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MULTIVALUED GENERALIZATIONS
OF THE KANNAN FIXED POINT THEOREM

Bosko Damjanovié¢ and Dragan Dorié

Abstract

In this paper we obtain multi-valed mapping generalizations of two recent
theorems of Kikkawa and Suzuki [M. Kikkawa and T. Suzuki, Some simila-
rity between contractions and Kannan mappings, Fixed Point Theory Appl.,
(2008), Article ID 649749, 1-8] and the main theorem of Enjouji et all. [Y.
Enjouji, M. Nakanishi and T. Suzuki, A Generalization of Kannan’s Fixed
Point Theorem, Fixed Point Theory and Applications, Volume 2009, Article
ID 192872, 10 pages].

1 Introduction and preliminaries

Let (X, d) be a metric space and let T be a self-mapping on X. Then T is called a
Kannan mapping if there exists a € [0,1/2) such that

d(Tz,Ty) < ad(z, Tz) + ad(y, Ty) (1)
for all z,y € X. If T is a such that
d(Tx, Ty) < rmax{d(z, Tx),d(y, Ty)}

for some r € [0,1) and all z,y € X, then T is called a generalized Kannan mapping.
If X is complete, then every (generalized) Kannan mapping have a unique fixed
point [6]. Subrahmanyam [12] proved that Kannan theorem characterizes the metric
completeness of underlying spaces. It is known that the Banach theorem [1] cannot
characterize the metric completeness [2].

In [7] authors generalized Kannan mappings.

2010 Mathematics Subject Classifications. 4TH10.

Key words and Phrases. Complete metric space, Kannan fixed point, multivalued mapping.

Received: August 30, 2010

Communicated by Vladimir Rakocevié

The authors thank to the Ministry of Science and Technological Development of Republic
Serbia



126 Bosko Damjanovi¢ and Dragan Dorié

Theorem 1.1. (Kikkawa and Suzuki [7]) Let T be a mapping on complete metric
space (X,d) and let ¢ be a non-increasing function from [0,1) onto (1/2,1] defined
by

1
1 if 0<r<—,
f o= V2
p(r) =
1 ; L,
Pa— i —= T .
L+r V2 T

Let o €10,1/2) and put r = /(1 — o) € [0,1). Suppose that
p(r)d(z, Tx) < d(z,y) implies d(Txz,Ty) < ad(z, Txz) + ad(y, Ty) (2)

for all x,y € X. Then T has a unique fixed point z and lim, T"x = z holds for
every x € X.

Theorem 1.2. (Kikkawa and Suzuki [7]) Let T be a mapping on complete metric
space (X,d) and let 0 be a non-increasing function from [0,1) onto (1/2,1] defined
by

1 z’fogrg%(\/ﬁ—l),
o(r) = % if %(\/571)_%%,
1

1
if —<r<l.

1+7r V2
Suppose that there exists r € [0,1) such that

O(r)d(x,Tz) < d(x,y) implies d(Tx,Ty) < rmax{d(x,Tz),d(y,Ty)} (3)

for all x,y € X. Then T has a unique fixed point z and lim, T"x = z holds for
every x € X.

On the other side, Nadler [10] proved multi-valued extension of the Banach
contraction theorem.

Theorem 1.3. (Nadler [10]) Let (X, d) be a complete metric space and let T be a
mapping from X into CB(X). Assume that there exists r € [0,1) such that

H(Tz,Ty) < rd(z,y)
for all x,;y € X. Then there exists z € X such that z € Tz.

Many fixed point theorems have been proved by various authors as generaliza-
tions of the Nadler’s theorem (see [9], [4], [11], [3]). The following recent result [8]
is a generalization of Nadler [10].

Theorem 1.4. (Kikkawa and Suzuki [8]) Let (X, d) be a complete metric space and
let T be a mapping from X into CB(X). Define a strictly decreasing function n
from [0,1) onto (1/2,1] by
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and assume that there exists r € [0,1) such that
n(r)d(z,Tz) < d(z,y) implies H(Tz,Ty) < rd(x,y)
for all xz,y € X. Then there exists z € X such that z € Tz.

In this paper we obtain multi-valued version of Theorem 1.2 and then as a
corollary we obtain multi-valued version of Theorem 1.1.

2 Main results

Let (X,d) be a metric space. We denote by CB(X) the family of all non-empty
closed bounded subsets of X. Let H(,-) be the Hausdorff metric, i.e.,

H(A, B) = max{supd(a, B),supd(A,b)}
a€A beB

for A, B € CB(X), where d(z,B) = igg d(z,y).
Y
Now we prove our main result.

Theorem 2.1. Define a non-increasing function ¢ from [0,1) into (0,1] by

V5 —1

1 if 0 <
L 0sr<

<r<l.

Let (X,d) be a complete metric space and let T be a mapping from X into CB(X).
Assume that

o(r)d(x, Tx) < d(z,y) implies H(Tz,Ty) <rmax{d(z,Tx),d(y, Ty)} (4)
for all x,y € X. Then there exists z € X such that z € Tz.

Proof. Let r; be a real number such that 0 < r < r; < 1. Let u; €= X and
us € Twuy be arbitrary. Since ug € Twuq, then d(ug,Tus) < H(Tuy,Tus) and
@ = (r)d(ur, Tur) < d(u1,Tur) < d(ui,us2). Thus from the assumption (4),

d(ug, Tug) < H(Tuy, Tug) < rmax{d(uy,Tuy),d(us, Tug)}.

