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UNIQUENESS AND DIFFERENTIAL POLYNOMIALS
OF MEROMORPHIC FUNCTIONS
SHARING ONE VALUE

Jiying Xia and Yan Xu

Abstract

In this paper, we study the uniqueness of differential polynomials of mero-
morphic functions sharing one value, and obtain some results, which improve
and generalize the related results due to Fang, Zhang-Lin, and Bhoosnurmath-
Dyavanal, etc.

1 Introduction

In this paper, the term ”meromorphic” will always mean meromorphic in the com-
plex plane C. Let f and g be two nonconstant meromorphic functions, and let a be
a complex number. We say that f and g share a CM ( counting multiplicity) when
f —a and g — a have the same zeros with the same multiplicity.

It is assumed that the reader is familiar with the standard notations of value
distribution theory that can be found, for instance, in [3, 7, 9]. We use I to denote
any set of positive real numbers of infinite linear measure and use E to denote any
set of positive real numbers of finite linear measure, not necessary the same at each
occurrence. We denote by S(r, f) any function satisfying

S(r, f) = o(T(r, f))

asr—oo, 7€ F.
In addition, we shall also use the following notations.
Let k be a positive integer. We denote by N (r, ﬁ) the counting function for

zeros of f — a with multiplicities at least k, and by N(k (r, ﬁ) the corresponding
one for which multiplicity is not counted. Similarly, we denote by Ny, (r, ﬁ) the
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=

counting function for zeros of f —a with multiplicities at most k, and by N, ) (7 7
the corresponding one for which multiplicity is not counted. Set

T o )
1 %a) + N =)+ o+ Nl ﬁ).

Clearly, Ny(r, - a) can be viewed as the counting function corresponding to the
zeros of f — a where a n-fold zero is counted min {n, k} times.

Let ’
O(a, f) =1~ limsup W

N, _

In 2002, Fang [2] obtained the following unicity theorem for differential polyno-
mials of entire functions.

Theorem A. Let f(2) and g(z) be two nonconstant entire functions, and let n, k
be two positive integers withn > 2k+8. If[f™(2)(f(2)—1)]*) and [¢"(2)(g(z)—1)]*)
share 1 CM, then f(z) = g(z).

Recently, Zhang and Lin [10] proved the following result, which generalizes and
improves the above theorem.

Theorem B. Let f(z) and g(z) be two nonconstant entire functions, and let
n,m,k be three positive integers with n > 2k +m + 4. If [f*(2)(f(z) — 1)™]®
and [g™(2)(g(2) — 1)™]*) share 1 CM, then either f(z) = g(2), or f and g satisfy
the algebraic equation R(f,g) =0, where R(w1, ws) = wi(wy; —1)™ —wl (wy —1)™

Remark 1. Theorem A is a special case of Theorem B. Indeed, let m = 1, and
suppose that f(z) = g(z) and f"(f —1) = ¢"(g — 1), then g is constant by Picard’s
theorem (for details, see [10]).

In this paper, we extend Theorem A and B to meromorphic functions. For the
case m > k, we prove the following result.

Theorem 1. Let n,m,k be three positive integers, and f(z) and g(z) be two non-
constant meromorphic functions such that [f™(2)(f(z) — 1)™]®) and [¢"(2)(g(z) —
l)m]( ) share 1 CM. If m > k and n > 3k+m+8, and ©(co, f) > 2m(m+n)/[(n+
m)? —4k?) or ©(co,g) > 2m(m+n)/[(n+m)? —4k?], then either f(z) = g(z), or f
and g satisfy the algebraic equation R(f,g) =0, where R(wy,ws) = wi(wy —1)™

wy (wy —1)™

For the case m < k, we have
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Theorem 2. Let n,m,k be three positive integers, and f(z) and g(z) be two non-
constant meromorphic functions such that [f™(2)(f(z) — 1)™® and [¢"(2)(g(z) —
D™®) share 1 CM. If m < k andn > 3k +m + 8, and

2m(m +n)

O(c0, f) + Oy (1, f) >1+(n+m)—2—4k2

or
2m(m +n)

O(o0,g) + 9[%])(179) > (n+m)?— 4k?’

then the conclusion of Theorem 1 holds.

If f and g have same poles ( not necessary with the same multiplicity), we prove
that the above theorems still hold without the condition about the deficiency of f
or g, as follows.

Theorem 3. Let n,m,k be three positive integers, and f(z) and g(z) be two non-
constant meromorphic functions such that [f™(2)(f(z) — 1)™® and [¢"(2)(g(z) —
1)™]®) share 1 CM. If f and g have same poles ( not necessary with the same mul-
tiplicity), and n > 3k +m + 8, then the conclusion of Theorem 1 holds.

