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COUPLED FIXED POINT THEOREMS
IN PARTIALLY ORDERED
CONE METRIC SPACES

Hui-Sheng Ding and Lu Li

Abstract

This paper is concerned with mixed monotone mappings in partially or-
dered cone metric spaces. We establish several fixed point theorems, which
generalize and complement some known results. Especially, even in a partially
ordered metric space, our main results are generalizations of the fixed point
theorems due to Bhaskar and Lakshmikantham [T. Grana Bhaskar, V. Lak-
shmikantham, Fixed point theorems in partially ordered metric spaces and
applications, Nonlinear Anal. TMA 65 (2006) 1379-1393].

1 Introduction

The existence of fixed points in partially ordered metric spaces was initiated in
[1], where some applications to matrix equations are studied. Since then, such
problems have been of great interest for many mathematicians. Especially, Bhaskar
and Lakshmikantham [2] established a fixed point theorem for mixed monotone
mappings in partially ordered metric spaces, i.e.,

Theorem 1.1. Let F : X x X — X be a continuous mapping with the mixed
monotone property on X. Assume that there exists a k € [0,1) with

d(F(z,y), F(u,v)) <

NSRS

[d(z,u) +d(y,v)], Vo >uy<w.
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If there exist xg,yo € X such that

Zo S F(x07y0)a Yo Z F(yo,.’to).

Then, there exist ©,y € X such that
x=F(z,y), y=F(y,z).

Just as noted in [2], Theorem 1.1 can be used to investigate a large class of
problems. So it is an interesting and meaningful work to study the existence of
fixed points for mixed monotone mappings in partially ordered metric spaces. For
more related works about mixed monotone mappings in partially ordered metric
spaces, we refer the reader to [3, 4] and references therein.

On the other hand, recently, fixed point theorems in cone metric spaces and
ordered cone metric spaces were investigated by many authors (see, e.g., [5—14] and
references therein). Especially, the study on the existence of fixed points in partially
ordered cone metric spaces has attracted more and more attention.

The aim of this paper is to extend Theorem 1.1 in a partially ordered cone metric
space. As one will see, even in a partially ordered metric space, our main results
are generalizations of Theorem 1.1.

Next, let us recall some basic definitions and notations about cone, cone metric,
and mixed monotone mapping. For more details, we refer the reader to [2, 14].

Let F be a real Banach space. A closed convex set P in E is called a cone if the
following conditions are satisfied:

(i) if z € P, then Az € P for any A > 0,
(i) if x € P and —z € P, then z = 0.
A cone P induces a partial ordering < in E by
r<y ifandonlyif y—xz€ P.

In addition, z < y stands for y — z € P°, where P? is the interior of P. A cone P
is called normal if there exists a constant & > 0 such that

0 <z <y implies that |z| <k|y|,
where || - || is the norm on E.

Definition 1.2 ([14]). Let X be a nonempty set and P be a cone in a Banach space
E. Suppose that a mapping d : X x X — E satisfies:

(d1) 0 < d(x,y) for all x,y € X and d(x,y) = 0 if and only if x =y ,where 0 is
the zero element of P;

(d2) d(z,y) = d(y,x) for all z,y € X;
(d3) d(z,y) < d(x,z) 4+ d(z,y) for al z,y,z € X.
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Then d is called a cone metric on X and (X,d) is called a cone metric space.

Definition 1.3 ([14]). Let (X,d) be a cone metric space. Let {x,} be a sequence in
X andx € X. IfVe>> 0, there exists N € N such that for alln > N, d(z,, ) < c,
then we call that {x,} converges to x, and we denote it by nhj& Ty, =T OT T, — X,
n — oo. If Ve > 0, there exists N € N such that for all n,m > N, d(z,,zn,) < c,
then {x,} is called a Cauchy sequence in X. In addition, (X,d) is called complete
cone metric space if every Cauchy sequence is convergent.

