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NOTES ON L-FUZZY +-OPEN SETS

Gizem Giinel* and Gilhan Ashm

Abstract

The aim of this paper is to present a common approach allowing to obtain
families of L-fuzzy sets in an L-topological space of Goguen type generalizing
the class of all open L-fuzzy sets. In particular, we study the notion of an
L-fuzzy ~-open set where  is a monotone operator on the family of all L-fuzzy
subsets of an L-topological space X and discuss some properties of L-fuzzy
y-open sets.

1 Introduction

Since Chang defined the concept of a fuzzy topology in [1], many authors investi-
gated different properties of L-fuzzy sets ([2]) which are weaker than the property
of openness of a fuzzy set in an L-topological space of Goguen type ([3]). For exam-
ple, Singal and Prakash, Azad, Zhong, Thakur and Singh considered such kind of
properties of fuzzy sets in the papers [4], [5], [6], [7], respectively. All these proper-
ties were introduced with the help of operators defined by different combinations of
the interior and the closure operators in the corresponding L-topological space. As
an important consequence of this was that all operators involved in the definition
of these properties were monotone. Taking into account this fact and motivated
by A. Csaszér’s work ([8]), in this paper we present a general construction which
allows to obtain different classes of families of L-fuzzy sets in L-topological spaces
generalizing the class of open L-fuzzy sets. To obtain this goal, we, basing on the
monotony property, define L-fuzzy ~y-open sets and study some fundamental prop-
erties of these sets. Besides, we investigate the behavior of L-fuzzy ~-open sets in
L-topological spaces of Goguen type.
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2 Preliminaries

Let (L, <) be a complete lattice and LX denote the family of all L-fuzzy sets on a
nonempty set X. By I'z(X), we denote the set of all v mappings where v : LX —
LX satisfies the property f < g implies v(f) < v(g) for all f,g € LX, i.e., v has
the property of monotony. It is clear that the identity map, id, on LX and L-
interior operator of an L-topological space of Gougen type, int, are trivial elements
of FL (X) .

Throughout this paper, if 7,7 € I'L(X) and f € LX, then for the sake of
simplicity, we use the notation ~f for v(f) and denote yov by 47" and, yovo...oy
(n times) by ~™.

We denote some basic subsets of I'r,(X) as follows:

Lo ={y€TL(X): 71y =1p}

Fl = {’}/EFL(X)’}/IX = 1)(}

Ty ={yelL(X):VfeL**f=~f}
Py ={yely(X):VfeLX f<~f}
I ={yel(X):VfeLX vf<f}

P o={yelL(X):VfeL*yf<~f}

In this paper, on the condition that Q@ C Z|J{+, —}, I'q represents the subset of
' (X) consisting of all v functions which belong to ', for all n € 2. In addition, as
an abbreviation, we use I'y,, instead of I'(,, ,,; where n,m € (). This abbreviation
will be used for all other subsets of Q having more than two elements as well. To
illustrate, by T'o124 we mean I'o 1,2 4.

It is clear that T'y C Ty and I'_ C T'y. Also, id € Tg124+ () To12— and L-interior
operator int € I'pia—.

3 L-Fuzzy 7-Open Sets

Definition 1. Let X be a nonempty set and v € I'r(X). f € LX is called an
L-fuzzy v-open set iff f <~f.

Corollary 1. Let v € I'r,(X).

(a) 1y is always an L-fuzzy vy-open set.

(b) 1x is an L-fuzzy vy-open set iff v € T'1.

(c) Ify €Ty, then vf is an L-fuzzy y-open set for all f € LX.
(d) Ify €Ty, then f is an L-fuzzy y-open set for all f € LX.
(e) Lety€T_. f e LX is an L-fuzzy v-open set iff f = ~f.

