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GENERALIZED COUNTABLE ITERATED
FUNCTION SYSTEMS

Nicolae Adrian Secelean

Abstract

One of the most common and most general way to generate fractals is by
using iterated function systems which consists of a finite or infinitely many
maps. Generalized countable iterated function systems (GCIFS) are a gen-
eralization of countable iterated function systems by considering contractions
from X X X into X instead of contractions on the metric space X to itself,
where (X,d) is a compact metric space. If all contractions of a GCIFS are
Lipschitz with respect to a parameter and the supremum of the Lipschitz
constants is finite, then the associated attractor depends continuously on the
respective parameter.

1 Introduction

In the famous paper [2], J.E. Hutchinson proves that, given a set of contractions
(wn) év=1 in a complete metric space X, there exists a unique nonempty compact set
A C X, named the attractor of IFS. This attractor is, generally, a fractal set. These
ideas has been extended to infinitely many contractions, a such generalization can
be found, for example, in [3] and, for Countable Iterated Function Systems (CIFS)
on a compact metric space, in [6]. There is a current effort to extend the classi-
cal Hutchinson’s framework to more general spaces and infinite iterated function
systems or, more generally, to multifunction systems. In [7] it is shown that any
compact subset of a metric space ca be obtained as attractor of a CIFS. M. Barnsley
(in [1]) and others show that, if the contractions of an IFS depend continuously on
a parameter, then the corresponding attractor also depends continuously of the
respective parameter with respect to the Hausdorff metric. The result has been
extended to the countable case (see [8]).

We start with a short description of a Hausdorff metric on a metric space and
on a product of two metric spaces and we prove some of its properties which will
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be used in the sequel. Next, the notions of iterated function system (IFS) and
countable iterated function system on a complete and, respectively compact metric
space (X, d) together with some its properties are presented.

In [4], A. Mihail introduces the Recurrent Iterated Functions Systems (RIFS)
which is a finite family of contractions w,, : X x X — X, n=1,..., N, where (X, d)
is a complete metric space and he proves some of its properties. That construction
is extended in [5] by A. Mihail and R. Miculescu to a finite family of contractive
mappings from X™ (m € N) into X, the space (X,d) being compact.

The main results of that paper are given in section 3 when it is introduced the
Generalized Countable Iterated Functions Systems (GCIFS) of order two. A GCIFS
consists of a sequence of contractions w, : X x X — X, n=1,2,..., where (X,d)
is a compact metric space. Notice that the treatment of GCIF'S of any order m € N,
m > 3, (when the considered contractions are defined on X™ space) can be make
in an analogous way as in the case when m = 2.

It is described some ways to characterize the attractor of a GCIFS as a limiting
process and by means of the fixed points of a proper family of contractions. If
the contractions which compose the GCIFS obey some continuity conditions with
respect to a parameter, then the corresponding attractor depends continuously with
respect to that parameter.

Some ways to write the attractor of a GCIFS as a limit of a sequence of sets
are presented. They can be very beneficial in certain cases to use the computer to
approximate the attractor. Finally, some examples in the compact subspace X of
R and, respectively R2, is given.

2 Preliminary Facts

In this section we give some well known aspects on Fractal Theory used in the sequel
(more complete and rigorous treatments may be found in [2], [1], [6], [8]).
Let us consider a function f : X — Y, where (X, d), (Y, d) are two metric spaces,

and we define
3(f(2), f(y) _ =

Lip(f) := sup e R,.

z,yeX d(l’l,xg)
T#y

f is said to be a Lipschitz function if Lip(f) < oo and a contraction if Lip(f) < 1.
If f is contraction, then any r € (O,Lip(f)) is called contraction ratio.

2.1 Hausdorff metric

Let (X, d) be a metric space and IC(X) be the class of all compact non-empty subsets

of X. The function h : K(X) x K(X) — Ry, h(A, B) = max {D(4, B),D(B, A)},

where D(A, B) = sup ( in}fg d(z,y)), for all A,B € K(X), is a metric, namely the
€A YE

Hausdorff metric. If (X,d) is complete, then K(X) is a complete metric space with

respect to this metric h. Also, (IC(X ), h) is a compact metric space provided that
(X,d) is compact.
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Some simple standard facts in the space (IC(X ), h), which will be used in the
sequel, are described in the following two lemmas:

LEMMA 2.1. If (F;)ics, (Fi)ics are two sequences of sets in K(X), then

h(zng“ZgF?) = h( U E;, U Fz) < sup h(E;, F}).