Remark 1.4. [t is easy to see that {x,} is a Cauchy sequence whenever {x,} is
convergent in a cone metric space X.

Definition 1.5 ([2]). Let (X,C) be a partially ordered set and F : X x X — X.
The mapping is said to has the mized monotone property if F(x1,y1) C F(z2,y2)
for all x1,x9,y1,y2 € X with x1 C z9 and yo C y;.

2 Main results

Throughout the rest of this paper, we denote by N the set of positive integers, by E
a Banach space, by P a cone in E with P° # (), by 6 the zero element of P, and by
< the partial order induced by P. In addition, we denote by (X,C,d) an ordered
cone metric space, i.e., C is a partial order on the set X, and d is a cone metric
on X with the underlying cone P. Moreover, we call a mapping F': X x X — X
is continuous provided that F(x,,y,) — F(z,y) whenever z,, — = and y, — v,
where z,y, .,y € X, Vn € N.
First, we prove a lemma, which will be used in the proof of our main results.

Lemma 2.1. Let (X, d) be a cone metric space with the underlying cone P. Assume
that

Ty — Tg, Tp — Yo, N — OO.
Then xg = yo.

Proof. Let h € P°. Then % € P° for each k € N. So for each k € N, there exists
N € N such that

h h
d(l‘Nk,Jto) < %7 d(-rNkvyO) < E

Thus "
2
d(x07y0) S d(l"Nk,fFo) + d(INkayO) S ?7 vk S Na

which means that % — d(x0,y0) € P for each k € N. Letting k — oo, it follows
that —d(zo,yo) € P, i.e., d(xo,y0) = 0. Thus, z¢o = yo. O
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In fact, Lemma 2.1 is a slight generalization of [14, Lemma 2|, where P is a
normal cone.
Now, let us present one of our main results.

Theorem 2.2. Let (X,C,d) be a complete ordered cone metric space, and F :
X x X — X be a continuous mapping with the mixed monotone property on X.
Suppose that the following assumptions hold:

(A1) there exist a, B,y > 0 with 2ac + 38 + 3y < 2 such that
d(z, F(z,y)) + d(u, F'(u,v)) + d(y,v)

o d(z,u) + d(y,v)

d(F(a:7y)’F(uv’U)) < 2 +6 : 2
. H@ P ) + d(uQ, F(z,y)) +d(y,v)

for allu C x,y C v;
(A2) there exist xg,yo € X such that zo C F(x0,y0) and F(yo,xo) C yo.

Then F has a coupled fized point, i.e., there exist x,,y. € X such that F(z.,y.) =
Tw and F(Yu, Ts) = ys.

Proof. Let
xn:F(xn—lvyn—l)v yn:F(yn—laxn—l)v n:1727""
Since F' has the mixed monotone property on X, by (A2), we get

2wEr - Cx, Expyp1 E---

and
B Ynt1 Eyn E--- E v & oyo.
Now, let
_ d(l’l,l‘o) + d(yhyo) _ 2(0[ + ﬂ +’7)
e= L oa=2arPTn)
2 2—0B—79
Then, by (Al), we have
d('r27x1) = d(F($17yl)>F($07y0))
o Uz1,20) +d(y1,90) s d(@1, F(z1,91)) + d(zo, F(0, Y0)) + d(y1, Y0)
- 2 2
d(z1, F(x0,y0)) + d(xo, F(x1,91)) + d(y1,%0)
+7 - ;
— ac+ 8- d(w1,22) + d(Io2,iE1) + d(y1,yo) 4y d(z1,21) + d(~’0027 2) + d(y1, yo)
< e+ fPe+ g ~d(wy, ) + - Ao, 1) + d(x12, z2) & d(31, %0)
= (@t B+ ye+ T dar, )

2
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Thus, we obtain

where 0 < A < 1 since 2a+ 38 + 3y < 2.
Also, one can get

d(yr,y2) = d(F(yo, o), F(y1,21))
< a- d(yo, y1) -gd(xo,l“l) s d(yo, y1) + d(y12,y2) + d(xo, 1)
4y d(yo, y2) + d(y1, y1) + d(wo, z1)
2
+
< (ot pret T a, ),

which gives

d(y1,y2) < Q(Qjﬁﬁjj) -e = Je.

