. Since {z,} and

{ul} are bounded for all i = 1,2,..., N, there exists R > 0 such that x, — 2* +
AE(ul, — x), Ti(PTy) " taimt — a* + 4 (ul, — x,,) € Br(0) for all n > 1 and for all

1=1,2,...,N. Using Lemma 1.2, we have

2

N *
n_x|

| P(an T (PTN )" 2l = 4 B + v uh)) —
= || Ty (PTn)" 2t B 2y + ANl — 2|

= [a¥ (Tn(PTx)" 2l — 2 4N (W — 2,))
+(1—al)(@n — 2" + Y (W —z)|

ol || ( PTNW N —at N @ —a)| - al)

7l n

|l

IN

IIxn—x +vn Y=
7WQ ||TN PTN)TL 1 N 1 :IZnH

Tl

HTN PTN)"™ LpN=1 _ o ||+’yn ||u xn||)2+(1—aN)

IN

Ty, n
(Hxn—x*ll+7 [un = @a)?

—Wa (e )g(||Tn (PTw)" el 1 = 2y]])

an[(1+b¥ Dy - ||+dN P [lun =P+ (1= o)
[(1+bN_2)Hmn—x*||+dN 2N Jud = ||
—Waa))g(||Tn (PTN)" " al ~h = 24|

[(1+bN Z)Hxn—x*HerN 2+’yn |ud — 2,2

~Wa(on )g(||Tn (PTN)" ! ﬁlV L=z,

< [Ilmn—df*HJrAéV 1 = Walag )g(| Tn (PTw)" g ™" = aa)) 9)

TL

IN

IN

whereA) =2 = d =2 + 4} ||ul) — 2,||. Observe that €3 < Wa(a)) now (9)implies
that 5 g(|Tn(PTN) 12l =t =z ||) < [J#n — 2 N = zngs — 2*[* + pN 2, where
pN=2 = 2AN=2 1 (A\N- 2) Since >°°7  dY 72 < oo and Y o7 N2

S 1pnN 2 < oo. This implies that limy, o g(||Tn (PTn)" 2l = — 2,||) = 0.
Since g is strictly increasing and continuous at 0, it follows that

lim HTN PTN)™™ N - an =0.

n
n—oo
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Since Ty, VN is asymptotically nonexpansive, note that

IN

lzn — Tn(PTN)" 2l M| + || Tn (PTN)" el — a*
|

= |Jon = In(PTN)" " a7+ (L)) 2™ = o

[n — 7|

N—-1 *
n — X

<limsup,,_, Hx <

= a. Using the same argument in the proof

forallm > 1. Thus a = limy, 0 |2, — 2*|| < liminf,, Hwﬁ"l —z*
a and therefore lim,,_, o Hxﬁ‘l —x*
above, we have

N-1 71,*”2

[

< oM Ty A (PTy ) a2 =2 4N @ = )|+ (1= e
||33n -z + %]l\f—l(ug—l - xn)HQ
—W2(047]:/_1)9(HTN—l(PTN—l)"_ley_z — )

< ) TNAH+B ) o — |+ d) P A A T [ul T =z P4+ 1=l
[(1+ 0 73) [l — 2|+ dY 73 + AN [l =1 — |2
—Wa(a Mg(|| T -1 (PTn—1)" g 2 — 2 ))

<[4 Jan — a4 d) T ) T Juh T = @[]
~Wala) " g(|Tn-1 (PTn—1)" "2} 2 = a))

< llon — 2* ||+ A7)

~Wa(ay " Ng(||Tn—1 (PTy-1)" 2 =2 — 2, ) (10)
where AV =% = dN=3 {41 (N1 g ||
This implies that
Eg(|| T2 (PTn-1)" " el 72 = 2)) < llwn — 2*))* = [lznga — 2*|° + pN 2,

where plY =3 = 2AN=3 4 (ANV=3)2

N-2

and therefore lim,,_, o HTN_l(PTN_l)"_lxn — an =0.

