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ON THE SUM-CONNECTIVITY INDEX

Shilin Wang, Bo Zhou* and Nenad Trinajstié

Abstract

The sum-connectivity index of a simple graph G is defined in mathematical

chemistry as
RYG) = 3 (du+d) "2,
uwveE(G)

where E(G) is the edge set of G and d,, is the degree of vertex u in G. We
give a best possible lower bound for the sum-connectivity index of a graph (a
triangle-free graph, respectively) with n vertices and minimum degree at least
two and characterize the extremal graphs, where n > 11.

1 Introduction

Let G be a simple graph with vertex set V(G) and edge set E(G) [1]. For u € V(G),
dy(G) or d,, denotes the degree of u in G. Let N(u) be the set of neighbors of vertex
w in G. Then d,, = |N(u)|.
The Randi¢ connectivity index of a graph G, proposed by Randi¢ in 1975, is
defined as [2]
RG)= > (dudy)™ /%

weEE(Q)

It is one of the most successful molecular descriptors in structure-property and
structure-activity relationships studies [3-8]. Its mathematical properties [9, 10]
and generalizations/variants [11-13] have also been studied extensively. We also
call it the product-connectivity index.
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Motivated by Randi¢’s definition of the product-connectivity index, the sum-
connectivity index of a graph G was proposed in [14], which is defined as

RYG) = Y (dutd) "2
weE(G)

The applications of the sum-connectivity index have been investigated in [15, 16].
Some basic mathematical properties of the sum-connectivity index have been es-
tablished in [14, 17-19].

Bollobés and Erdés [20] showed that for a graph G with n vertices and without
isolated vertices, R(G) > +/n — 1 with equality if and only if G is the star. Then
Delorme et al. [21] gave a best possible lower bound for the product-connectivity
index of a graph with n > 6 vertices and minimum degree at least two. Later Liu
et al. [22] found a best possible lower bound for the product-connectivity index of
a triangle-free graph with n > 6 vertices and minimum degree at least two.

In [14], it was shown that for a graph G with n > 5 vertices and without
isolated vertices, RT(G) > "—\/%1 with equality if and only if G is the star. For

n = 4, this is not true since for the union of two copies of path on two vertices,
its sum-connectivity index is v/2, less than % In this paper, we establish a best
possible lower bound for the sum-connectivity index of a graph (triangle-free graph,
respectively) with n > 11 vertices and minimum degree at least two and characterize

the extremal graphs.

2 Preliminaries

For a graph G with v € V(G) (e € E(G), respectively), G — u (G — e, respec-
tively) means the graph obtained feom G by deleting u and its incident edges (e,
respectively).

For an edge e = uv of a graph G, its weight is defined to be (d,, + d,)~'/2. The
sum-connectivity index of G is the sum of weights over all its edges.

Lemma 2.1. If e is an edge of mazimal weight in G, then RT(G —¢) < RT(G).

Proof. Let e = uv. Since uv is an edge of maximal weight in G, we have d,, > d,

for w € N(u) and d,, > d,, for w € N(v). Obviously, for positive a, ﬁ - \/ﬁ

and L\/_El are both increasing for > 1. Then

RY(G)— RT(G —e)

B L > ( 1 1 >

weN (u)\{v}

DY (\/dvl—kdw_\/dwrldw—l)

weN (v)\{u}

1 1 1
[ du —1 _

dy +d,, ( )<\/du+dv \/du+dv—1>

Y
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1 1
Hdy 1) (\/dq, +d, d, +d,— 1)
dy+dy —1  dy+d, —2
Vdy +d, Vd, +d, —1
> 0.

The result follows.

For o >3, let r() = 2Va + 1+ s — 7oy

Lemma 2.2. Forn > 11, 2\/n — % —r(n) > 0.
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Proof. For 11 < n < 15, the result can be checked by direct calculation. Suppose
that n > 16. For a,b > 0, it is easily seen that % + % > ai% with equality if and

only if @ = b. This implies that

2 1 1 1
\/ﬁ+\/m>2<\/ﬁ+\/m>'

Then
4
Q\f—ﬁ—r(n)
SR /e QR S
vn V2n—1) Vn+1
2 4 1 6

n+vntl Voo \/2(n71)+\/n+1

S _1<1+1>_4_ t 6
2\vn  Vn+1) Vvn J2n—-1) Vn+l
9 11 1

_2\/ﬁ+2\/n—|—1_\/2(n71)

