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SEVERAL NEW HARDY-HILBERT’S INEQUALITIES

Hongxia Du and Yu Miao

Abstract

In this paper, we obtain several extended analogues of Hardy-Hilbert’s
inequalities.

1 Introduction

If f, g are real measurable functions such that
o (o)
0< / f2(z)dr < 0o and 0 < / g*(x)dx < oo, (1)
0 0

then we have the following well known Hilbert’s integral inequality [3],

/O°° /O°° dedy <m {/OOO £ (2)da /000 gz(ﬂj)dz}l/2

where the constant factor 7 is the best possible. Furthermore, we have also the
following Hardy-Hilbert’s type inequality [3, Th 341, Th342],

1/2

/ / maX{x y}dxdy - 4{/ e dm/wgz(x)dx} ,
/ /°° logx — logyf(m)g(y)da:dy < 72 {/OOO 2(2)da /O‘X’ gQ(x)dgg}l/z |

where the constant factors 4 and 72 are both the best possible.

There are numerous papers which study the Hilbert’s and Hardy-Hilbert’s type
inequalities from different directions [1, 6, 7, 8, 9, 11]. Recently, Li-Wu-He [5]
obtained the following inequality: if (1) is satisfied, then we have

[ s gy <o [ e [T i) o
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where the constant factor ¢ = 1.7408 - - - is the best possible.
He-Qian-Li [4] have proved the following inequality: if (1) is satisfied, then we

have o e |1 | ‘
ng—ogy

dxd

/0 / L @y dady

<c{/0°o £ (2)de /Ooo g2(a:)dx}1/2,

where the constant factor ¢ = 6.88947 - - - is the best possible.
In this short paper, we will give several extended analogues of Hardy-Hilbert’s
inequalities.

3)

2 Main results

Before giving our main results, we need to establish the following

Lemma 1. Let v,«a, 3 be three non-negative real numbers. Then we have the fol-

lowing equations
/°° |logz — log y|” <x)1/2d
o ax+ By +max{z,y} \y 4
_/°° | log 2 — log y|? (g)lﬂdx
~Jo ax+By+max{z,y} \z

1 1

27+ oo Y 27+ oo £

:/72 [log ] dt+/72 [logt]"_,
o tPa+ (1+0) o 8+ (1+«)

=:A,

where A .= A(y,a, ) € [0, 00].

Proof. For any given y, let y = ta, then it follows that
> Jlogz — logy|” x 1/2d
/0 o + Oy + max{e, y} <y> /

Ny T (1>”2dt
o «a-+t8+max{l,t} \ 't

_/oo | log ¢ (1>1/2dt+/1 | log t|” (1>1/2dt
Lt +a \t o B+ (1+a)\t

_/1 |log t|Y <1)1/2 dH_/l |log t|Y <1)1/2 dt
o ta+(1+p3) \t o tB+(1+a) \t

1 1
271 log ¢|Y 27t log ¢]Y
:/72 |°g|dt+/72 ot
o Pa+(1+70) 0o B+ (1+a)

which implies the desired result. O
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Theorem 1. If f, g are real functions such that 0 < fooo f?(x)dr < o0 and 0 <
o 9

o 9°(z)dx < oo. Then we have

> [ |logz —logy|”
dzd
/O /0 M+ﬁy+max{x’y}f(w)g(y) zdy

<A (/OOO f2(w)dw> v (/OOO 92(y)dy> v ,

where A is defined in Lemma 1 and is the best possible.

(4)

Proof. By Cauchy-Schwarz inequality and Lemma 1, we get

[ log z — log y|”
/ / [log gy f(@)g(y)dzdy
o Jo

ar + By + max{z, y}
STV e (x)md Pl
Yo o ox+ fy+max{z,y} \y Y
> - |log x — log y|” Y\ 1/2 ) 1/2
AL et ()" ) o)

<a( [ fz(fc)dx)l/2 ([ swa) "

If the equality in (5) holds, then there exist two constant ¢ and d, not both zero
(without loss of generality, suppose that ¢ # 0) and

logx — log y|” 2\ /2 logz — log y|” y\ /2
c 2 ) =d (4) " sw). ac
az + By + max{z,y} \y az + Py + max{z,y} \z T

()

in (0,00) x (0,00). That is to say, we have
cxf?(x) = dyg*(y) = constant, a.e.
in (0,00) x (0,00). Thus
| Pw=x.

which contradicts the assumption 0 < fooo f?(z)dx < co. Hence, the inequality (5)
takes the form of strict inequality.