Thus, we have

||$n 7TN(PTN)n71:L‘n||
< lwn = ITn(PTN) 2l 7| + [T (PTN)" 2l ~ — T (PTN)" ||
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< ||xn—TN(PTN)" LpN= 1|| + 1+ Hx —a:nH
< |lwn — Tn(PTN)" ! if Yl
) 0 T 1 (PToy )" = 4 8 4o
< flru = Tn(PTa 12|
F ) an | T (PTy—1)" ey ™2 = || 43 [Juy ™ = 2]
since
m ||z, — Tn(PTn)" 2l ! =0, lim ||z, — Ty—1(PTy-1)" 2} % =0
n—oo n—oo

and > 07 vVt < oo, o0l < oo, it follows that

lim ||:cn7TN(PTN an =0.

n—oo

Similarly, by using the same argument as in the proof above we have

lim,, HZUn - TN72(PTN72)7L_1-T¢]¥_3H = limy,—oo HCCn - TN73(PTN73)H_13371¥_4H

=,..., = lim, oo |2, — To(PT2)" 2k | = 0.

)

This implies that

llm’ﬂHOO Hxn - TNfl(PTNfl)n_lan = hmnﬁoo ||xn - TN72(PTN72)n_1

=,y =limy oo |20 — T5(PT3)" Ly || = 0.

It remains to show that

@

lim Ha:n — T (PTy)" an =0, hm ||:cn —Th(PT)" an =0.

— )

Note that
Hx}l — |
< o (|nPT)" e, o Jun = 2 [)? + (1 - ap)
(7 — 1+ 72 [ = 2°[2 = Walal g |T2(PT" 2 — ]
< all+ry) 2, —x*||+7,g||u1 — 2|12 + lfozl)
(A+r ) 20 — 2| + 75 ||U SC*H — Ws(a HT1 PT)" 1z,
< (@) — o] 472l — 22
~Wa(a)g(| Ty (PTy) 21 — anl|)
< flon - "l 42 = o | = Wala)g(ITaPT™ 0, - )
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Thus, we have e%g(|| Ty (PT1)" ' an — @a|) < [lzn — o*([[ 472 |Jul — 2*|[]2—]|=5 — x*||2

and therefore lim,,_, o ||T1(PT1)”*1xn — an =0
Since

|l@n — To(PT2)"~ 1an
< lon — To(PT2)" o) || + ||To(PT2)" o), — To(PT)" 'ay||
< H{En—TQ(PTQ)n ! 1H+ 1+T H‘T _(EnH
< Jlow—Ta(PT 01

+(1+ rfl) Ha T (PT)"™ Lo + ﬁlxn —i—'y?lluil — an

< lon = T(PT)" oy |

—l—(l—i—rn )| 71LHT1 (PTy)" _1xn—an —l—'y}LHu,ll—an}

it implies that lim, e ||T2(PT2)" @y, — :an = 0. Therefore

lim HT (PT;)" —an =0
foralli=1,2,...,N.
On the other hand, by Remark 2.3, it is clear that lim, . ||Znt1 — zs|| = O.
Therefore, by Lemma 2.2, we can conclude that ||z, — Tiz,|| = 0 as n — oo.

This completes the proof.

Theorem 2.6: Let E be a real uniformly convex Banach space and K be a
nonempty closed convex subset which is also a nonexpansive retract of E. Let
T, T, ...,

T'n: K — KbeN asymptotically nonexpansive nonself mappings with sequences
{ri} such that > 07, ri < oo, forall 1 < i < N and F = N, F(T;) # ¢. Let

{z,,} be the sequence defined by (6) with > 7 7% < oo and {an} Cle, 1 —¢] for
all i =1,2,..., N, for some ¢ € (0,1). Then for all u,v € F, the limit

lim |[tz, + (1 —t)u —v||

exists for all ¢ € [0,1].