Proposition 1. Let v € T'1(X). The arbitrary union of L-fuzzy v-open sets is an
L-fuzzy v-open set.
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Proof. Let {fi i€ J} C LX.If f; < ~f; for alli € J and \/ f; = £, then for all
1€ J,
i<fP = fi<f
= Vafi<Vaf
= f=Vfi<\Vfi<f
U

Definition 2. Let f € L* and v € I'1(X). The union of all L-fuzzy y-open sets
contained in f is called the L-fuzzy y-interior of f and denoted by i, f, i.e.,

inf=\{geL*:g<f g<qg}.
Corollary 2. Let v € I'1(X) and f € L.

(a) It is clear that i, f is the greatest L-fuzzy y-open set contained in f.

(b) Let (X,7) be an L-topological space of Gougen type. Then, for the L-
interior operator int, iy f = int(f), for all f € LX.

Proposition 2. Let v € I'(X). Then,
(a) ’L'A/ €Tlpa_.
(b) iyeT1 &yell.
(c) y€To & v =1,.

Proof. Let f,g € L.

(a) f < g implies that i, f < f < g. Since i, g is the biggest L-fuzzy ~y-open set
contained in g, we have i, f < i,g and then, we get i, € I't(X). Furthermore, we
have iy € I'g_, since we have i,1p = 1p and i, f < f. We also have iyi, f < i, f,
since i, € I'_. Now it is enough to show the converse part. Since i,f < i, f and
i f is an L-fuzzy y-open set, we get i, f < i, f which completes the proof.

(b) Let i,1x = 1x which means that 1x is an L-fuzzy 7y-open set. Hence,
1x < ~vlx < 1x. On the other hand, if y1x = 1x, then 1x is an L-fuzzy y-open
set, i.e., i1y = 1x.

(c) Let v € Tpo—. It is enough to show that [ is the biggest L-fuzzy y-open
set contained in f. Since v € I's_, we obtain that vf < f and vy f = ~f, i.e., vf is
an L-fuzzy v-open set contained in f. Now, suppose that there exists a fuzzy set
g € LX such that g < f and g < 7g. Since v € I';(X), we have g < yg < vf which
shows that vf is the biggest L-fuzzy vy-open set contained in f, i.e., ¢, f = v f. For
the converse part, v = i, € I'go— by (a). O

Proposition 3. Let f € LX and v € T'(X). Then, the following statements are
equivalent:

(a) f is an L-fuzzy ~v-open set.
(b) f= inf.

(c) f is an L-fuzzy i,-open set.
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Proof. (a)= (b): Since f < f and f is an L-fuzzy ~y-open set, f < i, f. Since the
inverse inequality always holds, f =i f.

(b)= (a): Since i, f is an L-fuzzy v-open set, f is an L-fuzzy y-open set.

(b)= (c): If f =1,f, then f <i,f Hence, f is an L-fuzzy i,-open set.

(c)= (b): If f is an L-fuzzy i,-open set, then f < i,f. Since the inverse
inequality always exits, f =i f. U
Remark 1. Let X be a nonempty set, and (X,7) be an L-topological space of
Chang type ([1]). Let int represent the interior operator and ¢l denote the closure
operator of the topological space (X, 7). Then,

(a) for v = int, L-fuzzy y-open sets coincide with L-fuzzy open sets,
(b) for v = intcl, L-fuzzy v-open sets coincide with L-fuzzy preopen sets ([4]),

(c) for v = clint, L-fuzzy ~-open sets coincide with L-fuzzy semiopen sets
(5D,

(d) for v = intclint, L-fuzzy y-open sets coincide with L-fuzzy strongly semiopen
(called as L-fuzzy a-sets in [9]) sets ([6]),

(e) for v = clintcl, L-fuzzy ~y-open sets coincide with L-fuzzy semipreopen
(called as L-fuzzy (-open sets in [10]) sets ([7]).

(f) for v =intel V clint, L-fuzzy ~-open sets coincide with L-fuzzy y-open sets
((11]),

(g) for v =V, where Vi(f) = A\{g € IX|g < f, intcl(g) A clint(g) < g} for all
f € IY, L-fuzzy y-open sets coincide with L-fuzzy Vi-sets ([12]).