F ek
. . 1S
€S icS €

LEMMA 2.2. [6, Th.1.1] Let (An)n be a sequence of nonempty compact subsets of
X.

(a) If A, C Apy1, for alln > 1, and the set A := |J A, is relatively compact,
n>1
then

A= U A = lim Ay,
n>1
the limiting process being taken with respect to the Hausdorff metric and the bar

means the closure;
(b) If A1 C Ay, for anyn > 1, then lim A, = [ A,.

n>1

We now consider another metric space (Y,d) and we use the same notation h
for the Hausdorff metric on K(X) and K(Y) and, analogously, for the function D.
We equip the space X x Y with the "max” metric do, namely

dg(($1, Y1), (xg,yg)) ‘= max {d(xl, x2), 5(y1,y2)}.

It is known that ds is a metric and the space (X x Y, ds) is complete, respectively
compact, whenever (X,d) and (Y, d) are completes, respectively compacts.

Let hy be the Hausdorff metric on K(X) x (V') induces by da. We denote Do
the corresponding set function from the definition of Hausdorff metric,

Dg((Bl,Cl),(BQ,OQ)) = Ssup inf dg((xl,xg),(yl,yg)).

x1€B; L2682
yiEC’; y2€C2

LEMMA 2.3. Under the above conditions,
h((B1,Ch), (B2,C2)) = max {h(B1, B2), h(C1,Ca)},
for any By, Bz € K(X) and any Cy,C3 € K(Y).
Proof. We first prove that
D2{(Bi,C1), (Bs,C2)} = max {D(By, B2),D(C1,C2)}, (2.1)
that is
sup inf max {d(ml,xg),(S(yl,yg)}

z1€EB; T2€82
1 €C; Y2€C2

=max{ sup inf d(wzi,z2), sup inf §(yq, .
{zleglwzeBz ( b 2)’y1€IC)'1y2ECz (yl y2)}
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We suppose, by contradiction, that one has
DQ{(Bl, Cl), (327 CQ)} > max {D(Bl7 BQ), D(Ch 02)}
There exists 7 € R such that

sup inf max {d(ml,xg),5(y1,y2)} >,
z1€B, T2 E€Bso
y1ECy Y2€C2

r> sup inf d(zy,z2) and r > sup inf §(y1,y2).
xz1€B; L2€B2 1 €C; Y2€C2
Thence:
Elx(l) € By, Ely? € (1 such that Vxq € By, Vys € Co
= d(2%,29) > 7 or §(30,y2) > 7. (2.2)

At the same time,
Vx1 € By, Jx9 € By such that d(z1,22) <7, and

Yy € Cq, Jyz € Cy such that 0(y1,y2) < 7

Next, for 29 and 39, there are 23 € By and y € Cy with d(z9,29) < r and

5(y?,y3) < r contradicting (2.2). It follows that, in (2.1), one has the inequality
2 S?? .
By using the similar arguments as before, we deduce the other inequality.
Finally, by symmetry, we find

DQ{(Ol, Bl)7 (CQ,BQ)} = Imax {D(BQ, Bl),D(CQ, 01)}

and thence, with (2.1), the equality of statement comes.
]

THEOREM 2.1. Let (X,d), (Y,9),(Z, p) be three metric spaces and w:X XY — Z
be a function. Then
(i) if w is a Lipschitz map, one has

h(w(Bl, Cl), W(BQ, 02)) S Llp(w)hg ((Bl7 Cl), (BQ, CQ)),

(#) if w is uniform continuous, then the set function F, : K(X) x K(Y) — K(Z),
F,(B,C) :=w(B,C), is continuous (for simplicity, we use the same notation h for
the Hausdorff metric on K(X), K(Y) and K(Z)).

Proof. (i) By using Lemma 2.3, we have

sup inf p(w(x1,y1),w(2,y2)) < Lip(w) sup inf max {d(z1,22),0(y1,2)}
z1€B, T2€B2 z,€B, T2€82
y1EC; Y2€C2 y1€Cy Y2€C2

< Lip(w) max{D(By, Bz),D(C1, C2)} < Lip(w) max{h(Bi, Bz), h(C1, C2)}
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= Lip(oj)hg ((Bl, Cl), (B27 C2)>

Therefrom, we deduce
D(w(Bi, Ch),w(Ba, (o)) < Lip(w)hs((B1,Ch), (B2, Ca)),

consequently the assertion (¢) follows.