Proof: By Lemma 2.2(i) and by Lemma 1.1, we have lim, o ||z, — 2% ex-
ists for all z* € F. This implies that {z,} is bounded. Observe that there
exists R > 0 such that {z,} € C = Bg(0) N K, where Br(0) = {z € E :
lz]| < R}. Then C is a nonempty closed convex bounded subset of E. Let
an(t) = ||txn + (1 —t)u —v||. Then lim, o a,(0) = |ju —v| and from Lemma
2.2(i) and 1.1, lim,, o0 @ (1) = lim, . ||, — v|| exists. Without loss of generality,
we may assume that lim, o ||, —ul| =7 >0 and t € (0, 1).

For any n > 1 and for all i = 1,2,..., N, we define A’:C — C by
A, = Pla,Ti(PT)" ! 4 Bl +vyup)
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A, = PnTa(PTR)" Ay + BT+ ypup)
Ay = Plo In(PTw)" 7 AT+ BT+ w)

Thus for all z,y € K, we have

|4z = ALy

[ P(on, Ty(PT)" " A e+ B + )

=P Ti(PT;)" ALty + By + o) |

[(a, T(PT)" T A + Bz + ) — (an, Ti(PT)" ATy + By + vy |
of |T(PT)" A

~Ti(PT)" Ayl + 8, e — |

an (147 [|[ A 2 — A7yl + 5, e —

(L +r) [|AT e = Ay + e — |

F |4 e = A7y + Dl =l

INIA

IN A IA

where ki, = (1 + %) for all i = 2,3,...,N. Since Y oo rf < oo for all i =
1,2,..., N, then Hfilk’ < 00, and

n

A5z — Ay an(1+7,) o =yl + By llz =yl
[on (1 +73) + Bl [l — o
[, + By + anra] o =y

(L +7) o =yl = &y lla =yl

IN N CIN DA

This implies that

ANz — Ay < o [|[Tn(PTNn)"PAY e — Tn(PTN)" AN "ty + 8L [l — y||
< (L) [[AT e = AT Yy + BY Ml — |
< () |AY e = Ayl [l -yl
< k;TJLV HATIX_las — AnN_lyH + ||z —y|, where k‘fy =1+ riv)
< RY[RY (AR e — AV Py + e — ]+l -y
< kRN THAR e — AV Pyl (L k) 2 -y
<

IN
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< RYENTURZ|ALe — Ayl + [T+ R+ RN EY T+
R BN ENTE 2] e — |
< RYENTUR2E |l — yll + L+ R + R EY T+
e A ENEN LR |l — |
N ) N ) N .
< (IFE) e =l +0+(J] kD +C I] *)+
=1 =N 1=N-—1
N .
(T ED 2 =yl
=2
< (I A+T]k +-+ ] %+ 1)z -yl
=1 =2 i=N
< [5}1—1-5,21—1-...—1-5,]1\[—%-1“@—1/”,where&fl:Hk;
i=j
N
< Oz -yl
p=0
<z =yl

that is
ANz — AN y|| < llz -yl

Set Spom =AN, AN o AN m >1, and
bn,m = ||Sn,m(t$n + (1 - t)u) - (tSn,mxn + (1 - t)Sn,mu)”

It is easy to see that ANz, = z,41, SnmTn = Tntm and ||Sp mx — Spmy||
<z -yl

We show first that, for any =* € F, ||S,, mz* — z*|| — 0 uniformly for all m > 1 as
n — oo. Indeed, for any z* € F, we have

|45 2™ = oy, | Ti(PT) AT ™ — ||+, [fun, — 27|
ozfl(l + r;) HAil_lm* — || + ’yfl HufI —z*
(118 A" = o]+ — o]

kLA et — 2 ||+ ||ul, — 2%, where K, = (1+7r},)

INIANCINIA

foralli=2,3,...,N, and ki, = (1 +r¢) forall i =1,2,..., N and
[Anz™ =" < [l =27
<

1 *
[ = 2]
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Therefore
HAiLVa:* -z < aﬁ/ HTN(PT]\[)”_lzﬁlfy_1 - —z* |
S OéN(l N HAN—l *_ .’E*
S (1+7’ HAN 1 ¥ —
< kAT - ||+Huriv—ff*||
< 6}L||u;—x*||+6z||ui—m*”+
4 = o =]
<