Moreover, it f is the L-fuzzy preinterior ([4]), iciint f is the L-fuzzy semi-interior
([13)), ictinter f is the L-fuzzy semipre-interior ([7]), 4intciintf is the L-fuzzy strong
semi-interior ([6]) and #;pteiverint f s the L-fuzzy v-interior ([11]) of f € IX.

Theorem 1. Let v1,72 € T (X).
(a) My € M'L(X).
(b) If y1,72 €Ty, for alln € {0,1,4, =}, then y172 € T,.

Proof. One can easily prove this theorem by means of the definitions of I',, for all
ne{0,1,+,—}. O

Remark 2. Let 71,7 € I's. 7172 may not be in I's as shown in the following
example.

Example 1. Let X = [0,1] and consider an L-topology on X of Chang type defined
as 7 = {1p,1x, h} where h(xz) = 0.4 for all z € X. Now consider y defined as follows:

v x - X
PR Wc:{g, 9<f

1p, otherwise.
where g(z) = 0.5 for all x € X. It is clear that v € I's. On the other hand,
yintyintlx = yintylx = vintg = vh = 1y and yintlxy = ylx = g implying that
~vintyintlx # vyintlx. Hence, yint ¢ T's.
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Proposition 4. Let t,x € Ty and for all f € LX,

wkf < kf (1)

and
kf < kK f (2)

If ~v is a composition of alternating factors v and k, then v € T'y except for the case
v = Kt.

Proof. Let f € LX.

For v = 1k, we have kekf < kkf = kf by (1). Hence, we obtain tkikf < tkf. On
the other hand, by (2), we get tkf < kekf implying that tk = wukf < tkekf. Hence,
we obtain tkikf = ik, ie., vy =1k € T's.

For v = tkt, we have (tke)(tke)f = ke f = (thek)ef = wkef. Hence,y = tke € Ta.
For v = kuk, we have (kik)(kir)f = kukisf = k(ukik)f = kikf implying that
v = kik € I's.

For v = kuke, we have (kike)(keke)f = k(tker)ekef = k(kek)ef = kukef. Hence
v = Kkt € T'y.

For v = tkik, we have (tkik)(tkek) f = wkik f. Hence,y = kike € Ta.

One can easily show that v € ' for any v composed of more than four factors. [J

Proposition 5. Let ¢,k € T'a, the inequality (1) and

of < ruf (3)
are satisfied for all f € LX. Then, v = ki € T'.

Proof. Let f € LX. If of < kuf, then of < ukef implying that xef < xeref. If in (1)
we replace f by ¢f, then we get tkef < kef. Hence, we obtain kikef < kef. Thus,
kiekef = ki, ie., kL € Ta. (]

Corollary 3. Let (X,7) be an L-topological space of Chang type. If v and k are
chosen as the interior and closure operator respectively, since int,cl € T'y and (1),
(2) and (3) are satisfied by int and cl operators, any composition of alternating fac-
tors cl and int is equal to one of the mappings int, cl, int(cl), cl(int), int(cl(int))
or cl(int(cl)) by Proposition 4 and Proposition 5.

Corollary 4. If 1 € T's_ and k € T'yy, then any composition of alternating factors
L and k is an element of T's.

Proof. Tt follows from the fact that inequalities (1), (2), (3) are verified by ¢ and .
O

Proposition 6. Let v € T'p(X). Every L-fuzzy v-open set is an L-fuzzy v™-open
for allm € N. If vy € I'_o, then L-fuzzy y-open sets coincide with L-fuzzy y™-sets.

Proof. Let v € I'(X) and f € L¥ is an L-fuzzy y-open set. Then, f < vf <
v f < ... <AL <4 f. Therefore, f is an L-fuzzy y"-open set.