(#3) We us consider the sequence of sets (B,,,Cy), with B, € K(X), C, € K(Y)
converging to (B,C) € K(X) x K(Y) with respect to the Hausdorff metric ho.
Then h(B,,B) — 0 and h(C,,C) — 0. We suppose by reductio ad absurdum that
(w(Bn,Cy)), do not converging to w(B,C). Then there exists g9 > 0 such that

Vn €N, 3k, > n such that h(w(By,,Ck,),w(B,C)) > .
That is, for each n =1,2,..., one has

sup inf p(w(l‘l,yl)vw(l‘%y?)) Z €o
z1€By,, ¥2€8

or
sup inf  p(w(z1,11),w(w2,y2)) > €o.

r2€EB T1 € By,
y2€C Yy1€CK,

Case I: By considering, eventually, a subsequence, we can suppose that, for any
n>1,
sup inf p(w(z1,y1),w(w2,y2)) > 0.

z1€B xo€B
Z/lEC:, y2€C

So, for each n > 1, one can find (z,,y,) € (Bn,Cn) such that, for any
(«',y') € (B,C), we have

p(w(xnv ’yn),W(I/, y/)) 2 €0- (23)
Now, let be € > 0, € < g9. By the uniform continuity of w, there is n > 0 so that
V(z,y), (z,y") € X x Y with max{d(z,2),0(y, ')} <n

= plw(z,y),w(@,y)) <e.

Next, by hypothesis, we have B,, — B and C,, — C. Thence, there is n,, > 1 so
that h(By, B) <n and h(C,,C) < n for all n > n,. It follows that

inf d(z,z')) <
sup (jnf d(r,a)) <

and as well as sup ( infcé(y, y')) <mn, for any n > n,. Therefrom, for any z € B,
yeC, V'€
and any y € Cy, there exist ' € B and y' € C with d(z,2’) < n and more

Sy,y') <n.
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In particular, d(z,,z") <1, 6(yn,y’) < n and hence

P(w(wnyyn)»w($;7y;1)) <e < é€p,

contradicting (2.3).

Case II: We proceed in a similar way as in the preceding case denoting, for
simplicity, (B, Cy)n instead of (B, , Ck,, )n-

Suppose that sup inf p(w(ml,yl),w(xg,yg)) > gg, for all n > 1. Then, for

ro€EBT1 €B,
y2€C Y1€CH

every n = 1,2, ..., there is (zo,y0) € (B, C) such that, for any (z’,y") € (B, Cy),
one has
p(w(zo, yo),w(a',y")) > eo. (2.4)

At the same time, for an arbitrary € > 0, € < g, there exists 7 > 0 such that,
for all (z,y), (¢',y') € X x Y with max {d(z,2"),0(y,y’)} <n, we have

plw(a.y),w(a'y)) <e. (2.5)

Next,
B, - B, C, — C = dn, € Nsuch that

sup inf p(w(z,y),w(z’,y)) <n, Yn>ny,
zeB ' €B,
yeC y' €Cp
namely, for any (z,y) € B x C, there is (2/,y’) € B, x C,, so that d(z,2’) < n and
0(y,y’) < n. In particular, taking © = z¢ and y = yo, we have, in view of (2.5),
§(w(af),w(z)) < e contradicting the relation (2.4).
Consequently, F,, is continuous in the arbitrary point (B, C'), so it is continuous.
The proof is complete. =

As a consequence of Lemma 2.1 and the above theorem, we have obviously:

COROLLARY 2.1. We consider a sequence of Lipschitz functions w, : X XY — Z,
the metric space (Z, p) being compact. We define a set function S : K(X)xK(Y) —
K(2) by

S(B,C) = wa(B,0). (2.6)

n>1

Then Lip(S) < supLip(w,). In particular, if supLip(w,) < oo, then S is a
n n

Lipschitz function.
From Theorem 2.1 and Lemma 2.1 it follows easily:

REMARK 2.1. If we have a finite set of uniform continuous functions (w,)N_;,
N

then the set function Sy : K(X) x K(Y) — K(Z), Sy(B,C) = U wn(B,C), is
=1

continuous. !
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2.2 Iterated Function Systems, Countable Iterated Function
Systems

Let us consider a complete metric space (X,d). A finite set of contractions
wp: X — X, n=1,2...,N, is called iterated function system, shortly IF'S. Then

N
the set function Sy : K(X) — K(X), Sn(B) := | wn(B), is a contraction in
n=1
the space (K(X), h), whose unique set-fixed point Ay is named the attractor of the
considered IFS.