<9+9)+ L1

B 2yn - 2yn+1 V2 +1)  /2(n—1)
Lov2-1
V2(n+1)
V2-1 9 9

2 2(n+1)+(_2\/ﬁ+2\/n+1>

V2-1 1 1
NN <\/2(n+1) - \/2(n—1)>
= 1<\/§_1_ 9v2 )

22+ 1) Va(Vn+ 1+ n)
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1 4
3 2(n+1) <\/§1\/n—1(\/n+1+\/n—1)>

1 9v2
Z AT (ﬂ_l_ M(m+\/ﬁ)>
TR S <\/§ —1- 1 )
2¢/2(n + 1) V15(V/17 + V/15)
> 0.
The result follows. O

Lemma 2.3. For x >3+, r(z) — r(x — i) is decreasing in x, where i = 2, 3.

5/2 5/2
Proof. For x > 3, it is easily seen that 62 (i—ﬁ) > 62 (%) > 1, implying

that 135 (z —1)""* < § (@ +1)""/% Then

(@—1)"52_ 2 (p L 1y52

1 .
(x) = —=(z+1) 32 4 5

2 44/2

1 .
< —5 (l’ + 1) 3/2
< 0.

By the Lagrange mean-value theorem, r'(z) — r'(x — i) < 0 for > 3 + ¢, and thus
the result follows. O

y—1

_ 11 -1 z-2 _ y—2
Let f(.v) = 7 — ames + Vas — vats T Ve~ v Where z,y 2 2.

Lemma 2.4. For z,y > 3, f(z,y) is decreasing in x and y.

Proof. Let g(z) = (z +2)273/2 — (x + 1)73/2 for © > 4. Then
on (1 52, 3 —5/2
g(x)=— 5374—3 x +§(x+1) <0,

i.e., g(x) is decreasing in z. It is easily seen that

w = f<x+5><x+2>—3/2—§<x+4><x+1>‘3/2

| —

1 1
—§($+Z/)_3/2 + §(x+y— 2)7%/2,

and thus

ﬁ 8f(a:,y) __§ 9\ —5/2 § —5/2
8y( e = 4(m—|—y 2) +4(a:+y) <0,

implying that
Of(ry) _ 0(3)

ox - ox
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1 1 1
= S@+5)@+ 2)73/2 3@ +3)(@+ 1)73/2 — g+ 3)73/2
1
= g+ —glat1)
0.
Similarly, %ﬁ;’y) < 0. Now the result follows. O

Let K, ; be the complete bipartite graph with a and b vertices in its two partite
sets, respectively. For n > 4, let K3, o be the graph obtained from K3 ,_2 by
joining an edge between the two vertices of degree n — 2. Obviously, R* (K;,n—2) =
r(n). Let §(G) be the minimum degree of the graph G.

Lemma 2.5. Let G be a graph with n vertices and §(G) = 2. Let u be a vertex of
degree two with two adjacent neighbors, both of degree at least three. Then RY(G)—
RY(G —u) > f(n—1,n— 1) with equality if and only if G = K3, _,.

Proof. Let N(u) = {v,w}. Obviously, % - \/;j is increasing for z > 1. We have

RY(G) — RT(G —u)
1 1 1 1
+ + -
\/dv +2 \/dw +2 \/dv + dw \/du + dw -2

o (x/dvl+dz_\/du+1dz—1>

z€N (v)\{w,w}

> (\/dw1+ 4. o +1dz - 1)

z€N (w)\{u,v}
1 1 1 1

+ + -
\/dv+2 \/dw+2 \/dv+dw \/dv+dw_2

Y

H(dv =2) <\/dv1+2 - \/dva’ 1)

1 1
Hdw —2) <\/dw+2 B \/dw—|—2—1>
= f(dvvdw)v

and thus RT(G) — RY(G — u) > f(d,,d,) with equality if and only if d, = 2 for
z € N(v)\ {u,w} or z € N(w) \ {u,v}. By Lemma 2.4, R*(G) — Rt (G —u) >
fln — 1,n — 1) with equality if and ounly if d, = d, = n— 1 and d, = 2 for
z€ N(w)\{u,w} or z € N(w) \ {u,v}, ie., G=K5, ,. O

Lemma 2.6. Let G be a triangle-free graph with n vertices and §(G) = 2. Let u be

a vertezx of degree two in G. Then RY(G) — RY(G —u) > 2 ("—\/%2 - "Jg) with

equality if and only if G = Ko 2.
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Proof. Let N(u) = {v1,v2}. Since G is a triangle-free graph, d,,,d,, < n — 2 and

v1ve € E(G). Note that \/;J? \/;+T is decreasing for x > 1. We have

RY(G) — R*(G - u)