For the case v € I'_5, assume that f is an L-fuzzy v"-open set. Then, f <A™ f <
ATLf <. < 42f < «f. Hence, f is an L-fuzzy v-open set. O



178 Gizem Ginel and Gilhan Aslim

Proposition 7. Let 1,k € T'_y and i,k satisfy the inequality (1). Then, any
composition of factors v and k is an element of T'_o. Moreover, if v € T'(X) is an
arbitrary composition of factors v and k, then

(a) an L-fuzzy y-open set is an L-fuzzy tk-open set where v = l/)/llﬁ.
(b) an L-fuzzy v-open set is an L-fuzzy tki-open set where v = L"y/L.
(c) an L-fuzzy y-open set is an L-fuzzy ki-open set where v = H’y/b.
(d) an L-fuzzy y-open set is an L-fuzzy kik-open set where v = H’}//H.

The converse implications hold if no factor v is immediately followed by another
factor .

Proof. Let f € LX. It can be easily seen that if 1,k € I'_y, then (”f < of and
k"f < kf, and by (1), we obtain (tk)"f < k"f < kf for all n € N. Since for all
n €N,

L T e e e ]
we have v € I'_5 for v = /™.

Now let v = v1 k72 where 1,2 are any (may be empty) compositions of factors
¢ and k, i.e., v has at least one factor k. Then,vyf = y1ky2y1672f. If ¢ is replaced
instead of each ™ factors, and k is replaced instead of each k™ factors, and k is
replaced instead of each (tk)P factors in the composition kvysy1k, we get yyf =

Nk RY2f < Mk f = f. Hence, y € 'y,
(a) Let v = vy k and f € LX is an L-fuzzy y-open set. For a suitable m € N,

Pl =0 6F < ()™ f = () (us)™ L < unk™ T = ™ f < unf

by similar substitutions in the above manner. Hence, f is an L-fuzzy tk-open set.

Conversely, suppose that no factor ¢ is immediately followed by another factor ¢

and f is L-fuzzy tk-open set. We have f < ixf implying that f < (uk)™f where n

is the number of the factors x in «, and also we get f < tkf < kf. Then, by the

inequality (1) and f < kf, we obtain f < f. Hence, f is an L-fuzzy ~y-open set.
(b) Let v = L’y/L and f is an L-fuzzy y-open set. By (1), we obtain

F <y of < (r)™uf < (R)(us)™ Nuf < (r) (k)™ Nuf = ™ uf < ukif

for a suitable m € N. Hence, f is an L-fuzzy tkxi-open set. Conversely, if no factor ¢
is immediately followed by another factor ¢ and f is L-fuzzy txi-open set, then for
m e N,

f<umef = (r)™uf < (k)™ wref <(uk)ukef = (k)" Lf.

Therefore, by the inequality (1), f < tkef < (tk)™tf < ~vf where n is the number
of the factors k in 7. Thus, f is an L-fuzzy y-open set.
(c) Let v = kv ¢ and f is an L-fuzzy y-open set. For m > 2 and m € N, we
have
F<af <) f = k()" Mf < e = RTf < Rif



Notes On L-Fuzzy v-Open Sets 179

Hence, f is an L-fuzzy xi-open set. Conversely, if no factor ¢ is immediately followed
by another factor ¢ and f is L-fuzzy xi-open set, then by the inequality (1), we have

f<mf=f< ()" f<Af

, where n is the number of factors « in 7. Hence, f is an L-fuzzy ~y-open set.
(d) Let v = ky k and f is an L-fuzzy y-open set. For a suitable m € N, we have

f<kykKf< (k)" wf = k(tk)™  inf < kE™ Mk < KMkf < RLkf.