Similar to the above proof, one can show that

2(& + 6 + ’Y) d(xna mnfl) + d(ynﬂl/nfl) _ )\d(xnu mnfl) + d(ynﬂgnfl)

d n b) n S
(@nt1,n) < =55 2 2

and

2(04 + 08+ '7) .d(xnaxn—l) + d(yna yn—l) _ /\.d(xnazn—l) + d(yna yn—l)
2—0B—x 2 2 ’

d(yna yn+1) S

where n =1,2,.... Thus,

d(za, 1) + d(y2, 1) <

d(.’E'gHLCQ) S A- D) = )\267

d(xnv xnfl) + d(ynv ynfl)
2

d(xn+17xn) <A < Ae.
Also, by induction, we deduce that
AYn, Ynt+1) < A, n=1,2,....

Next, let us prove that {z, } and {y,} are Cauchy sequences. In fact, for m > n,
we have

AT, Tm) < d(@p, Tpt1) + - d( @1, Tm) < (A" 4+ )\mfl)e < ﬁe.
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Then, for every ¢ > 0, there exists N € N such that

n

d(xmxm)§1 )\e<<c7 m>mn>N.

Thus, {z,} is a Cauchy sequence. Similarly, one can also show that {y,} is a
Cauchy sequence.
Now, since the cone metric space (X,C,d) is complete, there exist x,,y. € X
such that
Tp = Twy Yn — Yu, T — OO

Then, by the continuity of F, the constructions of {z,}, {y,}, and Lemma 2.1, we
can conclude that F(z.,y.) = z. and F(y., T+) = ys. O

In the case that F' is not continuous, one can use the following theorem:

Theorem 2.3. Suppose all the assumptions of Theorem 2.2 except for the continuity
of F are satisfied. Moreover, assume that X has the following properties:

(a) if an increasing sequence {x,} converges to x in X, then x,, C x for alln € N;
(b) if an decreasing sequence {yn} converges toy in X, then y C y, for alln € N.
Then the conclusions of Theorem 2.2 also hold.

Proof. Let {z,},{yn}, T«, Y« be asin Theorem 2.2. It remains to prove that F'(z., y.) =
Ty and F (Y, o) = Ya.

By the assumptions (a) and (b), =, C z, and y. C y,, for all n € N. Then, using
(A1), we obtain

d(F(-T*a y*), xn)
= d(F(u,¥s), F(Tn-1,Yn-1))

< a- d('r*’xn—l) "2|' d(y*vyn—l) ey d(x*yF(l‘*,y*)) + d(a;n—laxn) + d(y*7yn—1)
d(s, 2n) + d(@n—1, F (s, y:)) + (Y, Yn—1)
+7- 9
S - d(.T*, xn—l) ;d(y*ayn—l) + 6 . d(iﬂ*,l'n) + d(xn—; xn) + d(y*yyn—l)
oy d(@s,zn) + d(@n—1, %) + d(Ys, Yn—1) 4 B+~ i, F(2a,92)).

2 2
Then, it follows that

20— f-
%d(F(x*,y*),xn)
< a- d(xwzn—l) ;d(ywyn—l) + ﬂ . d(z*yxn) + d(l'n—127 xn) + d(y*yyn—l)
d(x*7 l‘n) + d(xn—lv $n) + d(y*7 yn—l)

+7- 5 .
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On the other hand, for every ¢ > 0, there exists N € N such that for all n > N,
there hold

(T, Tpo1) K €5 d(Th, 70) K € d(Ys, Yn—1) < € d(Tn-1,70) < C.