2 1 1 1
oy NoET > T td, Jiid -1
i=1 T A, z€N (vi)\{u} \/ + \/ 2ty —

Y

1 1 1
et (dy, — 1 -
e (e
B 22: do, dy, — 1
= \\2+d, V2rd, 1

n—2 . (n=2)-1

vV
V)
N TN
<.
)
_|_
£}
|
K
<
)
+
3
I
a2
I
—
S~

with equalities if and only if d,, = dy, =n —2 and d, = 2 for z € N(v;) \ {u} with
1= 1,2, i.e., G = Kg,nfg. O

3 Result

Now we prove our main results.

Theorem 3.1. Let G be a graph with n > 11 vertices and §(G) > 2. Then RT(G) >
r(n) with equality if and only if G = K3 ,,_5.

Proof. Assume that G is a counterexample with minimal number of vertices for
which RT(G) is minimal. If §(G) > 3, then by Lemma 2.1, the deletion of an
edge of maximal weight yields a graph G’ of minimal degree at least two such that
RT(G") < RT(@), which is a contradiction to the choice of G. Hence §(G) = 2.
Claim 1. The neighbors of every vertex of degree two are adjacent.

Suppose that the claim is false. Let u be a vertex of degree two with N(u) =
{v,w} and vw ¢ E(G). Then G; = G — u+ vw is not a counterexample, and thus
RY(Gy) > r(n—1).

Let t(z,y) =

\/m \/21Ty - T+ , where z,y > 2. Then L(ag;’y) =-12+

2)73/2 4+ L(z +y)~*/?, and thus (Ty (‘%(Z’y)) —3(z+y)~%/? <0, implying that
% % = 0. Similarly, %ﬂ;’y) < 0. Since 2 < d,,d, < n — 2, we have
t(dy,dy) > t(n — 2,n — 2). By Lemma 2.2, we have

1 1 1
+ —
\/2 + dU \/2 + d?l} \/d'l) + dU}

RT(G) = R*(Gy)+



On the sum-connectivity index 35

= RY(G1)+t(dy,dy)
> rln—1)+t(n—2,n—2)

4
= 2v/n-— NG
> r(n),

which is a contradiction. Claim 1 follows.
Claim 2. Every pair of adjacent vertices of degree two has no common neighbor.
Suppose that the claim is false. Let u; and us be two adjacent vertices of degree
two and u3 a common neighbor of them. Obviously, 2 < d,, <n — 1.
Suppose that d,,;, = 2. Then G2 = G —uj —ug —u3 is not a counterexample, and
thus R*(G2) > r(n—3). By Lemma 2.3, r(n)—r(n—3) < r(11)—r(8) = 1.1525 < 2,
implying that

RT(G) = RT(G2) + g >r(n—3)+ g > r(n),

which is a contradiction.
Now suppose that d,, > 4. Then G3 = G — u; — uz is not a counterexample,
and thus RT(G3) > r(n — 2). Then

1 1
v - w8 (Gt )

vEN (uz)\{u1,u2}
2 1

NET

W%
2
S
|
N
+
£

5

9 1 1
: V2+du, 2+ du, —2

2 1
et =
V2+dy,, 2
d d 2 1
= r(n—2)+ e + =.
( ) V2 + dy, Vs, 2
It is easily seen that \/;Tz — “\752 is decreasing for a > 2. If 11 < n < 20, then

dy, <n—1, and by Lemma 2.3 and direct calculation, we have

RY(G)—r(n) = (T(n—2)—7‘(n))+< T d“3_2>+;

V2t du, /da,
19 19—2> 1
V2+19 /19 2

> (r(11 —2) —r(11)) + <
> 0.

It is easily seen that “—\;62 is increasing for a > 2. If n > 21, then by Lemma 2.3 and
direct calculation, we have

us _
V24 dy, vy,

RY(G) —r(n) > (r(n_z)_r(n)H( d dm—z>+;
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> (r(21 —2) —r(21)) + %
> 0.

Thus R*(G) > r(n), which is a contradiction.