Hence, as r < 1, we have d(ug,Tus) < rd(ui,us). So, there exists ug € Tug such
that d(ug,us) < r1d(uy,usz). Thus, we can construct a sequence {u,} in X such
that

Unt1 € Tup, and d(tpi1,Unt2) < r1d(Un, Uny1).

Hence, by induction,
Ay, Uny1) <07 Hd(ug, ug).
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Then by the triangle inequality, we have
(o) (o)
Z A(Up, Upt1) < Zr?_ld(ul,uQ) < 0.
n=1 n=1

Hence we conclude that {u,} is a Cauchy sequence. Since X is complete, there is
some point z € X such that

lim u,, = z.
n—oo

Now we shall show that

d(z,Tx) < rd(x,Tz) forall x e X\{z}. (5)

Since u,, — z, there exists ng € N such that d(z,u,) < (1/3)d(z,z) for all n > ng.
Then we have

¥ (7") d(una Tun) < d(un7 Tun)
S d(unz unJrl)
< d(un, 2) + d(tnt1, 2)-
2
< gd(m, z).

Since

2 1
gd(x,z) d(z,z) — gd(x7 z)
d(z,z) — d(un, 2)

d(un, x),

INIA

we get o (1) d(up, Tuy,) < d(uy, z). Then from (4),
H(Tuy, Tx) < rmax {d(u,, Tu,),d(x,Tz)}.

Since up41 € Ty, then d(uyy1,Tx) < H(Tu,, Tx). So, it follows that
d(ups1, Tx) < rmax{d(u,, unt1),d(x, Tz)}

for all n € N with n > ng. Letting n tends to oo, we obtain d(z,Tx) < rd(z,Tz).
Thus we proved (5).
Now we show that z € Tz. Suppose, to the contrary, that z ¢ Tz. Consider

at first the case 0 < r < @ Let a € Tz. Then a # z and so by (5), we have
d(z,Ta) < rd(a,Ta). On the other hand, since

p(r)d(z,Tz) =d(z,Tz) < d(z,a),
from (4) we have

H(Tz,Ta) < rmax{d(z,Tz),d(a,Ta)} . (6)
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Hence we have d(a,Ta) < H(Tz,Ta) < rmax{d(z,Tz),d(a,Ta)}. Hence we get
d(a,Ta) < rd(z,Tz). Therefore, by (5) and (6), we obtain

d(z,Tz) < d(z,Ta)+ H(Ta,Tz)
< rd(a,Ta)+ rmax{d(z,Tz),d(a,Ta)}
< rd(a,Ta)+rd(z,Tz)
< rd(z,Tz) +rd(z,Tz)
= (r’+7r)d(z,Tx).
V51

Hence, as r < implies 2 4+ r < 1, we have

2
d(z,Tz) < d(z,Tz),

a contradiction. So we obtain z € T'z.
Consider now the case % <r < 1. We first prove

H(Tz,Tz) <rmax{d(z,Tz),d(z,Tz)} forall xe X. (7)

If £ = z, then (7) obviously holds. So we assume z # z. Then for every n € N,
there exists y,, € Tz such that d(z,y,) < d(z,Tz)+ (1/n)d(x, z). We have

d(z,Tz) < d(z,yn)
< d(z,z) +d(z,yn)
< d(z,z)+d(z,Tx) + %d(x, )

d(z,z) + rd(z, Tx) + ld(:z:, 2)
n

for n € N. Hence (1 —r)d(xz,Tz) < (1+1/n)d(x, z) holds. Letting n tend to oo, we
have (1 —r)d(z,Tz) < d(x, z). Thus

o(r)d(z, Tz) < d(z, z).

From the assumption (4), we obtain (7). Therefore, as up4+1 € Tuy, from (7) with
T = u, we have

d(z,Tz) lim d(upn41,T%)

n—oo

lim H(Tuy,,Tz)

n—0o0

lim rmax {d(un, Tuy),d(z,Tz)}

IN A

IN

lim 7 max {d(un, tnt1),d(z,T2)}

n—oo

rd(z,Tz).

Hence(1 —r)d(z,Tz) < 0, which implies d(z,Tz) = 0. Since Tz is closed, we obtain
z € T'z. This completes the proof. O
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Theorem 2.1 is a multi-valued mapping generalization of the theorem 2.3 of
Kikkawa and Suzuki [7] and therefore the Kannan fixed point theorem [6] for gen-
eralized Kannan mappings.

Corollary 2.1. Let (X,d) be a complete metric space and let T be a mapping from
X into CB(X). Let a € [0,1/2) and put r = 2c. Suppose that

p(r)d(x, Tz) < d(z,y) implies H(Tz,Ty) < ad(z,Tx) + ad(y, Ty) (8)

for all z,y € X, where the function ¢ is defined as in Theorem 2.1. Then there
exists z € X such that z € T'z.

Corollary 2.1 is a multi-valued mapping generalization of the theorem 2.2 of
Kikkawa and Suzuki [7] and therefore the well known Kannan fixed point theorem
[6].

Corollary 2.1 also is a multi-valued mapping generalization of the theorem 3.1
of Y. Enjouji et all. [5], since by symmetry the inequality (3.3) in [5] implies the
inequality (2) in Theorem 1.1.
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