Remark 2. In [1], Bhoosnurmath and Dyavanal proved that: Let f(z) and g(z) be
two nonconstant meromorphic functions such that [f(2)(f(z)—1)]*) and [¢"(2)(g(z)—
1)](k) share 1 CM, and let n,k be two positive integers with n > 3k 4+ 13. If
O(o0, f) > 3/(n+ 1), then f(z) = g(z). However, the proof given there seems to
contain some gaps (for example, see [1, p.1203,(6.9) etc.]).

2 Some Lemmas

For the proof of our results, we need the following lemmas.

Lemma 1.(see [7]) Let f be a nonconstant meromorphic function, and ag,ay,- - ,an
be finite complex numbers such that a, # 0. Then

T(Tvanfn+"'+a1f+a0) :nT(va)—'_S(rvf)

The next lemma is due to Milloux( see [3, 6, 9]).

Lemma 2. Let f be a nonconstant meromorphic function, k be a positive integer.
Then

T, ) < N L)+ N )+ NG gadg) = NG gebey) +801)
(r

<N
< N(Taf)+Nk+1 %)JFN( 3f(k) 1) NO( 7f(k+1))+S(Taf)7
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where No(r,1/f* 1)) is the counting function which only counts those points such
that fE+D =0 but f(f*) —1) #£0.

The following lemma is the second fundamental theorem for small functions,
which is due to Yamanoi [8]

Lemma 3 Let f(z) be a non-constant meromorphic function on C, and let a1(z),
as(z), - ,aq(2) be distinct meromorphic functions on C. Assuming that a;(z) are
small functions with respect to f for alli=1,---,q. Then

1
f—ai

(q—2)T(r,f) <> _N(r, )+ S(r, f).
=1

Lemma 4( see[3, 6, 9]). Let f(2) be a nonconstant meromorphic function, and let
k be a positive integer, Suppose that f*) %0, then
1

N(r, W) < N(r, %) +kN(r, f) +S(r, f).

Lemma 5. Let f(z) be a nonconstant meromorphic function, and let k be a posi-
tive integer. Suppose that f*) # 0, then

N(r, =) < Niss(r, ) + EN(r, ) + 5(r. f).

7@ 7
Proof. This can be found in [5]. For details, see the inequality (12) in the proof
of Theorem 2 [5, p.1296]( cf.[4]). Here we omit the details. O

Lemma 6. Let f(z) and g(z) be two nonconstant meromorphic functions, and
n,m, k be three positive integers with n >k + 2, and let F = [f"(2)(f(z) — 1)™]*)
and G = [¢"(2)(g(z) — 1)™®) such that F and G share 1 CM. Set

FII 2F/ G// 2Gl

U= -7l lg a1 M
If H # 0, then
m(r,+) <N r,é +2[N(r, f) + N(r,g)] @)
(0~ K= 2)[N(, 1)+ N(r, 1)) + 5, f) + (1, 9),
m(r,5) < N(r,+)+2[N(r,f)+ N(r,g)] 3)
—(n =k =2)[N(r, ) + N(r, )] + S(r, f) + S(r, 9).

Proof. Since F and G share 1 CM, by a local expansions, we see from (1) that
H(zp) =0 if zg is a simple zero of both F' — 1 and G — 1. Tt follows that

Ny(r,z51) = Ny(r ghty) S N(r ) < )
< N(r,H)+S8(r, )+ S(r, g).
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Noting that F' and G share 1 CM, we deduce from (1) that

N(r,H) < N(r, F)—i—N(r G)+N2(T,%)+N(2(r7é> (5)
+N0( 7F1)+N0( vG/)

where Ny(r, F,) denotes the counting function corresponding to the zeros of F’ that
are not zeros of F(F — 1), and No(r, &) is defined similarly. Since

_ 1 = 1 — 1
N(r,——)=N —— N, e —
(T’F—].) 1)(T7F_1)+ (2(T7G_1)a

by the second fundamental theorem , we obtain from (4) and (5) that

T(r,F) <N(rF)+N(r+)+ __(r ) _No(r,%)—l-_S(r, )
< 2N(r,F)+ N(r, G) N(r, %) + Na(r, %) +N(2(r,é) (6)
+NO( 7G/)+N(2( 'y G— 1) (