N
My ok
p=0

for all n > 1, where M = max{sup, >, {||u}, — 2
83 = [IN.. ki such that 2°° . 67 < co. Hence

i=j ''n n=1"n

-, sup, s {[[ul — 2*||}} and

1Snmz™ —a*| = (A1 A - A2

= HAn+m lAn+m 2o AY *—Arlerm lAn+m oo AN
+HAn+m 1An+m 2 A'r]erlx _AnN+m 1An+m 2 A’I’ILV+
+...+]AY
4"~ xn+uawﬂ:—fn+~AWA&m4f—ww

N
MZ&PJFMZ@MJF MY S

p=0

IN

IN

n+m—1 N

MZZ;Z(V’

IN

since >_;2, 07 < oo, we have & — 0 as n — oo and hence ||S,, ,,z* —2*|| — 0 as
n — o0o. Observe that

1tSh,mxn + (1 — t)u — v

1tSn.mzn + (1 — t)u — Sy (tzy, + (1 — t)u)||

+ [[Sn,m (tzn + (1 = t)u) — |

1tSh,mxn + (1 — £)Shmt — Spm(tzy, + (1 —t)u) + (1 —t)(w — Spmu)||
+ |Sn,m(tzn + (1 —t)u) — o

bpm + (1 —t) |lu — Snmul| + [|[Sn,m(tx, + (1 —t)u) — v

b.m + | Sn,m (txn + (1 — t)u) — Spmv|| + | Snmv — 0|

+(1—=1) lu— Snmull

bnm + [txn + (1 —)u — v|| + [|Snmv — v|| + (1 —¢) [[u — Spmull

bn,m + an(t) + & + (1= 1)&,

An+m (t)

IN

IN

VANVAN

INIA
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By using [ [9], Theorem 2.3], we have

bn,m < 9‘7_1(”3771 —uf - ||Sn,m33n - Sn’muH)
< 9071(”%1_““ = Tnsm —u+u— Spmull)
< o M llzn = ull = (|#ngm — ull = [[Snmu — ull))

and so the sequence {b,, », } converges uniformly to 0 as n — oo for all m > 1. Thus,
fixing n and letting m — oo in (), we have

lim sup anm () < @7 (o — ull = ( lim o —ul = &) +an(t) + & + (1 = 1)

m—0o0
and again letting n — oo

limsup a, (t) < ¢ (0) + liminf a, (t) + 0 4+ 0 = liminf a,,(¢).

n—00 n— 00 n— 0o
This shows that lim,,— . a,(t) exists, that is,

lim |[tz, + (1 —t)u — v||

exists for all ¢ € [0,1]. This completes the proof.

Theorem 2.7: Let E be a real uniformly convex Banach space such that its dual
E* has the Kadec-Klee property and K a nonempty closed convex subset of £ which

is also a nonexpansive retract of E. Let T1,T5,...,TNn: K — K be N asymptoti-
cally nonexpansive nonself mappings with sequences {r’,} such that >~ < oo,

forall 1 <i< N and F =nNY, F(T;) # ¢. Let {x,} be the sequence defined by (6)
with Y77 | 74 < oo and {af,} C[e,1 —¢] foralli=1,2,..., N, for some ¢ € (0,1).
Then {x,} converges weakly to some common fixed point z* € F.

Proof: By Lemma 2.2 (i) and 1.1, we have lim,,_, ||z, — 2*| exists for all z* € F.
This implies that {z,} is bounded. Since E is reflexive, there exists a subse-
quence {x,;} of {z,} converges weakly to some z* € K. By Theorem 2.5, we
have lim;_, Hxn] — Tizy, H =0foralli=1,2,...,N. Now Lemma 1.3 guarantees
that I —T; is demiclosed at zero for all # = 1,2, ..., N. This implies that T;z* = x*
for all i =1,2,..., N, hence this means that z* € F. It remains to show that {z,}
converges weakly to 2*. Suppose {z,,} is another subsequence of {z,} converges
weakly to some y*. Then y* € K and so 2*,y* € wy(z,) N F. By Theorem 2.6, the
limit

lim |[tx, + (1 —t)z* — y*||
n—oo

exists for all ¢t € [0,1]. By Lemma 1.4, we have x* = y*. As a result, w,(z,) N F
is a singleton, and so {z,} converges weakly to some common fixed point z* € F.
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This completes the proof.