Now, assume that (X, d) is a compact metric space and we consider a countable
system of contractions (wy, ), on X into itself with contractivity factors, respectively
rn, n=1,2,---. We say that (w,), is a countable iterated function system (abbre-
viated CIFS) if supr, < 1. The associated set function S : K(X) — K(X) given

n

by -
S(B) = |J wa(B),

n>1

for any B € K(X), is a contraction having the contractivity factor r = supr,.
n

According to the Banach contraction principle, there is a unique A € K(X) such
that S(A) = A, namely the attractor of the considered CIFS.

The attractor of CIFS (wy), can be approximated in the Hausdorff metric by
the attractors of partial IFSs, N > 1, (w,))_; ([6, Th.2.3]). Also, concerning the

n=1

matter of the attractor A, one has the following result ([6, Cor.2.1]):

LEMMA 2.4. The attractor of CIFS (wy), represents the adherence of the set of
fixed points €iy iy of all contractions Wiy.ip, P =1 and i; > 1, where Wiy iy 1=
Wi, 0+ ow;, . In symbols,

A=A{ei i, pij=12,... }.

We us consider further a metric space (T,dr) and a sequences of mappings
wn :TxX —>Xandr, : T — [0,1), n =1,2,..., obeying the following three
properties:

(2) for each t € T, d(wy, (¢, x),wn(t,y)) < rp(t)d(z,y), for any z,y € X, n > 1;

(i1) there is C' > 0 such that dp (wy, (¢, z),wn(s,z)) < Cdr(t,s), for all z € X,
t,seT, n>1;

(131) supry(t) < 1.

n,t
We define S : T x K(X) — K(X), S(t,B) = | wn(t,B), for any t € T and
n>1
any B € K(X). It follows that, for each ¢t € T, S(¢,-) is a contraction map on K(X)
with the contraction ratio r(t) = supr,(t) < 1.

The following theorem tell us that the attractor of a CIFS depends continuously
on the parameter t € T ([8, Th.6]).
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THEOREM 2.2. Under the above conditions, the function t — A(t) is continu-
ous from T into K(X), where, for t € T, A(t) means the attractor of the CIFS
(Wn(ta'))nZl'

3 Generalized Countable Iterated Function Sys-
tems

Throughout in this section (X, d) will be a compact metric space and we consider
the metric

da((z1,91), (22, y2)) = max{d(z1, x2),d(y1,y2) }

on X x X. Then (X x X,dz) is a compact metric space.

3.1 Definition. Continuity with respect to a parameter

DEFINITION 3.1. A sequence of contractions wy : X x X — X with sup Lip(wy,) < 1

is said to be a generalized countable iterated function system of orger two on X,
abbreviated GCIF'S.

If N > 1 is an integer, then the finite family of functions (w,)N_, is called the
partial generalized iterated function system (GIFS) of (wp)n-

By corollary 2.1, it follows immediately that S : K(X) x £(X) — K(X) given
by (2.6) is a contraction having the contractivity factor r = supr,, where r,, mains
the contraction ratio of w,, n =1,2,---. At the same time, the set function

N
Sn 1 K(X) x K(X) = K(X), Sn(B,C) = | J wa(B,C)

is a contraction with the contractivity factor ry = max r,.
1<n<N
THEOREM 3.1. [4, Th.2.1] (Banach Contraction Principle) Let (X,d) be a com-
plete metric space and f : X x X — X be a contraction with contractivity factor
c € [0,1). Then there exists a unique e € X such that f(e,e) = e. Moreover, for any
xo, 21 € X, the sequence (zy)k>0 defined by xp41 = f(Tk, Tk—1), k > 1, is conver-
gent to e.
Furthermore,

9¢ /2]

1—c¢

d(zg,e) < max{d(zo,z1),d(x1,22)}.

We say that e € X with e = f(e, e) is a fixed point of f.
In view of the aforesaid, one obtain:
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THEOREM 3.2. Let (X,d) be a compact metric space and (wy)n be a GCIFS on X.
Then there is a unique A € KK(X) such that S(A, A) = A.