Suppose that d,, = 3. Denote by u4 the neighbor of usg in G different from u;
and ug, where 2 < d,, < n — 3. First suppose that d,, = 2. Denote by us the
neighbor of u4 in G different from ugz. By Claim 1, usus € E(G). Since d,,, = 3, the
neighbors of ug are uy, ug, u4, which is a contradiction. Then d,,, # 2. Next suppose
that 3 < d,, <n—3. Then G4 = G —u; —uz —us is not a counterexample, and thus

R™(G4) > r(n—3). By Lemma 2.3, r(n) —r(n—3) < r(11) = r(8) < £ + % + %
Then

1 1
RHG) = R'(Gy+ > <\/dv+du4_¢dv+du4—1>

vEN (uq)\{us}

L1 12
V3+dy 2 V5
1 1
> —3)+(dy, — 1 -
> r(n—3)+ (du, )<\/2+du4 \/2+du4—1>
1 1 2
bt———t -+ =
V3+dy, 2 5
1 1 1 2
= rln—-3)+ - +-+—=
( ) \/3+du4 \/2+du4 2 \/5
N duy, _dy, —1
V2+dy, /1+du,
1 1 1 2
> r(n—3)+ — -+ —
( ) V3+du, 2+d,, 2 5
> ( 3)+ ! 1 +1—|— 2
r(n — — -+ —=
- V3+3 V243 2 5
1 1 1
= r(n—3)+%+ﬁ+§
> r(n),

which is a contradiction.

Now Claim 2 follows.

Let v € V(G) be a vertex of degree two with neighbors v; and ve. By Claim 1,
vy and vq are adjacent. By Claim 2, d,,,d,, > 3. By Lemma 2.5,

RY(G) > R"(G-v)+f(n—1,n—-1)
1 3 1 +2(n—2)_2(n—3)
V2n—=1) 2(n-2) Vn+1 Vn

> r(n—1)+

r(n)
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with equality if and only if G = K3 ,,_,, which is a contradiction. O

It is easily checked that RT(Ksg) = \/% = 5.05964 < 5.05988 = 2/10 + 1 +
16

702~ VIoTT" Thus the condition n > 11 in Theorem 1 is necessary.

Theorem 3.2. Let G be a triangle-free graph of order n > 11 with 6(G) > 2. Then
RT(G) > 2%2) with equality if and only if G = Ko, _s.

Proof. Assume that G is a counterexample with minimal number of vertices for
which R*(G) is minimal. By Lemma 2.1, we have 6(G) = 2. Let V, be the set
of vertices of degree two in (G. Suppose that there exists a vertex z € V5 with
N(z)NVy = 0. Let N(z) = {21,22}. Then z; ¢ Vo for ¢ = 1,2. Note that
2 < §(G—2z) < 51 as G — z is triangle-free. By the assumption of G, we have
RY(G) > 2(727\/%2) By Lemma 2.6, we have

RYG) > R+(Gz)+2<"2 ”21>

Vi Vn—1

S 2(n—2-1) +2<n—2 3 n—2—1>
- vVn—1 Vn Vn—1
= 2(”\/52) = R*(Kan-2)
with equalities if and only if G = K> ,_2, which is a contradiction to the choice of
G. Thus N(z) NV, # ) for any z € Va.
Choose a vertex u € Vi such that |N(u) N V3| is as small as possible. Let
N(u) = {u1,us} with uy € V5 and d,,, > 2.
Claim 1. N(u1) N N(u2)\ {u} # 0.
Suppose that the claim is false. Then G; = G—u+wujus is not a counterexample,
ie., RY(Gy) > 2(27\/%31) It is easily seen that 2=2) — 2("=2) j¢ increasing for n > 11,

n—1 vn
implying that 2\(/7:%31) — 2(?/%2) > 2(1111:?1) — 2(111_12) > —%. Thus
1 1 1
RT(G) = R™(Gy)+ + - -
(@) (G1) RN E
2n—3) 1
vn—1 2
2(n —2)

> N
which is a contradiction. Claim 1 follows.

Let v be the neighbor of uy,us different from u. For w; € V5, by Claim 1, we
have N (u1)NN(uz) = {u,v}. Since G is a triangle-free graph, we have d, +d,, < n.
Claim 2. v € V5.

Suppose that the claim is false. Suppose that us & Vo. We have 3 < d,,,d,, <
n — 3 as G is triangle-free. Since G = G — u — w1 is not a counterexample, we
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have R¥(G) > 20, Let g(x) = 25 + 222 with 2 > 11. Then ¢"(z) =
3(x—2)7%2— (32 + 3) (x—1)7/2 < 0, implying that g(z) — g(z+1) is increasing
for x > 11.