Assume that the constant A in the inequality (4) is not the best possible, then
there exists a positive number K with K < A and a > 0, such that

[ logz — logy|”
dxd
/a /0 az + By + max{z, y} f(@)g(y)dzdy

<K (/:O f2(m)dx) - (/aoo gQ(y)dy> v :

(6)
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For 0 < € < 1, setting

el +1
_J ==, forz € b, o0), [y, forazelp,
felw) = { 0, for 2 € (0,b). 9:(y) = { 0

k([ rww)” ([T eew) " =x L

Let y = tz, we get

Then

[ logz —logy|"
dxd
/a /o or + Ay T max{z, g} (D9 W)dady

< [ logx — logy|Y Ce4l _ef1
= dxd
/a /b az + By + max{z, y}a: Sy @)
o Ju @+ 10+ max{l,t}

Letting b — 0%, by (6) and Fatou’s lemma, we have

/ / Lk o~ dtda
o Jo a+t8+max{l,t}
1

oo ¥ -
_ / |log t| g < K 1 ,
eat Jy a+tf+ max{1,t} eas
which yields
e log t|” et
lim/ [ log 1 S dt = A< K.
e—0t+ Jo  a+tf+max{l,t}
The contradiction implies that the constant A is the best possible. O

Theorem 2. Suppose f >0 and 0 < fooo f?(x)dxr < co. Then

/oo </oo |logz — logy|” f(l‘)d,fE)Qd <A2/00f2(3:)dx (8)
0 o az+ By +max{z,y} Y 0

Proof. Let
|logz —logy|”

o) = /0 ax + fy + max{z,y}
then by (5), we have

0< /Ooo 9*(y)dy
[~ & |log z — log y|” 2
_/ (/o ax + By + max{z, y} ﬂx)dm) W

p (9)
> [*  |logz —logy|”
- dxd

; /O ax—i—ﬁy—l—max{a:,y}f(x)g(y) xdy

<A (/Ooo fQ(x)dx) - (/Ooo gQ(y)dy> v :

f(z)dz,
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which yields
0< / 9*(y)dy < A2/ 2 (z)dz < . (10)
0 0

By (4), both (9) and (10) take the form of strict inequality, so we have the inequality
(8). On the other hand, suppose that (8) is valid. Again, you use the Cauchy-
Schwarz inequality, we get

< |logx —logy|”
dxd
/o /0 ax+6y+max{x,y}f($)9(y) zdy

L (] a5 gy i) sy
<A (/OOO f2(x)dx> v (/OOO g2(y)dy) v

which is the inequality (4). O

Remark 1. If we take v = o = 8 = 1, then the inequality (3) can be induced by
the inequality (4).

3 Several special inequalities

In this section, by choosing different ~, «r, 3, we establish several special inequalities.
In what follows, assume that (1) is satisfied.
(1) Ify=0,aa =0 =1, then

A A
4 ( / " f2(m)dw)1/2 ( / N gz<y>dy) "

1
1
A= 4/0 o 2dt = 2v/2arctan(v/2/2).

(2) fa=p=0,v=1, then

[

max{z, y}
<A (/Ooo fQ(x)dx> v (/OOO gQ(y)dy) v :

1
A= —8/ log tdt = 7.99988 - - - .
0

(11)

where

(12)

where
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(8) Ifa=0,8=~=1, then

* Jlogz — logy| . o
/ / L f(w)gly)dedy

00 1/2 S 1/2 (13)
A (/ f2($)dx) (/ gQ(y)dy) 7
0 0
where L )
A= —2/ logtdt—4/ log? _dt = 5.66377 - -
o o L+¢2
(4) If y=2,a=p=1, then
% [ |logx —logyl|®
dzd
/O /O x+y+max{x7y}f(x)g(y) xdy
o 1/2 00 1/2 (14)
<A (/ fQ(I)dx> (/ gQ(y)dy> ,
0 0
where L )
A= 16/ Hogt” 1y _ 1572016 .
o t2+2
(5) f y=a=0, =1, then
/ / f(x)g(y) drdy
o Jo y+max{z,y}
. 12, roo 1/2 (15)
<A ( / fQ(w)dx> ( / 92(y>dy) 7
0 0
L |
(6) If y =0 =a=0, then
/ / d dy
max\xr
{ y} (16)