Theorem 2.8: Let E be a real uniformly convex Banach space and K be a
nonempty closed convex subset which is also a nonexpansive retract of E. Let
T, To,...,

Tn: K — K be N asymptotically nonexpansive nonself mappings with sequences
{ré} such that > °7  7¢ < oo, for all 1 < i < N and F = NY,F(T;) # ¢. Sup-
pose {T1,T>,...,Tn} satisfies condition (B). Let {z,} be the sequence defined
by (6) with Y>> ;75 < oo and {a},} C [e,1 —¢] for all i = 1,2,..., N, for some
€ €(0,1). Then {x,} converges strongly to a common fixed point of the mappings
(T, T»,..., Ty}

Proof: From Lemma 2.2(i) and 1.1 we see that lim, . ||z, — 2*| exists for all
v € F =N F(T;). Let lim,, o ||z, — 2*|| = a for some a > 0. Without loss of
generality, if a = 0, then there is nothing to prove. Assume that a > 0, as proved
in Lemma 2.2(i), we have

|znsr =2 < L+ by ") 2 — | +dy ™, VneN

where {b 1% | and {d’}2°, for all i = 1,2,..., N are nonnegative real sequences
such that Y 07 | b% < ocand Y -, di <ooforalli=1,2,...,N. This gives that

d(zpyi1, F) < (140" Nd(x,, F)+dY™',  VneN.

Applying Lemma 1.1 to the above inequality, we obtained that lim,,_, ., d(z,, F)
exists. Also by Theorem 2.5, lim,, o |2, — T;x,|| =0 for alli=1,2,..., N. Since
{T1, T, ..., TN} satisfies condition (B), we conclude that lim,, oo d(zy, F) = 0.

Next we show that {z,} is a Cauchy sequence. Since lim,,_, o d(2,, F') = 0, given
any € > 0, there exists a natural number ng such that d(z,, F') < § for all n > no.
So we can find p* € F such that ||z, — p*|| < §. For alln > ng and m > 1, we have

[Zntm — 2l < NZotm — 0%l + 20 — P
S H'Tno _p*H + ”xno _p*”
< € n €

-+ - =c.
2 2

This shows that {x,,} is a Cauchy sequence and so is convergent since E is complete.
Let lim,, oo Z, = ¢*. Then ¢* € K. It remains to show that ¢* € F'. Let ¢ > 0
be given. Then there exists a natural number n; such that |z, — ¢*|| < & for all

n > ny. Since lim, o d(z,, F') = 0, there exists a natural number ny > n; such

that for all n > ny we have d(x,, F') < % and in particular, we have d(z,,, F') < %.

Therefore, there exists w* € F' such that ||z,, —w*|| < . For any i € I and
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n > ng, we have

ITiq" = ¢l < [Tig" —w*| + [[w" = ¢7|
< 2[j¢" —wl
< 2(llg" = ol + ll#n, —w)
€1 €1
< 254 =
(4 +7)
< €1.

This implies that T;¢* = ¢*. Hence ¢* € F(T;) for all i € I and so ¢* € F =
NN, F(T;). Thus {x,} converges strongly to a common fixed point of the mappings
{T1,T3,...,Tn}. This completes the proof.

Remark 2.9: Theorem 2.5 to 2.8 extend the corresponding results of Su and Qin
[28] to the case of multistep iterative sequences with errors for a finite family of
asymptotically nonexpansive nonself mappings and also they extend many known
results.

Remark 2.10: Our results also extend the corresponding results of Plubtieng
and Ungchittrakool [22] to more general class of nonexpansive nonself mappings.

Remark 2.11: Our results also extend the corresponding results of Shahzad [18]
to the case of multistep iterative sequences with errors for a finite family of more
general class of nonexpansive mappings.
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