Then, we have

2-p—7v

2a + 36 + 3y
5 — 7 e<

A(F (s, ys), Tn) < > <ec,

which yields that x,, — F(x.,y.), n — oco. Recalling that =, — z., n — oo, it
follows from Lemma 2.1 that z, = F(x,,y«). By a similar argument, one can also
show that F(y.,Zs) = Y.

O

Remark 2.4. Theorem 2.2 and Theorem 2.3 are generalizations and complements
of some known results. For example, letting £ =R, P = [0, +00), and 8 =y =0,
one can get [2, Thereom 2.1] and [2, Thereom 2.2] from Theorem 2.2 and Theorem
2.3. In addition, in the case of F' being independent of the second argument, one
can deduce a similar result to [12, Theroem 12].

In some cases, one can show that the coupled fixed point is the same. For
example, we have the following result:

Theorem 2.5. Suppose all the assumptions of Theorem 2.2 (or Theorem 2.3) are
satisfied. Moreover, assume that xo,yo are comparable, and 2a+ 8+ 3y < 2. Then
T = Ys.

Proof. Without loss of generality, one can assume that zg C yo. Then, by the mixed
monotone property of F, x,, C y, for all n € N. Hence, we have

d(yn;xn) = d(F(yn—laxn—l)zF(mn—hyn—l))
A(Tn—1,%n) + d(Yn—1,Yn) + A(Tn—1, Yn—
< o d(waor ) + 5 At ) £ At ) A )
+7v- d(xnfla yn) + d(yn712, l'n) + d(l’n,h ynfl)
+ A(Tp—1,%n) + A(Yn—1,Yn
< (a+¥)'d($n—1,yn—1)+ﬂ' n s )2 st
d n—1» n d n—1i» n
- (z 1y)—;—(y 1, Tn)
d n—1,In d n—1;Yn 3
< g Aot et | (o4 8250 (o )
+
Hot 250 d(wn2) + (g o)
d(xn—la ‘T*) + d(y*a yn) + d(yn—la y*) + d(x*, In)
+7 - 5
d n—1,<n d n—1,Yn 3
< . W@ny o) +dly 1y)+%a+ﬁ+ V) (e, )

2 2
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ot D4y a1, + ds )] + - D) A Tn)
In view of d(x, yx) < d(x«, zpn) + d(Tpn, yn) + d(yn, ys ), one can get
dw) < ot 2D aa, g 4 g W) 2 o1t
+(a + g +79) - [d(@n—1,2:) + d(Ys, yp—1)] + (1 + %) (Y= yn) + d(zs, 20)]-
Thus,
(1= 24, )
< g Wonontn) - W 9n) 4 o4 § +9) - [d@n1,22) + d(Yar Y1)
1+ 2) - [l y) + d(a, ).

On the other hand, since z,, — x, and y,, — y«, for every ¢ > 6, there exists N € N
such that for all n > N,

d(l'nfl» xn)a d(ynfla yn)7 d(afnfb x*)a d(y*> yn,1)7 d(y*, yn)v d(x*v xn) <ec.
Then, it follows that

20+ 5+ 3
(1- %)d(gg*,y*) <(2a+20+37+42)c

In view of 2a + 8 + 37 < 2, we get

4 4 4
A,y < 0T A6+ 4
2—2a— -3y

c, Ve>0,

which means that d(z.,y.) = 0. So z. = y.. O

Next, we establish a fixed point theorem for a class of quasicontraction.

Theorem 2.6. Let (X,C,d) be a complete ordered cone metric space, and F :
X x X — X be a mapping with the mized monotone property on X. Suppose that
the following assumptions hold:

(H1) there exists A € [0,2) such that for each w T x,y T v, there exists z €
Mp(z,y,u,v) satisfying
d(F(z,y), F(u,v)) < Az
where Mp(z,y,u,v) is the following subset of P:

{d(aj, u) +d(y,v) d(z, F(z,y)) + d(u, F(u,v)) + d(y, v)

2 ’ 2 ’
d(z, F(u,v)) + d(u, F(z,y)) + d(y,v) } .