Thus, fis an L-fuzzy kitk-open set. Conversely, if no factor ¢ is immediately followed
by another factor ¢ and f is L-fuzzy kitk-open set, then we get

f<rsf = (k)™kf < (k)™ rrekf < (k) Kk f = (k)™ R f,

for all m € N. Thus, by the inequality (1), we obtain f < kukf < (k)" *kf < vf
where n is the number of factors x in 7. Hence, f is an L-fuzzy ~y-open set. O

Corollary 5. Let 1 € I'_ and k € I'_s. Then, the statements of Proposition 7 are
valid. Furthermore,

(a) For an L-fuzzy set f € LX, the following diagram holds:

L—fuzzy 1k — open
/ N\
L—fuzzy ikt — open L—fuzzy kik — open — L— fuzzy k — open

N /!

L—fuzzy Kkt — open

(b) If f € LX is an L-fuzzy uk-open set and ki-open set, then it is an L-fuzzy
LkL-open set.

Proof. Let f € LX. It is clear from the fact that the inequality (1) and ¢ € I'_5 are
satisfied under these conditions.

(a) Let f is an L-fuzzy tki-open set. Hence, f < i(kt)f < kif implying that f
is an L-fuzzy ki-open set. If f < (tk)ef < ikf, then f is an L-fuzzy tk-open set.
Providing that f is an L-fuzzy tk-open set or ki-open set, then f < ikf < ikisf <
kisf or f < kief < (kk)of < kikf, respectively. ie, f is an L-fuzzy kik-open set
in both cases. For the case f < kisf, we get f < rukf < krkf < kf implying that
f is an L-fuzzy k-open set.

(b) Suppose that f is an L-fuzzy tk-open set and ki-open set. Hence, we obtain
f <urf <uk(ke)f <ukef. Thus, f is an L-fuzzy tki-open set. O

Remark 3. If . and k are chosen as the interior and closure operator, respectively,
and Remark 1 is considered, then one can easily see

(a) in [9] that an L-fuzzy tk-open set need not be an L-fuzzy tki-open set,

(b) in [9] that L-fuzzy ki-open set need not be an L-fuzzy tki-open set,
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(c) in [7] that L-fuzzy xik-open set need not be an L-fuzzy ki-open set,
(d) in [7] that L-fuzzy kik-open set need not be an L-fuzzy tk-open set,

(e) in [12] that an L-fuzzy set need not be an L-fuzzy kik-open set.

Also, in [4] it is shown that L-fuzzy tk-open sets and L-fuzzy ki-open sets are
independent notions.

Remark 4. 712 need not belong to I' _s where v1,v2 € 'y as shown in the following
example.

Example 2. Consider the L-fuzzy topology in Example 1 and let v be defined as
follows: For all f € LX,
. < 9;
o f = { 9, <y

1x, otherwise.

where g(x) = 0.5 for all x € X. Tt is clear that cl,y € T's. Since yclvyelly = yelyly =
yelg = 1x £ vyelly = g, we get yel ¢ T'_s.

Remark 5. Let « € I'_ and « € I's. In the following example, it is shown that an
L-fuzzy tk-open set may not be an L-fuzzy tik-open set.

Example 3. Consider the « function defined in Example 1, and the L-fuzzy topol-
ogy T = {1y, 1x, h} of Chang type where h(x) = 0.6 for all v € X. Let x : LX — LX
be defined as follows: xf = [ for all f € LX where I(z) = 0.7 for all z € X. It is
clear that « = vint € T'_ and k € T'y. For the L-fuzzy set f where f(x) = 0.3 for all
x € X, f is an L-fuzzy tk-open set. However, it is not an L-fuzzy tik-open set.

4 [L-Fuzzy 7-Open Sets In L-Topological Spaces

Let (X, 7) be an L-topological space of Gougen type. We denote the family of all
~v € I'(X) satisfying the property

Vger, Vfe L™, ghyf<~v(gAf)

by Fg.
It is clear that for an L-topological space (X, 7), the interior operator int € I's. On
the other hand, a closure operator may not be an element of I's.

Proposition 8. If v1,72 € I's, then v, 09 € I's.