;From the definition of Ny(r, &), we see that

1 1 _
N( G,)+N(2( G_1)+N(2(T,a)fN(2(7”,

The above inequality and Lemma 4 give
. 1
No(r, )+ Nolr,

Substituting (7) in (6), we get

G -1

T(r, F) Sg[]\_f T,F)—I—ZV(T,G)]—l—N(r,%)—&-N(r,é)
_l’_

It is not difficult to see that
_ 1 _ 1 1 1 _ 1
N(nf)—i—N@(r, = r

Next we give the estimate of N(3(r, &) — 2N3(r, &). If 2 is a zero of f with
multiplicity I > 1, then zy is a zero of [f”( ) f(2)— ) %) with multiplicity nl — k.
Since n > k + 2, we know that nl — k> (k+2)l — k= (I — 1)k + 20 > 2. Thus

1 - 1 1

Ns(r, F) — 2N3(r, F) > (n—k—2)N(r, ?)
It follows from (9) that
_ 1 _ 1 1
N(Taf)_FN(Q(nF) <N(T1F)_(n_k_2)N(Ta7) (10)

Similarly, we have

1
N('I",a G =~ a — — N’f’,;.
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Substituting (10) and (11) in (8), we obtain

[—

T(r,F) <2[N(r,F)+N(r,G)]+N(r,

r +N(r,é)
7(717 k— 2)[N(7‘, %) +N(T’,é)

)
+ S0, 1)+ S(r, ). (12)

—

Then, noting that N(r, F) = N(r, f) and N(r,G) = N(r,g), and using the first
fundamental theorem, we obtain (2). Similarly, we can prove (3). Lemma 6 is
proved. O

3 Proof of Theorems
Proof of Theorem 1. Let
F=[f"(z)(f(z) = 1)™W, G =[g"(z)(g(z) = )P, (13)

and

Fy=f"()(f(z) =)™, Gi=g"(2)(g(z) — )™ (14)
Then F and G share 1 CM, Fl(k) =F, ng) =G, and

m(r, Fil) < m(r, ) + 807, f). (15)

By Lemma 1, we have
T(r, F1) = (n+m)T(r, f) + S(r, f), (16)
T(r,Gy) = (n + m)T(r,g) + S(r, ). (17)

We first prove that H = 0, where H is defined as (1). Suppose that H # 0, by
Lemma 6, we have

m(r k) < N, &)+ 2(N(r /) + N(r.g)] "
—(n—k=2)[N(r, ;) + N(r, )] + S(r. f) + S(r, 9)-
Combining (15), (16) and (18), we get
(n+m)T(T7f) :T(erl)"i'S(r’f) :N(T7FL1)+m(T’FL)+S(T’f)
< N(r, g7) +m(r, ) + S(r, f) i (19)
< N(r, F%) + N(r, é) +2[N(r, f) + N(r,9)]
“(n— k= 2)[N(r, )+ N(r, )] + 80, f) + S(r, ).

N(r, &) <N(rg)+kN(r,G) + S(r,Gh) (20)
< N(r,g;) +EN(r,g) + S(r,9).
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Substituting (20) in (19), and nothing that
N(r,1/Fy) =nN(r,1/f) +mN(r,1/(f = 1))

and
N(’I“, 1/G1) = nN(rv 1/9) + mN(Tv 1/(9 - 1))3

we have

(n+m)T(r, f)

Similarly, we have

(n+m)T(r,g) <2N(r,g) + (k+2)N(r, f)]

Combining (21) and (22), we obtain

[n— Bk +8+m)|[T(r, f) +T(r,g)] <5(r, f) + 5(r,9),

191

(21)

(22)

(23)

which is impossible since n > 3k +m + 8. Therefore, H = 0, and we deduce from

(1) that
aG +b

cG+d’

where a, b, c and d are finite complex numbers satisfying ad — bc # 0.

(24)

Next we prove that either F; = G; or FG = 1. Without loss of generality,
we may suppose that there exists a set I with infinite linear measure such that

T(r,g) <T(r,f) for r € I. We consider three cases.
Case 1. ac # 0. From (24), we see that

_ 1 - 1
N@r,———)=N(r,——
Fl(k)—a/c F—afc

Using Lemma 2 for Fi, we have

T(r, F1) )+ S(r, F1)

N(r, F1) + Ni4a(r, F%) + N(r, F(k)
N

Then
(n+m—2k—4)T(r, f)<S(rf), rel,

which is impossible since n > 3k + m + 8.

Case 2. a #0,¢=0. Then d # 0 and F = (aG + b)/d. Tt follows that

a
F1 = gG1 —|—p(z),

):N(T’,G) :N(T’,g).

, a/c
(r, f)+ (k + DIN(r, 2) + N, 75)] + N, g) + S(r, ).