By Lemma 2.4, we have f(d,,dy,) > f(n—3,n —3), and thus

1 1 1 1
RT(G) = RM"(Gy)+ =+ + +
(@) @)+ 5+ ora V2+duy  do + duy
7 1
dv“”du272

* 2 (\/dw1+ dy  Vdy +1dv - 1)

weN (v)\{u1,u2}

1 1
U)EN(UQ)\{U,’U} \/du) + dug \/d’u) + d’u.g - 1
2n—4) 1 1 1 1
S + +
Vn—2 2 \24d, \2+4dy, /dv+du
1

Vdy +dy, —2
1 1
dy — 2 —
+ )<\/2+dv \/1+dv)

1 1
+(duy —2) <\/2+du2 - \/1+du2>

2n—4) 1
- m + 2 +f(dU?de)

Y

3
o 2n-2) 1 2 2(n—=2) 2(n—4)
N +2+( n—2 vn Jr\/n—l)

+
3
<.

3

3

|

&

|
<

=

S| =
|

N

N———

—2)

Vv

+ % + (g(11) — g(11 4+ 1))

+

1 1
V2 (1-3) \/2-(114)>

7 N
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2(n—2)
>
Vn
which is a contradiction.
Now suppose that us € V5. Then 3 < d, <n—2and G3 = G —u —uy — us
is not a counterexample, and thus Rt (G3) > 2An=5) pep h(z) = 22 with z > 2.

Vn=3" vz
Then b (z) = =3 (tz+ 1)z —5/2 <, implying that h(x —3) — h(x) = x;_‘r)g - ‘”—\7;
and h(x —3) — h(x —-2) = f% \/7 are both increasing in . Then
RY(G) = RT'(G3)+1+——

_l_

wEN (v)\{u1,u2}

W
(¢ tdo Vo +1dv —2)
¢2—

2(n —5) 1 1
- *\m“* (%= )<mﬂ)
_ 2(n—5) dy d, —
B m \/m f
2(n —5) n—2 (n—2)—2
= n—3+1+\/(n72)+2_ Vn—2
B 2(n—2) n—5 n-—2 n—5 n-—4
- 222 (SR (=)
. 2n-2) (11—5 _11—2>+( 11-5 11_4>+1
= n JII-3 ViL VII-3 JII-2
2(n—2)
> S,

which is a contradiction. Claim 2 follows.
Claim 3. us & V5.

Suppose that the claim is false. Then G4 = G — u — u; — us — v is not a
2n=6) _ 2(n=2) 5 2(11-6) _2(11-2) o
Vn—4 vn = J11-4 V11

and thus RT(G) = RT(G4) +2 > 2\(/2%? +2> 2(:}2) which is a contradiction.

By Claims 2 and 3, we have v € V5 and 3 < d,, < n — 2 as G is triangle-free.
Now we will complete our proof by considering the following two cases.

counterexample. It is easily seen that

Case 1. d,, > 4. Then G — u —u; — v is not a counterexample. Replacing us by
v in the proof of the Claim 2 for the case us € Vo, we may derive a contradiction.

Case 2. d,, = 3. Let N(u2) \ {u,v} = {a} and y € N(x) \ {uz}. If d, = 2, then
N(y) N N(uz)\ {z} =0 as d, = d, = 2. Thus we can derive a contradiction by the
same argument as in the proof of Case 1 by setting us = y. Hence d, > 3. Note

that G5 = G — u — u; — up — v is not a counterexample. Then RT(G5) > 2(7;7\/%?.

Since ﬁ — ﬁ is increasing for 3 < d < n — 4, noting the properties of h(zx)
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used above, we have

R(G)

Y
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(G5)+1+\[ \/317%
1 1
+w€N(§\{u2} <\/dm tdw Ve +dy - 1)
026y 2, 1
Vn—4 V5 V3+d,
1 1
Hde )<\/dx+2_\/dz+2—1>
2(n — )+1+l+ 1 dy =1 dy,—1
Vn — V5 V3+d, Vde+2 Vdp+1
2(n — 6)+ +l+ 1 1
Vn—4 V5 V3+d, Vd,+2
2v-6 2 1 1
Vn—4 V5 WV3+3 V342
2(n—2)
VIR

which is a contradiction.

The proof of our theorem is completed.

O

It is easily checked that for the cycle Cig (on 10 vertices), R*(Cyp) = £ <

2(10—2)
V10
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