2
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(H2) there exist xg,yg € X such that xg C F(z0,y0) and F(yo,zo) C yo-
(H3) F is continuous or X has the following properties:

(a) if an increasing sequence {x,} converges to x in X, then z, C x for all
n € N;

(b) if an decreasing sequence {yn} converges to y in X, then y C y, for all
n € N.

Then F has a coupled fized point, i.e., there exist x,,y. € X such that F(z.,ys) =
Ty and F(y., Ty) = Ys.

Proof. Let
Tn =F(@n_1,Yn-1), Yn = F(yn—1,Tn—1), n=12....
Then
2o E--CxpExpi By~ Eyppr1 Eyn E--- Ey1 Eyo.

By (H1), for each n € N, there exists

= d(mn»xnfl) +d(ynayn71) d(.’L‘n,ithrl) + d(irnaxnfl) +d(yn7yn71) d(xnflvxnjtl) +d(ynayn71)
" 2 ’ 2 ’ 2
such that
d(anrla-rn) = d(F(xn,yn),F(l’nq, ynfl)) < Azp.

Now, we consider three cases:
1. If Zn = d(ﬁfnan—1)‘2'!‘61(ynvyn71)7 then

d(.’IJn, fnfl) + d(ynv ynfl) < 2>\ . d(xnv mnfl) + d(ynv ynfl) .

<)\
d@nt1,@n) < A 2 2\ 2 ’

2. If Zn = d(fn@n-%—l)""d(znv;n—l)+d(ynvyn—1)7 then

d(w’ru xnfl) + d(y'rw ynfl)
2 b

A
d($n+1u mn) < §d(xn+17 xn) +A-

which gives that

2N d(xn,xp_1) + d(Yn, Yn—
d(xn+17517n)§2_)\' ( 1)2 (y Y 1);

3. If 2, = d(l"*l’w"+1;+d(y7“y7"1), then by case 2, we also have

2\ ) d(mnaxnfl) + d(ynaynfl)
2— )\ 2

d($n+1; xn) S
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since d(zp—1,2Zn+1) < d(Tp—1,Tn) + d(Tpn, Tpni1).
Thus, we have

2)\ d($n5$n71> + d(yn7yn71)

d(xn+17$n) < SREEY . 5 , VnéeN.
By a similar proof, one can also show that
2\ d nytn— d nyYn—
d(Yn, Yni1) < Aen ) T dlynynt) -y, ey
2—A 2
Then, we conclude that
20 \" d d
d(Zni1,7p) < @1, 0) + (yl’y0)7 VYn € N,
2—A 2
and AT g p
2 T1,%0) + ,
d(Yn, Yn+1) < <2 — /\) : (21, 7o) 5 (1 yo)’ Vn € N.

It follows from X € [0, %) that 0 < % < 1. Then, analogously to the corresponding

proof of Theorem 2.2, one can show that there exist ., y, € X such that
Ty — Ty Yn — Y, T — OO.
It remains to prove
F(ze,ys) = Tu,  F(Ys, Tu) = Yuo (2.1)

If F is continuous, (2.1) obviously holds. Now, suppose that (a) and (b) of (H3)
hold. Since z,, — Ty, Yn — Y+, N — 00, for every ¢ > 0, there exists N € N such
that for all n > N, there hold

ATy, Tn—1) K ¢ d(Ts,mp) < € d(Yus Yn—1) K ¢, d(Tp_1,70) L C.