Moreover, if By and By be arbitrary sets in K(X), then the sequence (Bg)r>0
given by Bri1 = S(Bg, Bk—1), k > 1, is converging to A.

Similarly, there uniquely exists a set Ay € K(X) with Sn(An, An) = An.

The sets A, Ay € K(X) given in the above theorem are called the attractor of
GCIFS (wp)n, respectively of GIFS (w,,)N_;.

We give now a construction of a CIFS associated to the considered GCIFS. For
each n > 1, we put

On: X = X, Op(x) :=wp(zx, ).

Then @, is a contraction map having the contraction ratio less than Lip(w,) and
the same fixed point as w,. The CIFS (&), is said to be associated to GCIFS. If
A € K(X) is the attractor of the associated CIFS, then A C A.

Let us define S : K(X) — K(X), S(B) := S(B, B). Then S is also a contraction
(see Corollary 2.1 and Lemma 2.3) and its unique set-fixed point is A. Further,
according to the Banach contraction principle, for every C' € K(X), the sequence
(gk (C)) , converges to A. More precisely, one has

LEMMA 3.1. Let us consider a set Cy € K(X). Then the sequence (Cy)y given by
Ck := 8(Cx—1,Ck—1), k > 1, is converging in the Hausdor{f metric to the attractor
A of the considered GCIFS.

Furthermore, we have

,rk—i-l

h(A,Cy) < 7

h(Co,S(Co, Cy)).

- T

In view of the aforesaid and Lemma 2.4, one can observe that the attractor of
the GCIFS contain the fixed points of its contractions.

PROPOSITION 3.1. The attractor A of a GCIFS (wy,)n contains the fized points of
allw,, n=1,2,---. Furthermore, one has

AD {6,‘1“,1‘1); D, ’ij = 1, 2, A },
where e;, i, denotes the unique fived point of the contraction w;, o ---o0w;,.

REMARK 3.1. Ewvery CIFS can be seen as a GCIFS. Indeed, if (wyn)n constitutes
a CIFS on X, then the sequence of mappings W, : X x X — X defined by
Wn(z,y) = wp(x) is a GCIFS having the same attractor. Thence, the GCIFS
represents an improvement of CIFS.

Next, we will prove that, if the contractions of a GCIFS is Lipschitz maps with
respect to a parameter and the supremum of the Lipschitz constants is finite, then
the attractor depends continuously with respect to the respective parameter.
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THEOREM 3.3. Let us consider a metric space (T,dr) and the sequences of maps
wn TXXxX —>Xandr,:T —[0,1), n=1,2,..., satisfying the following
requirements:

(2) for each t € T, we have

d(wn(t, 21, Y1), wn(t, T2,92)) < rn(t)dQ((xlvyl)v (x27y2))7

for any x1,x2,y1,y2 € X and any n > 1;
(#3) there is C' > 0 such that

d(wn(ta ‘T,y)awn(&xvy)) < CdT(ta 5)7

forallz,ye X, t,seT, n>1;
(i4i) r:=supr,(t) < 1.

n,t

Then, if A(t) denotes the attractor of the GCIFS (wy(t,-,*))n, then the mapping
t — A(t) has Lipschitz constant 7

, hence it is uniform continuous.

Proof. Let us define § : T x K(X) x K(X) — K(X),

S(t,B,C) = U wn(t, B,C),

n>1

forany t € T, B,C € K(X). It follows that, for each t € T, S(t, -, ) is a contraction
mapping on K(X) x K(X) with the contraction ratio sup r, () < 1.

We will first show that
h(wy (t, M, M),w,(s, M, M)) < Cdr(t,s), VM C X, Vt,seT. (3.7)
By symmetry, it is enough to prove
D(wp(t, M, M), w,(s, M, M)) < Cdr(t,s). (3.8)

Let be t,s € T. Choose w € wy(t, M, M). Then, there are x,y € M such
that w = w,(¢,2,y). Let be z = wy(s,2,y) € wy(s, M, M). By (i) we deduce

that d(w, z) < Cdrp(t, s), hence sup inf d(w, z) < Cdrp(t,s) which
wEWn (£,M,M) 2€wn (8,M, M)

proves (3.8).
Next, by using Theorem 2.1(7) and Lemma 2.3, one has

h(wn(s, M, M),wy(s,N,N)) <rn(s)h(M,N), VM,N C X,s€ T,n>1. (3.9)

Now, for every t,s € T, taking respectively A(t), A(s) in the place of M and N
in (3.7) and (3.9), we obtain
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h(A(t), As)) = h( U wn(t. A, A1), | wn (s,A(s),A(s)))

< sup h(wn (t, A(t), A(H), wn (5, As), A(5))
< sup h(wn (t, A(t), A(t)), wn (s, A(t), A(t))
+ S%p h(wn (s, A(t), A(t)), wn (s, A(s), A(s))

< Cdr(t,s) + rh(A(t), A(s)).