(25)
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where p(z) is a polynomial with degp(z) < k.
If p(z) # 0, then

N(niFl —1p(z)) :N(ni) :N(nl)—i-]v(r 1

G1 g ’g—l)'

Clearly, p(z) is a small function of f. Then by Lemma 3, we have

(n+m)T(r,f) =T(r,F1) < N(r,Fy) + N(r, F%) + N(r, Fl%p(z)) + S(r, Fy)
SN(r,f)+]\7(7",%)—I—N(r,ﬁ)—&—N(r,é)—i—N(r,g%Q—i—S(r,f),

that is, (n + m —5)T'(r, f) < S(r, f) for r € I, a contradiction.
Then p(z) =0, and thus

Fl=-G. (26)

Ul e

JFrom (26), we have
a
F=-G.
d

If a/d # 1, then F # 1 since F and G share 1 CM. By Lemma 2, we have

(n+m)T(r,f) =T(r,F1) < N(r,F1) + Ngpa(r, ) + N(r, pop) + S(r, Fr)
S N(r, f) + (k+ D[N(r, ) + N(r, 757)] + S(r, f),
that is, (n +m — 2k — 3)T(r, f) < S(r, f), a contradiction. Thus a/d = 1, and
F1 = Gl.
Case 3. a = 0,c # 0. Then b # 0 and F = b/(cG + d). Using almost the same
argument as in Case 2, we can prove that F'G = 1.

We thus proved that either F; = G or FG = 1.
If FG =1, then

/(=) (f(2) = )™ P g"(2)(g(2) = )™W = 1. (27)

Let zp be a zero of f of order p, we see from (27) that zy must be a pole of g.
Suppose that zj is a pole of g of order q. Again by (27), we obtain

np —k =nqg+mq+k,

that is,
n(p —q) = mq + 2k,
which implies that p > ¢ + 1 and mq + 2k > n. Then

n — 2k
P>

+1. (28)

Let z; be a zero of f — 1 of order p;. Noting that m > k, z; is also the zero of
[f™(2)(f(2) — 1)™]®) of order mp; — k. From (27), we see that z; must be a pole
of g of order, say ¢;. Again by (27), we have mp; — k = nq1 + mq; + k. This gives

n + 2k

P> +1. (29)
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From (28) and (29), by the second fundamental theorem, we obtain

T(r.f) <N(rf)+N(r,§)+ N 525) + S0, f)
< N(r f)+ mN(r7 %) + mN(r, ﬁ) + S(r, f).
Then 2m(m + 1)
[©(c0, f) — M—Q_W]T(T» <S8 f), r¢E.
Similarly, we have
O.9) - s T(ng) < S(0), ¢ E.

But these contradicts the assumption ©(oco, f) > 2m(m + n)/[(n + m)? — 4k?] or
(o0, g) > 2m(m +n)/[(n +m)? — 4k?].

Hence F; = G;. Using the argument as in [10, p.950], we can obtain the con-
clusion of Theorem 1. This finally completes the proof of Theorem 1. O

Proof of Theorem 2. Theorem 2 can be proved by using almost the same argu-
ment as in Theorem 1. The only one difference is in the proof of FG # 1. Suppose
that FG = 1. Then we have (27). Similarly, we have (28).

Let z; be a zero of f —1 of order p; with p; > [%] + 1. Obviously, mp; > k+ 1.
Then 2 is a zero of [f(2)(f(z) —1)™]*) of order mp; — k. From (27), we conclude
that z1 is a pole of g of order, say ¢;(> 1). Similarly as in the proof of Theorem 1,

we obtain p; > (n + 2k)/m + 1. Thus

N T, L < Ny (r
( f*l) 7[;’;])( I m (30)

aﬁ)‘i‘N{[&H,l(r,ﬁ) .
< Npxpy (r 77) + smrar N (h 71)-

Then, from (28) and (30), using the second fundamental theorem, we have

T(r,f) <N(rf)+N(r3)+N(r 55)+ S f)
SN ) + sy N(r, ) + Ny (s 725)
+n+7;n+2k N([£]+1(7“, ﬁ) + +S(T7 f)7
that is,
2
O(0c.1) + 61 (1.£) =1 =~ ENEE LT ) < S( ). 1 ¢ £

which contradicts the assumption ©(oo, f) + ©x)y(1, f) > 1+ (Tff(w Theo-

m)2—4k? "
rem 2 is thus proved. O

Proof of Theorem 3. The proof is also almost the same argument as the proof
of Theorem 1. The only one difference is also in the proof of F'G # 1. Suppose that
FG = 1. Then we have (27). Since f and g have same poles ( not necessary with
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the same multiplicity), we conclude from (27) that f and g have not poles, and then
they are entire functions. Next we can use the same argument as in [10, p.948] to
arrive at a contradiction. Here we omit the details. Theorem 3 is proved. O

Acknowledgment: We thank the referee for his/her valuable comments and
suggestions made to this paper.
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