On the other hand, noting that z, C x, and y. C y,, for all n € N, by (H1), we
have

d(F(x*»y*)»xn) = d(F(x*vy*)vF(xnflvynfl)) < Awp,

w, € d(x*"rn—l) +d(y*ayn—1) d(.l?*,F(JT*,y*)) +d(]}n_1,$n) +d(y*7yn—1)
n 2 ) 2 bl
d('r*a xn) + d(xnfh F(x*, y*)) + d(y*, ynfl) }

2

For each n > N, we consider three cases:
(i) Let w, = d(quZn—l);’d(y*vyn—l). Then d(F(z4,y.),2n) < Mup < ¢ <

Nl

C.

(ll) Let W, = d(a:*,F($*7y*))+d($5—17l7l)+d(y*7ynfl) . Then

d(m*,F(ﬂf*,y*)) + d(xn—la-rn) + d(y*ayn—l)
3

A(F (s, Ys), Tn) < Awy <
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d(l‘*, J?n) + d(ajn? F(JZ*, y*)) + d(xn—h Jjn) + d(y*7 yn—l)
3

IN

e+ d(zn, Fza,ys))
— 3 b
which yields d(F(z, y:), zn) < 3c.
(111) Let W, = d(a:*,zn)+d(zn,1,F;z*,y*))+d(’y*,yn71)- Then

d(x*,xn) + d(ﬂUn—l,F(l‘*,y*)) + d(y*yyn—l)
3

e+ d(zn, F(za, ys))
3 bl

which yields d(F(z, ys), zn) < 3c.
It follows from the above proof that x, — F(x.,y«) as n — oco. By Lemma 2.1,
T« = F(24,yx). Analogously, one can also show that y. = F(yx, ). O

Theorem 2.7. Suppose that all the assumptions of Theorem 2.6 are satisfied, and
o, Yo are comparable. Then x, = Y.

Proof. Without loss of generality, one can assume that zg C yo. Then, by the mixed
monotone property of F, x,, C y, for all n € N. Thus, we have

d(@sys) <A@, 20) + d(T0,Yn) + d(Yn, ys)
= d(F(yn—lv xn—l)a F(Jin_1, yn—l)) + d(x*, xn) + d(yna y*)
< Ao Fd(@, 20) + d(Yn, Ys),

where v,, belongs to

d(yn—layn) + d(xn—lvxn) + d(xn—layn—l) d(yn—lvl'n) + d(xn—layn) + d(xn—lvyn—l)
d(yn—laxn—1)7 9 s 9 .

Next, we consider three cases:
(1) Let v, = d(yn—1,%n—1). Then

d(@s,ys) < Ad(Yn-1,Zn-1) + d(Ts, Tn) + d(Yn, Ys)
< )\d(x*,y*) + [d(yn—lay*) + d(ﬂ?*, xn—l) + d(x*,xn) + d(yna y*)]

(2) Let v, = d(y"fl’y"Hd(z"*lQ’I"Hd(m"*l’y"’l). Then
d($*7y*) < )\[d(ynflayn) +d(xn71;$n) +d($nflayn71)] +d(x*;$n) +d(yn7y*>
< AT, yu) + [d(Yn—1,Yn) + d(@n1,2n) + d(Yn-1,yx) + d(Ts, p 1) + d(@s, Tn) + d(Yn, ys)]-

(3) Let v, = d(yn—l»zn)+d(zn—127yn)+d(xn—lvyn—l). Then

A
d(-r*7y*) S §[d(yn—1>$n) +d(xn—17yn) +d(xn—layn—l)] +d(.’L’*,J}n) +d(yn7y*)
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3\
< ?d(x*a y*) + Q[d(yn—lv y*) + d(:r*7 xn) + d(l'n—la :C*) + d(y*, yn)]

Then, we conclude that for all n € N,
3\
d(Ts,ys) < 7d(x*,y*)—|—d(yn_17yn)+d(xn_1,xn)+2[d(yn_1,y*)—I—d(:E*,xn)-i-d(xn_l

Noticing the fact that z, — 2., yn — y« and X € [0, %), it is not difficult to show
that Ve > 0, d(z4,y«) < ¢. This means that x, = y.. O
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