Proof. Let (X, 7) be an L-topological space, 71,72 € I's, g € 7, and f € L. Since

gAvom2(f) =g A1(2(f) <nlgAr(f) <nOe@Af) =rov(gAf),
we have Y10 7Y2 € I's. O

Proposition 9. Let (X,7) be an L-topological space and v € T's. If g € T and
f € LX is an L-fuzzy ~y-open set, then g A f is an L-fuzzy ~y-open set.
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Proof. Since g < g and f <~f, wehave gA f < gA~vf <~(gA f). Hence, g A f is
an L-fuzzy y-open set. O

Remark 6. An L-fuzzy open set need not be a fuzzy ~-open set even if v € I's or
v € T'g23 as shown in the following example.

Example 4. Let X = [0, 1] and the fuzzy topology on X defined as 7 = {0x, 1x, g}
where

x, 0<x<0.5
g(z) =

1—2z, 05<x<1.

Consider the function v : IX — IX defined as vf = h for all f € IX where

by = [ 02 0=z <05
T)=1 08 05<z<1.

It is clear that v € I's5. On the other hand, the fuzzy open set g is not an L-fuzzy
y-open set.
If v : IX — IX is chosen as

’Yf_{h 9

,  otherwise.

then it is obvious that v € T'ge3. Also, the fuzzy open set g is not an L-fuzzy y-open
set.

Proposition 10. Let (X, 7) be an L-topological space. If v € T's and g is an L-fuzzy
open set such that g < vlx, then g is an L-fuzzy ~y-open set.

Proof. Let g € 7 and g < v1x. Since

g=9N71x <7v(gA1lx) =19,
g is an L-fuzzy ~-open set. ]
Corollary 6. Let v € I'13. Then, every L-fuzzy open set is an L-fuzzy y-open set.
Proof. Let g € 7. Then,

9=9N1x=9A7(1x) <v(gA1x) =179
Hence, g is an L-fuzzy ~-open set. O

Corollary 7. Let (X,7) be an L-topological space and v € T's. If g is an L-fuzzy
open set such that there exits an L-fuzzy ~y-open set f containing g, then g is an
L-fuzzy v-open set.

Proof. Let f € LX, f <~f and g < f. Since g < f < vf < vlx, g is an L-fuzzy
~v-open set from Proposition 10. O

Proposition 11. If v € I's, then i, € I's.
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Proof. Let g € 7 and f € LX. Since g Ai., f is an L-fuzzy y-open set by Proposition
9and gAi f < gA f, wehave g Ai,f <i,(g A f). Hence, we have i, € I's. O

Proposition 12. Let v € I's. v € T'y if and only if intf < ~f for all f € L¥.

Proof. Let f € LX.
<: Since v € I'13, we have

mtf Aylx =intf ANlx =intf <~y(intf Alx) =~(intf) < ~f.
=: Since intlxy = 1x <~lx <1x, we get v €I'. O

Remark 7. Consider the function 7/ consisting of alternating compositions of int
and « where v € I'a3. It is clear that v € I's3 by Proposition 8.

Proposition 13. Let v € I's3 and 7/ consist of alternating compositions of int and
v. Then v € I's except for the condition v = ~yint.

Proof. Since the equalities (1) and (2) are satisfied for the cases ¢ = int and k = 7,
we have v € I'y by Proposition 4. O

Example 5. Let X = [0, 1] and the fuzzy topology on X be 7 = {1x,1y}. Consider
the function v defined in Example 1. It is clear that v € I'y3. On the other hand,
~vint ¢ T'y, since yintyintlx = vyintylx = yintg = y1g = 1g # yintlx = g.

Remark 8. If v € I'a3, then the cases int, v, inty, yint, intyint, yinty, yintyint
are enough to be considered.

Proposition 14. If v € I'a3, then

(a) intyint < inty < yinty.
(b) intyint < yintyint < vyinty.