It follows h(A(t), A(s)) < T ¢
A(t) completing the proof. O

dr(t,s) which implies the Lipschitz property of
r

Under the preceding hypothesis, the associated CIFS @, (t,z) = wy,(t, z, ),
n > 1, obeys the conditions of Theorem 2.2. So, the attractor A(t) of the CIFS
(@n(t,+))n, depends continuously on the parameter t.

3.2 Approximation of the attractor of a GCIFS

LEMMA 3.2. Under the conditions of Theorem 3.2, we have

AN—‘rA7
N

with respect to the Hausdorff metric.

Proof. Let be ¢ > 0. By applying Lemma 2.2 (a) to the increasing sequence
N
( U wn(A,A))N, we can find N. > 1 such that, for any N > N, we have

n=1

N
h( U wa(A, 4), | wa(A, A)) <e(l—N), (3.10)
n=1 n>1
where \ = sup rn. Thereinafter, for every N > NE,
h(An, A) = h(Sx (A, An), S ( U (Av. An), wn(A,A))
n=1 n>1

=

< (U

< sup h(wn(AN,AN),wn(A,A)) +e(1—A) <A(An,A) +e(1—=N).
1<n<N

HCZ

W (An, Ax), | wn(A,A)) + h( O wn(A,4), | wn(A,A))

=1

Consequently, by using (3.10), Lemma 2.3 and Theorem 2.1, one obtain
h(An, A) < e, completing the proof. O
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LEMMA 3.3. Let us consider two arbitrary sets By, By € K(X) and, for each k > 1,
BY., = Sn(BY,B}.) and, respectively Bj1 = S(By, Bi—1). Then By ~ By,

forany k=0,1,---.
Proof. Firstly, by using the same argument as in the proof of (3.10), for some k > 1
and € > 0, there is N. > 1 such that, whenever N > N, one has

N

h( U Wn(Bk,Bk—l), U Wn(BluBk—l)) < %

n=1 n>1

Next, we proceed by mathematical induction with respect to k. We suppose
that h(BY, B,,) ~ 0 for all m < k. Hence there is N* > N, such that

3

h(BY, B,
(B, )<2suprn

and withal A(BY_,, Bn_1) < % for any N > N*.
sup T,

In view of the aforesaid, we find
h(BIvaJrh Bk+1) = h(S(Bl]cvv Bljcvfl>7 S(Bk7 kal))

N

= h( U wnBY, B0, U wn(Bi Bi) )

n=1 n>1

2

< (| wn(BY, B, U walBr, Bio)

1 n=1

(-

n

C =

+h( wn(Bk, Be-1), | wn(Bk,Bk—1)>
n>1

Il
_

< supry 'max{h(Bl]cvvBk)vh(Bl]cvthkfl)} + % <e.
O

According to Lemmas 3.2, 3.3 and Theorem 3.2 we deduce immediately the
following result which is useful to approximate the attractor of a GCIFS.

THEOREM 3.4. Let A be the attractor of a GCIFS (wy)p>1 and By, B € K(X) be

some arbitrary sets. Then A is approximated with respect to the Hausdorff metric

by the attractors Ay of the associated partial GIFS (w,))_, and, moreover, it is

also approzimated by the sequence (By)r>0, where By = S(Bi_1, Bi—2) for k > 2.
More precisely, we have the following diagram
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Another way to approximate the attractor of GCIFS are described below.

LEMMA 3.4. Let us consider two sequences of sets (By)r and (Ck)i from K(X)
converging with respect to the Hausdorff metric to B, respectively to C, where

B,C S IC(X) Then Sk(Bk,Ck) 7 S(B,C)
Particulary, if By = Ck - A (A being the attractor of the GCIFS), then

Sk(Bk, Bk) 7 S(A,A) = A.
Proof. Let € > 0 be arbitrary. Then, there exists k. > 1 such that
hQ((Bk,Ck), (B,C)) = max{h(Bk, h(Ck, C } < , VE> k..