<A </OOO fz(x)dfc> v (/OOO gQ(y)dy) v :

A=4.

where

4 Further discussions

In this section, we give two new Hardy-Hilbert’s inequalities. Before our works, the
following result need be mentioned.
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Lemma 2. [2] Let f be a nonnegative integrable function. Define

F(z) = Ox F(t)dt.

/O°° <F§cz)>pd“7 < (pfl)p/ooo fP(x)dz, p>1.

Theorem 3. Let f,g > 0,

Then

F(x)_/oxf(t)dt, G(x)_/omg(t)dt.

Furthermore assume that 0 < fooo f?(x)dx < o0 and 0 < fooo g*(z)dz < 0o and let
A € (0,00), then we have

oo o0 _ ¥
/ / [loga —logy["  F(z) Gly) , dy
o Jo az+pPy+max{x,y} = Yy

0o 1/2 oo 1/2 (17)
<4A </ fz(x)da:> (/ g2(y)dy> .
0 0
Proof. By Holder’s inequality, Lemma 1 and Lemma 2, we have
o[ 1 -1 T F
/ / |log z —log y| (z) G(y)dmdy
o Jo ax+By+max{r,y} z vy
1/2
o > llogz — logy|” 2\ 2 F(z)\? /
< — dy | | —= | dzx
0 o ax+ By +max{x,y} \y T
([ |logx —logyl”  ry\1/2 cw)* 1"
WU ()" o) (5)
0 o az+ fBy+max{z,y} \z Y
0 1/2 oo 1/2
< 4A (/ f2(x)dx> (/ g2(y)dy) .
0 0
The proof of the theorem can be completed. O

Theorem 4. Let f,g > 0,

F(x):/ozf(t)dt, G(x):/omg(t)dt.

Furthermore assume that p,q > 1, «, 3, s,t, u, v > 0, such that
1 1
5+6:1,sp>ﬂq+1, tqg>ap+1

and
B+p—s)p+1=0, (a+v—t)g+1=0.



160 Hongxia Du and Yu Miao

Then we have

IR )G )
% Y
/ / @ty s+t dxdy

- <p“pu 1)N (quy 1)V </ooo ! W(x)dx)l/p (/OOO g‘f”(y)dy) "

where

k=BYP(Bp+1,sp— (Bp+1))BYap + 1,tq — (ap+ 1))
and B(-,-) denotes the Beta function.

Proof. By Holder’s inequality, it is easy to see

BFM ( )

z” y

/ / T+ s+t dxdy

- / / QFH pca )dxdy
(z+y) (z+y)

Bp o ( 1/p 2*1G( 1/a
[ eegmen) ([ Taaen)
(x +y)sp (x +y)ta

— pl/le/q.

IN

Next by Lemma 2, we obtain
o0 Bp D
P = / ( (2) ) dx/ x
T 0o (x +y 51’
F(x) ﬁp _1
- ) e [ e
oo F (oo}
= / ( (=) ) dxr Sp
0 x o (1+w)

pu
< B(fp+ Lisp— <ﬂp+1)>(p/f’j 1) | s

&

Similarly, it can be shown that

Y G(y)) = ayr
Q_/o ( y dy/o (w+y)tqu

v qv oo
< B(ag+1,tq — (ag + 1)) < 1 ) / g% (y)dy
qv—1 0

which implies the desired result. O



Several new Hardy-Hilbert’s inequalities 161

Remark 2. Let u=v=1,a=1/p, B =1/q, s =t = 2, then we have the following
special inequality (see [10]),

/ / 1/Py1/qF )2G(y) dxdy

< BY?(p, p)Bl/q(q s g (/ fPla daf)l/p </0 g"(y)dy>1/q-
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