(c) vinty < 7.
(d) ~vint <.

Proof. (c) and (d) are clear from the fact that v € I's and int € I'_. We need to
show that intyf < yintyf for all f € LX. Since intyf < intylx < yly, intyf is
an L-fuzzy y-open set by Proposition 10. Hence, we have intyf < ~intyf which
completes for the proofs of (a) and (b). O

Proposition 15. Let (X,7) be an L-topological space. If v € T'1a3, then for all
felrLX,
mtf <iantyintf < ~vyintf = yintyintf < vf.

Proof. Let f € LX. If v € T'123, then by Proposition 10, we have intf < ~yintf.
Since the inequalities (1) and (3) are satisfied for the case kK = v and ¢ = int, we get
vint € I'y. Thus, we obtain intintf = intf < intyintyf < yintf = vintyintf <
W=/ O
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Corollary 8. If v € T'123, then the implications in the following diagram hold:

inty-open
/ N\
open — intyint-open yinty-open

N\ /

yint-open < yintyint-open

Remark 9. The converses of the implications of the above diagram do not hold as
shown in the following example.

Example 6. (a) Consider the fuzzy topology in Example 1 and the 7 function
in Example 2. Tt is easy to see that the fuzzy set f defined as f(xz) = 0.3 for all
x € ]0,1], is a fuzzy intyint-open set, however, it is not a fuzzy open set. Also, the
fuzzy set k defined as k(x) = 0.7 for all = € [0,1], is a fuzzy inty-open set and a
fuzzy yintvy-open set. On the other hand, it is neither a fuzzy ~vint-open set nor a
fuzzy intyint-open set.

(b) Let the fuzzy topology on X = [0,1] be 7 = {1x, 1y} and consider again the
~ function in Example 2. The fuzzy set f defined as f(x) = 0.2 for all z € [0, 1], is
both a fuzzy yint-open set and fuzzy yinty-open set. However, it is neither a fuzzy
inty-open set nor a fuzzy intyint-open set.

Theorem 2. Let vy € I'_y. Then, forn €N, f € LX is

(a) (inty)™ — open < inty — open.

(b) (inty)™int — open < intyint — open.

(c) (yint)™ — open < ~yint — open.

(d) (vyint)"y — open < ~inty — open.

(e) intvyint — open < inty and yint — open.

inty — open .
(£) { ~int — open } = yinty — open = 7y — open.

Proof. (a), (b), (c) and (d) are clear from Proposition 6. (e) and (f) are obvious
from Corollary 5. O

Remark 10. If 7y is considered as the closure operator of a fuzzy topological space
of Chang type and Remark 1 is considered, then it can be seen in [7], [12] and
[4] that the reverses of the implications of Theorem 2 do not hold and L-fuzzy
inty-open sets and yint-open sets are independent notions.

Theorem 3. Let (X, 7) be an L-topological space and v € I'13. Then, the family O
of all v-open sets satisfies the following properties:

(a) If f e, then f € O.
(b) If f; €O for alli € J, then \/ f; € O.

i€J
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(c) Ifge T and f € O, then f Ag € O.

Conversely, if O is a subset of an L-topological space satisfying the properties from
(a) to (c), then there exits a function v € To1a3— such that O consists of all fuzzy
y-open sets.

Proof. (a), (b), and (c) are obvious from Corollary 6, Proposition 1 and Proposition
9, respectively. Conversely, let O be a subset of an L-topological space satisfying
the properties from (a) to (c). Define
v LX — LX
= wf=V{geOlg<r}

It is clear to see that v € Tg12—. Let g € O and f € LX. Since g Avf € O by (c)
and g Avf < gA f, we have g Avf < (g A f). Hence, v € T's. Now, it is enough
to show that O consists of all fuzzy ~-open sets. Let f € O. Then, we have vf = f

implying that f is an L-fuzzy y-open set. Conversely, if f < ~f, then f =~f € O.
O
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