According to Theorem 2.1, one has

k k

(U (By, C), an(B,C)) < mas h(wn(Br, Ch).wa(B.0))

< suprnha((By, Cr), (B, C)) < % Vk> k.. (3.11)
By Lemma 2.2 (a) we can find K. > k. such that, for any k > K,
¥ €
h(Hwn(B,C),gwn(B,C)) <:. (3.12)

Finally, with (3.11) and (3.12), we have

h(Sk(Br, Cr), S(B,C)) = i CJ wn(Br, Cr), | wn(B,0))

n=1 n>1
k k k
( U w(Br, Cr), | wn(B,C)> + h( U wn(B.0), | wn(B,C))
1=1 n=1 n=1 n>1
€, €
< 5 + 5 =&
which implies the assertion of statement. O

LEMMA 3.5. We suppose that By, By € K(X), By C By C Sy(Bo, B1), for each
N > 1. We consider further the sequence (B,iv)k,N where Bév = By, B{V = By and

BN, =Sn(BY,BY.,), for all k,N > 1. Then Bf C Byf{ and

1 k _ k
A=lim B = U B
E>1

Moreover, (An)n is increasing and A= |J Ay
N>1
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Proof. Let be N > 1. It is easy to establish by induction that By C BI,JCV+1 for all
k. Then, in view of Lemmas 2.2 and 3.2, one has

Ay =1 N — N
N hlgan UBk
k>1

Also it is obvious that BY C B,iV'H, for any k, N, thence Ay C Ay4+1. Thus
; N
A=lim B = U UBY.
’ k>1N>1

Consequently, the diagonal sequence (BY)y, is increasing and

—_1; k _ k
A=lim B = Bt

k>1
O

REMARK 3.2. According to the preceding lemma, if the sets By, By are finite, then
the attractor of a GCIFS can be approzimated by the finite sets B’,;, k> 1. This
fact is very instrumental to represent, in certain cases, that attractor with the aim
of computer.

For every N > 1, we set Fy := {ej,...,en} and B := {ey,ea,... }, e, being the
fixed point of w,. For a fixed integer N let be BY = B = Fy. It is evident that
Fy C SN(FNyFN) Then Bli\g»l = SN(B]iVaB]vafl) %lc Apn. Thus

B=limFy ClimAy = A.
N N

Thereafter, we deduce that such a finite sets By C By can be By = B; = F}
which obviously obey the requirement of Lemma 3.5.

Finally, we give two examples of GCIFS on a compact subset of R, respectively
on R2.

EXAMPLE 3.1. Let us consider the compact metric space X := [0,1] C R equipped

with the Euclidean metric. Let o, p,q € [0,1] be any fized constants with p+q#0 and
. ) . p+q

(an)n be an increasing sequence of real numbers from [0, 1] converging to a———a.

From each n =1,2,..., we define the mapping w,, : [0,1] x [0,1] — [0,1], by

n(pzr + qy)
wp(z,y) = TR + .

Then (wy)n s a GCIFS whose attractor is [0, a.

Proof. Firstly, we make evident that wn([O, 1] x [0, 1}) = [O, ng(pij_z) +a,| C0,1],
n
hence w,, is well defined.
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Next, it is simple to see that w, is a contraction having the contraction ratio
(p+q)n
3n+1°

n =

(p+ q)na

Moreover, since
3n+1

+ a, " a, it follows

S(A,A) = [ wa(4,4) = [O,M +o¢n} =10,a) = A,

et w1 3n+1
where A = [0, a]. O

We present now as example a fractal of Sierpinski-infinite type as attractor of a
proper GCIFS by generalizing a construction from [6].

EXAMPLE 3.2. Let X = {(a:,y) ERZL 0<z<1,0<y<1~— 33} be the plane
surface of the closed triangle having its vertices in the points (0,0), (0,1), (1,0).
Next, we consider an integerp > 2, g € [0,1] and the contractions w;j : X xX — X
defined by

Wij ((331, y1), (22, y2))

1 , 1 1 pr—1 1
=i+ =qr) + G = 1), —(gy + (1 = q)yz) + —Jf-)
(o lam + Q=) + G =1 S + (=) + (5 =5 =)
p -1
T
attractor is given in the following figure.

foralli=1,2,..., j=1,2,.

Then (w; ;)i,; constitutes a GCIFS whose

The attractor associated to
the considered GCIFS for
p=2
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